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PREFACE. 


The  present  work  on  Trigonometry  is  intended  first  for 
students  who  are  beginning  the  subject  but  are  hoping  to 
proceed  to  more  advanced  mathematics,  and  secondly  for 
those  who  are  wishing  to  revise  their  study  of  Trigonometry 
and  to  extend  it  beyond  the  limits  of  an  ordinary  elementary 
text-book. 

It  is  in  Trigonometry  that  the  student  is  first  introduced 
to  almost  all  the  principles  which  lie  at  the  foundation 
of  mathematics.  Here  negative  and  (so-called)  imaginary 
symbols  receive  a  use  and  meaning;  symbols  of  quantity, 
of  function,  and  of  operation  are  distinguished  from  one 
another;  ideas  relating  to  limits,  and  to  the  indefinitely 
small  and  indefinitely  great  are  brought  into  prominence ; 
methods  of  approximation  and  errors  of  measurement  are 
recognised ;  and  the  principle  of  continuity  is  made  of  ser- 
vice. With  the  purpose  of  bringing  out  clearly  the  train  of 
reasoning  required  to  establish  and  expound  these  princi- 
ples, it  has  been  thought  desirable  to  make  short  digressions 
into  Geometry,  Algebra,  and  the  Theory  of  Equations. 

A  description  of  the  plan  of  the  work  may  be  given. 
*  It  is  divided  into  two  parts,  headed,  respectively.  Geo- 
metrical and  Algebraical.  In  the  first.  Geometrical  appli- 
cations and  methods  are  prominent;  in  the  second,  the 
purely  theoretical  and  analytical  side  is  developed.  The 
first  part  culminates  in  the  properties  of  the  points  and 
circles  connected  with  triangles  and  rectilineal  figures.     A 
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VI  PREFACE. 

chapter  has  been  introduced  here  on  the  Geometry  of  the 
Triangle  which  is  intended  to  connect  the  purely  geometrical 
with  the  trigonometrical  treatment.  Here  symmetry  and 
completeness  demand  the  introduction  of  the  cosine-circle 
(whose  centre,  the  symmedian  point,  has  the  same  relation 
to  the  centre  of  gravity  that  the  circumcentre  has  to  the 
orthocentre).  The  other  related  points  and  circles  associated 
with  the  names  Lemoine,  Tucker,  Brocard  naturally  follow. 
In  the  treatment  of  this  branch  of  the  subject,  the  writer 
is  mainly  indebted  to  Prof.  Casey s  'Sequel  to  Euclid':  but 
the  theorems  and  proofs  are  arranged  and  formulated  anew, 
and  the  terminology  of  '  Modem  *  and  Analytical  Geometry- 
is  as  far  as  possible  avoided.  The  useful  term  '  antiparallel " 
is,  however,  introduced  from  the  above  text-book.  The 
chapter  is  of  course  a  mere  introduction,  which  it  is  hoped 
will  be  useful  for  students  interested  in  the  modem  de- 
velopments of  Geometry. 

The  algebraical  part  deals  with  Logarithms,  the  appli- 
cation of  signs  to  Trigonometry,  developments  of  the  formulai 
for  the  sums  of  angles,  factorisation  and  summation.  All 
the  formulae  are  first  established  in  a  simple  manner  inde- 
pendently of  De  Moivre  s  Theorem.  Several  of  the  methods 
of  proof  in  Chapter  xiv.  on  Multiple  Angles  are  new.  The 
treatment  of  infinite  series  is  introduced  by  a  few  compre- 
hensive theorems  on  convergency  of  series,  which  will  prepare 
the  student  for  some  of  the  particular  diflSculties  attaching^ 
to  trigonometrical  series.  A  modification  is  given  of  Euler  s 
proof  of  the  Binomial  Theorem,  by  which  it  is  made  to . 
depend  directly  on  the  Index  Theorem.  In  this  way  the 
indeterminateness  of  fractional  powers,  which  has  to  be 
noted  in  the  expansions  arising  from  De  Moivre  s  Theorem, 
can  be  treated  in  close  connection  with  the  Binomial  Ex- 
pansion. 
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The  introduction  of  imaginaries  (and  of  De  Moivre's 
Theorem)  is  postponed  to  Chapter  XXL,  where  a  careful 
determination  of  the  values  of  expansions  in  the  case  of 
fractional  indices  is  given.  Here  also  an  attempt  is  made 
to  justify-  the  use  of  imaginary  indices.  In  the  last  chapter 
an  interpretation  of  \/(— 1)  is  given,  by  which  it  is  hoped 
that  the  transition  has  been  made  easy  from  the  point  of 
view  of  Argand  to  that  of  Hamilton's  quaternions. 

To  students  who  are  reading  the  subject  for  the  first 
time  it  should  be  explained  that  the  chapters  have  been 
arranged  with  a  regard  rather  to  logical  sequence  than  to 
gradation  in  difficulty.  Hence  a  modification  in  the  order 
of  reading  the  book  might  be  useful  to  many  students. 
Thus  Chapter  IL  might  be  postponed  until  Chapter  xix.  is 
reached :  for  the  proofs  in  Chapter  v.  might  be  substituted 
those  in  Chapter  xiii.,  and  any  part  of  Part  II.  might  be 
studied  before  Chapters  ix.  and  X.  are  mastered. 

The  Rev.  J.  P.  Taylor,  M.  A.,  gave  in  the  Quarterly  Journal 
of  Mathematics,  Vol.  Xlii.,  p.  197,  an  extremely  simple  proof 
that  the  nine-points  circle  touches  the  inscribed  and  escribed 
circles.  I  have  ventured  to  introduce  a  proof  on  p.  139  of 
this  theorem,  which  is  in  substance  borrowed  from  the 
above  contribution,  but  has  been  simplified  by  the  omission 
of  any  reference  to  the  method  of  Inversion. 

For  much  time  and  trouble  spent  in  correcting  the  proofs 
I  have  to  express  gratitude  to  my  brother  G.  W.  Johnson, 
M.A.,  late  scholar  of  Trinity  College,  Cambridge,  whose 
careftil  accuracy  has  done  much  to  free  the  work  from  errors. 
Corrections  of  such  mistakes  as  remain  and  suggestions  for 
improvement  will  be  gratefully  received. 

Cambridge, 

March  28,  1889. 
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CHAPTER  I. 
INTRODUCTIOK 

§  1.     The  Trigonometbical  Angle. 

1.  In  ordinary  Geometry,  an  angle  is  entirely  determined  by 
the  relative  position  of  its  two  bounding  straight  lines.  Thus,  it 
is  represented  in  a  figure  by  two  straight  lines  meeting  at  a 
point. 


Two  such  angles  are  said  to  be  equal  if  the  pair  of  lines — 
supposed  to  be  rigidly  connected — which  bound  one  angle  may 
be  superposed  exactly  on  the  pair  of  lines  which  bound  the  other 
angle.  Thus,  in  the  accompanying  figure,  the  acute  angles  A  and 
B  are  equal :  and  the  obtuse  angles  C  and  D  are  equal 

2.  But  in  Trigonometry  we  consider  the  mode  in  which 
an  angle  is  described. 

An  angle  is  described  by  the  revolution  of  a  straight  line 
about  one  of  its  extremities  which  is  fixed. 

Thus,  the  hand  of  a  clock  describes  an  angle  by  revolving  about 
the  centre  of  the  clock-face. 

The  lines  which  bound  a  geometrical  angle  are  those  bettueen 
which  the  revolver  moves  in  describing  the  corresponding  trigo- 
nometrical angle. 

J.  T.  1 
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2  INTRODUCTION. 

The  trigbnbinetncar  aAiglfe"  is* 'meflwwrec?  by  the  Amount 
of  Revolution  which  the  revolver  undergoes  in  its  movement 
between  the  two  bounding  lines. 

3.  A  line  which  has  revolved  continuously  from  any  position 

back  to  that  same  position  is  said  to  have  described  a  Complete 

Revolution. 

Thus,  the  minute-hand  of  a  clock  describes  a  complete  revolution  in 
an  hour  :  the  hour-hand  in  12  hours. 

The  quoHer  of  a  complete  revolution  is  called  a  qiuxdrcmt. 

This  angle  is   the  same  as    the    geometrical   right-angle.      In 

describing  a  complete  revolution,  the  Quadrants  are  called  the 

first,  second,  third,  and  fourth,  respectively,  m  the  order  in  which 

the  revolver  passes  through  them. 

4.  To  every  Geomei/rical  angle  (see  Fig.  of  Art.  1)  there  corre- 
sponds an  indefinite  number  of  Trigonomstrical  a^ngles.  For  there 
is  an  indefinite  number  of  ways  by  which  the  revolver  may  be  sup- 
posed to  have  moved  from  the  one  to  the  other  of  the  two  lines 
which  bound  the  Geometrical  angle. 

(1)  The   revolver  may  begin   to  revolve  towards  either 
side  of  one  of  the  bounding  lines  to  reach  the  other. 

(2)  The  revolver  may  describe  any  number  of  complete 
revolutions  before  coming  to  rest. 

Thus,  to  represent  in  a  Figure  the  Trigonometrical  a/ngkj 
we  must  indicate  the  side  of  the  bounding  lines  on  which  the 
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angle  is  formed,  and  the  nurnher  of  complete  revolutions  which 
have  been  described. 

A  part  of  a  small  spiral  terminated  by  the  two  bounding 
lines  may  be  used  to  indicate  the  Amotmt  of  Revohitian. 

Thus,  the  four  acute  angles  in  the  accompanying  figure  are 
geometrically  equal,  but  the  spirals  indicate  in  each  case  different 
amounts  of  r&oolution. 

Similarly  as  regards  the  four  obtuse  angles. 

The  position  of  the  minute-hand  of  a  clock  gives  us  the  geometrical 
angle  between  its  present  position  and  its  position  at  the  beginning  of 
the  hour.  But  it  is  the  position  of  the  hour-hand  which  teUs  us  how 
many  complete  revolutions  the  minute-hand  has  described  since  12 
o'clock.  Thus  the  minute-hand  and  the  hour-hand  combined  give  the 
measure  of  the  trigonometrical  angle  which  the  minute-hand  has  de- 
scribed. The  way  of  revolution  is  of  course  indicated  by  the  order  of 
the  nimibers  on  the  circumference  of  the  clock-face. 

5.  Sometimes  it  is  necessary  to  distinguish  between  the  line 
from  which  the  revolver  stan'ts  and  the  line  at  which  the  revolver 
^tops  in  describing  any  angle.  The  first  is  called  the  Initial 
Line  and  the  second  the  Final  Line.     The  words  initial  and 

Jinal  thus  refer  to  the  beginning  and  end,  respectively,  of  any 
particular  revolution  considered.  The  letters  /  and  F  will  be 
used  to  indicate  the  initial  and  final  lines  bounding  any  angle. 

6.  From  the  above  it  follows  that,  whereas  every  Geometrical 
OTigle  is  [properly]  less  than  two  right-angles,  a  Trigonometrical 
a/ngle  may  have  any  magnitude  whatever.  In  fact,  any  Trigo- 
nometrical angle  greater  than  two  right-angles  may  be  regarded 
as  made  up  by  the  summation  of  a  number  of  Geometrical 
angles  each  less  than  two  right-angles.  [Such  an  angle  is  con- 
templated in  Euc.  VI.  33.]     And 

Two  trigonometrical  angles  are  said  to  be  equal^  if  the  geo- 
metrical  angles  into  which  the  one  may  he  divided  a/re  equals  ea>ch 
to  each,  to  those  into  which  the  other  may  be  divided. 

Subdivisions  of  the  Right-angle, 

7.  The  right-angle  is  subdivided  in  two  ways  according 
to  the  following  tables. 

1—2 
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Sexagesimal  method, 

1  Right-angle  =  90  degrees,  written  90' 
1**  i.e.  1  Degree  =60  minutes,  written  60' 
r  i.e.  1  Minute         =60  seconds,  written  60" 

Centesimal  msthod. 

1  Right-angle  =  100  grades,  written  TOO* 
1«  i.e.  1  Grade  =100  minutes,  written  100' 

r  i.e.  1  Minute         =  100  seconds,  written  100'\ 


8.  The  advantage  of  the  centesimal  method  is  that  it  is 
a  mere  application  of  the  decimal  system  of  notation.     Thus 

2  rt.  z  s  35«  27'  25''4  =  2  rt.  ii  s  35»  2r-254 
=  2  rt.  z  s  35«-27254 
=  2-3527254  of  art  z. 

Similarly  9«  3'  r'-73  =  -09030173  of  a  rt.  z  . 

In  reducing  angles  so  expressed  to  decimals  of  a  right-angle, 
we  have  only  to  transform  the  integral  numbers  into  decimals, 
taking  care  to  express  the  units  of  each  kind  as  hundredths  of 
the  next  higher  subdivision. 

9.  Observe  that  a  complete  revolution  =  4  right  angles  =  360**, 
and  that  half  a  complete  revolution  =  2  right  angles  =  180®. 

The  student  must  be  careful  to  avoid  confusing  the  three  dif- 
ferent uses  of  the  words  minute  and  second. 

The  English  or  sexagesimal  angular  minute  is  a  sixtieth  of  an  angular 
degree. 

The  French  or  centesimal  angular  minute  is  a  hundredth  of  an 
angular  grade. 

The  minute  of  Time  is  a  sixtieth  of  an  hour. 

Similarly  as  regards  the  second, 

10.  To  reduce  am,  angle  from  the  Sexagesimal  to  the  Centesimal 
m^easurem^nt. 

Reduce  the  angle  to  the  decimal  of  a  right-angle,  and  mark 
off  the  grades  <&^.  as  in  Art.  8. 
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Ex.  17**     11'     22"-98. 

60)22-98  seconds 
60)11-383  minutes 
90)17189716  degrees 

•190996S51  right-angle 
Answ.     19«     9'     96"-85l. 

11.  To  reduce  an  cmgU  frorti  the  Centesimal  to  the  Sexa- 
gesimal measv/remerU, 

Mark  off  the  angle  as  a  decimal  of  a  right-angle  as  in  Art.  8, 
and  reduce  to  degrees  &c. 

Ex.  19«     9^     96"-S5l 

•190996S5l(851  &c.)  right-angle 
90 


17-189716(66659  &c.)  degrees 
60 


11 -382^(96  &c.)  =  11-383  minutes 
60 


22-98  seconds. 
Answ.     17^     ir     22"-98. 

12.  In  all  tables  of  reference,  records  of  observation  <kc. 
angles  are  expressed  in  terms  of  the  sexagesimal  subdivisions 
of  the  right-angle.  The  immense  labour  which  would  be  in- 
volved in  reducing  these  to  the  centesimal  system  has  not  yet 
been  undertaken.  Hence  the  centesimal  subdivisions,  though 
introduced  by  the  French  at  the  beginning  of  the  century,  have 
performed  no  service  except  that  of  supplying  elementary  exer- 
cises in  Reduction  for  the  Trigonometrical  student. 

13.  Angles  which  together  make  up  oine  right-angle  are  said 

to   be   Complementary  to  one  another:   and  each  angle  is 

called  the  Complement  of  the  other. 

Thus,  the  pairs  of  angles  30°  and  60°,  47°  13'  29"  and  42°  46'  31"  are 
complementary  pairs,  if  A  denote  any  angle,  90°  -  A  denotes  its 
complement. 
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Angles  which  together  make  up  two  right-angles  are  said  to 
be  Supplementary  to  one  another:  and  each  angle  is  called 
the  Supplement  of  the  other. 

Thus,  the  pairs  of  angles  30"  and  150^  47**  IS'  29"  and  132°  46'  31" 
are  supplementary  pairs.  If  A  denote  any  angle,  180**  -  A  denotes  its 
supplement. 

The  trigonometrical  in  terms  of  the  corresponding  geometrical 
cmgU, 

14.  Let  jTO/,  K'OK  be  two  lines  at  right-angles  cutting 
in  0. 


Let  a   line  revolve   from    07,   as  initial  position,   towards 
the  perpendicular  OK,     Then,  when  the  revolver 
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is  between  01  and  OK,  it  is  in  the  let  Quadrant 

when OJTand  OF,     2nd     

when OFrndiOK',    ^rd     

when OJT'andO/,     ^th      

15.  To  Jmd  the  general  expression  for  the  trigonometrical 
cmgle,  tvhen  the  final  position  of  the  revolving  line  is  given. 

Let  OF  be  the  final  position  of  the  revolving  line  corre- 
sponding to  any  angle. 

1.  Let  OFi  be  in  the  1st  Qiuidrcmt, 
Let  the  acute  angle  10 Fi  be  A, 

Then,  the  revolving  line  may  have  described  any  number  of 
complete  revolutions,  bringing  it  back  to  0/,  before  finally 
resting  at  OF^, 

Hence  the  trigonometrical  angle  lOF^  is  n .  360**  +  A  where  n 
is  any  whole  (positive)  number. 

2.  Let  OF2  be  in  the  2nd  QiuxdratU. 

Let  the  acut^  angle  TOF^  be  A, 

Then,  any  number  of  complete  revolutions,  i.e.  n .  SGO**,  may 
be  first  described,  bringing  the  revolver  back  to  OL 

Now  lOF^  +  rOF^  =  180° .-.  lOF^  =  180°  -  FOF^  =  180°  -  A. 
Thus  the  trigonometrical  angle  IOF2  is 

n .  360°  +  180°  -  ^  =  (2n  +  1)  180°  -  A, 

3.  Let  OFj  be  in  the  3rd  Quadrant 
Let  the  acute  angle  TOF^  be  A. 

Then,  the  revolving  line  may  be  supposed 
first,  to  make  n  complete  revolutions  from  01  back  to  01] 
then,  to  revolve  from  01  to  OF,  through  180°; 
SkJid  finally,  to  revolve  from  OF  to  OF^,  through  angle  A. 
Thus,  the  trigonometrical  angle  lOF^  is 

n .  360°  +  180°  +  ^  =  (2w  +  1)  180°  +  ii. 

Digitized  by  VjOOQIC 
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4.     Let  OF4  he  in  the  ith  Qtuxdrant, 
Let  the  acute  angle  lOF^  be  A. 
Then,  the  revolving  line  may  be  supposed 
/  first,  to  make   (w-1)   complete   revolutions  from  01  back 

to  07; 

t?ien,  to  revolve  from  01  to  OjT,  through  180°; 
BjadJmcUl^,  to  revolve  from  OT  to  OF4,  through  180°  -  A. 
Thus,  the  trigonometrical  angle  lOF^  is 

(n  -  1)  360°  +  180°  +  180°  -^  =  n  .  360°  -A*, 

16.  By  the  last  article,  we  see  that  we  may  express  any 
trigonometrical  smgle  in  terms  of  the  geometrical  a^cute  angle 
which  the  final  position  of  the  revolving  line  makes  with  the 
initial  position  (produced  if  necessary). 

Summing  up  the  results,  when  the  final  line  is  in 

1st  Quad.,  trig,  angle  =  even  multiple  of  180°  +  an  acute  angle. 
2nd  Quad.,  trig,  angle  =  odd  multiple  of  180°  -  an  acute  angle. 
3rd  Quad.,  trig,  angle  =  odd  multiple  of  180°  +  an  acute  angle. 
4:th  Quad.,  trig,  angle  =  even  multiple  of  180°  -an  acute  angle. 

These  results  should  be  carefully  noted  and  remembered  t. 

§  2.     Areas.  .  ^ 

17.  In  order  to  measure  an  a/rea,  it  is  necessary  to  express 
the  ratio  it  bears  to  some  knovm  area;  just  as  to  measure  a 
length  or  a  weight,  it  is  necessary  to  express  the  ratio  it  bears  to 
a  known  length  or  weight. 

*  In  these  four  results,  n  is  understood  to  be  0  or  some  positive  integer. 
An  explanation  will  be  given  later  according  to  which  n  may  be  positive  or 
negative, 

t  The  student  should  observe  that  to  speak  of  an  angle  as  being  in 
a  certain  Quadrant  is  misleading:  it  is  the  revolving  line  which  passes 
through  the  several  Quadrants,  and  whose  final  position  in  one  or  other  of 
the  Quadrants  indicates  the  magnitude  of  the  angle. 
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18.  To  find  the  a/rea  of  a  rectangle,  when  the  lengths  of  its 
a4jacent  sides  are  knotvn. 

Let  ABCB  be  a  rectangle.  -j  ^ 

Let  AB  contain  m  parts,  each 
equal  to  AF-,  and  let  AD  contain  n 
parts,  each  equal  to  -4^. 

From  the  points  of  division  draw 
lines  parallel  to  the  sides  of  the 
rectangle. 

Then  the  whole  rectangle  ABCD  is  divided  into  small  rect- 
angles— the  adjacent  sides  of  each  of  these  rectangles  being 
equal  to  AP  and  AQ, 

And  the  number  of  these  rectangles  is  w  x  n.* 

Thus, 

rect.  whose  adj.  sides  are  m  times  AP  and  n  times  AQ, 
=  nin  tim£s  rect.  whose  adj.  sides  are  AP  and  AQ. 

19.  In  the  above  proposition,  suppose  that  AP  =  AQ,  Then 
the  rectangles,  into  which  ABCD  is  divided,  are  squares. 

Let  AP  OT  AQ  he  taken  as  the  unit  of  length.  Then,  the 
measure  of  AB  in  terms  of  this  unit  is  m,  and  the  measure 
of  AD  in  terms  of  this  unit  is  n. 

If  we  take  the  square  on  the  unit  of  length  as  the  unit 
of  area,  then  the  measure  of  ABCD  in  terms  of  this  unit  is  mm 

Thus,  the  measure  of  the  area  of  a  rectangle  is  equal  to  the 
product  of  the  measures  of  the  lengths  of  its  two  adjacent 
sides. 

20.  The  student  should  observe  that  an  area  is  measured  by 
the  prodtict  of  two  numbers  which  measure  lengths. 

This  is  expressed  by  saying  that  area  is  of  the  second  dimen- 
sion in  length. 

21.  The  conclusion  of  Art.  19  may  be  expressed  more  briefly 
thus : — 

The  area  of  a  rectangle = product  of  the  lengths  of  its  sides. 
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But  arithmetically  we  can  only  multiply  a  quantity  by  an  abstract 
number.  If  we  extend  the  meaning;  of  the  term  multiplication  bevond 
that  imderstood  in  Arithmetic,  we  may  speak  of  phjrsicisdly  multiplying 
one  physical  quantity  by  another,  whenever  the  arithmetical  miutipli- 
cation  of  the  measures  of  these  quantities  gives  us  the  measure  of  some 
other  physical  quantity  depending  on  these.  It  should  be  clearly 
understood  that  we  are  m  this  case  extending  the  meaning  of  the  word 
multiplication. 

The  area  of  a  triangle, 

22,  By  Euc.  I.  41,  if  a  parallelogram  and  a  triangle  be 
on  the  same  base  and  between  the  same  parallels,  the  parallelo- 
gram is  double  of  the  triangle. 

P  Q  A  P  AQ 


1 


L        C  B  C  L  B  CL 

Now,  let  ABC  be  any  triangle, — ^acute-angled,  obtuse-angled 
or  right-angled. 

From  the  vertex  A,  draw  AL  perpendicular  to  the  base  £C 
produced  if  necessary. 

If  the  angle  C  is  acute,    L  will  fall  between  B  and  (7, 

if    obtuse,  L  will  fall  beyond  C, 

if     right,    Z  will  fall  on  C 

Through  A  draw  FAQ  paraUel  to  BC;  and  draw  BF,  CQ 
parallel  to  LA. 

Then,  in  each  case,  the  triangle  ABC  and  the  parallelogram 
FBGQ  are  on  the  same  base  BC,  and  between  the  same  parallels 
BC,  FQ, 

:.  the  A  ABC  is  |  the  parallelogram  FBCQ. 
But  the  rectangle  FBCQ  is  measured  by  the  product  of  the 
measures  of  BG  and  BF;  i.e.  of  BC  and  ALy 

:,  the  A  ABC  =  i  the  product  BC,  AL 
=  J  (base  X  altitude). 
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23.  The  student  should  compare  the  algebraical  and  the  geometri- 
cal uses  of  the  word  square.  In  Geometry  a  square  is  a  figure  of  a 
certain  shape.  In  Algebra,  a  square  is  a  product  of  two  equal  numbers. 
Now,  by  Art.  19,  the  measure  of  the  area  of  a  sguare =ihe  product  of 
the  two  equal  measures  of  its  adjacent  sides.  It  might  be  supposed 
that  this  explains  the  identity  of  names  in  Algebra  and  Geometry. 
But  this  is  only  a  partial  explanation.  In  the  above  article,  we  had 
arbitrarily  taken  a  square  as  our  unit  of  area.  If  we  had  taken  some 
other  figure  as  unit  of  area,  a  figure  of  a  corresponding  shape  would 
have  been  represented  by  the  product  of  two  equal  nunibers.  If,  e.  g., 
the  unit  of  area  had  been  a  triangle  whose  base  and  altitude  were  equaly 
then  any  other  triangle  whose  base  and  altitude  were  equal  would  nave 
been  measured  by  the  product  of  two  equal  niunbers  [and  any  triangle 
would  be  the  product,  (instead  of  \  the  product,)  of  its  base  and  alti- 
tude]. It  is^  thus,  purely  arbitrary^  but  (as  the  student  may  see  on 
reflection)  highly  convenient,  to  choose  a  square  as  the  unit  of  area. 
Whatever  unit  of  area  had  been  chosen,  any  other  area  would  have  been 

proportional  to  the  product  of  two  lengths.  This  is  equivalent  to  Euchd's 
statement  that  ^'  similar  rectilineal  figiu*es  are  to  one  another  in  the 
dtiplicate  ratio  of  their  homologous  sides." 

24.  The  area  of  any  rectilineal  figure  may  be  found  by 
dividing  it  into  triangles  :  and  applying  the  formula, 

triangle  =  \  (base  x  altitude). 

25.  Since 

triangle  =  \  (base  x  altitude), 
.*.  triangles  of  equal  altitudes  are  to  one  another  as  their  bases. 

This  is  Prop.  1  of  Euc.  Book  VI.  The  student,  who  has  not 
read  Book  VI.  is  advised,  here,  to  read  and  learn  Props.  2,  4,  5, 
6  and  7  of  that  book.  These  props,  are  necessary  for  a  great 
deal  of  what  follows. 


§  3.    Miscellaneous  Propositions. 

Equality  in  all  respects  of  two  triangles. 

26.  In  Euc.  I.  (4,  8,  26)  is  proved  the  equality  in  all 
respects  of  two  triangles,  three  elements  of  which  in  each  case 
are  given  equal  Euclid  omits  one  case,  which  may  be  now 
considered. 
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Let  ABC,  DEF  be  two  triangles,  having  the  two  sides  AB^ 
AG  equal  to  the  two  sides  DEy  DF,  each  to  each;  and  likewise 
the  angle  ABO,  opposite  to  -4C,  equal  to  the  angle  DEF,  opposite 
to  DF,  The  angles  ACB,  DFE  opposite  the  other  equal  sides 
AB,  BE  shall  be  either  equal  or  supplementary. 

(i)  If  EF  and  BC  are  equal^  then,  by  Euc.  I.  4,  the  triangles 
ABGy  DEF  are  equal  in  all  respects.  But  (ii)  if  not,  one  of 
them  must  be  the  greater.  Let  EF  be  the  greater.  Produce 
BG  to  C',  so  that  BG^EF,  join  G'A.  Then,  by  Euc.  L  4,  the 
triangles  ABG',  DEF  are  equal  in  all  respects. 

But  •/  AG  =  AG',  :.  L  ACG'=  i  AGG.     [Euc.  L  5.] 

And  the  angles  AGB^  AGO'  are  supplementary, 

.*.  the  angles  AGB,  AG'G  are  supplementary, 

i.e.  the  angles  AGB,  DFE  are  supplementary, 

.'.  in  case  (i)  AGE,  DFE  are  equal, 

and  in  case  (ii)  AGB^  DFE  are  supplementary.     q.e.d. 

Cor.  \.  Since  of  two  supplementary  angles,  not  equal  to  one 
another,  one  must  be  acute  and  the  other  obtuse,  therefore  if,  in 
the  above  proposition,  we  know 

either  that  both  the  angles  AGB,  DFE  are  acute, 
or     that  both  the  angles  A  GB,  DFE  are  obtuse, 
or     that  one  q/the  angles  AGB,  DFE  is  right, 
then  it  follows   that  AGB,  DFE  are  necessarily  equal  without 
any  other  alternative. 

Cor.  2.  Ii  AG  is  equal  to  or  greater  than  AB,  then  z  ABG 
is  equal  to  or  greater  than  i  AGB, 
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But  two  angles  of  a  triangle  are  together  less  than  two 
right- angles,  therefore  i  ACB  is  acute. 

Similarly  BF  being  equal  to  AC^  and  DE  to  A  By  the  angle 
DFU  is  acute. 

This  brings  us  to  Cor.  1,  showing  that  the  angles  ACB,  DFE 
are  necessarily  equal. 

27.  The  proposition  of  the  last  article  is  called  The  Amr 
bigtums  Case  of  the  equality  of  two  triangles.  The  ambiguity  is 
removed  by  the  corollaries.  Further  consideration  of  the  matter 
is  postponed  to  the  chapter  on  Solution  of  Triangles. 

28.  We  see  from  Art.  26,  that  there  are  four  cases  in  which 
the  exact  equality  of  two  triangles  may  be  shown.  But  the  last 
case  is  Ambiguous. 

In  each  case,  a  aide  is  given  equal. 

The  three  elements  given  equal  are  in 

Case  I.     Two  angles  a/iid  a  side,     Euc.  I.  26. 

Case  II.     Three  sides.    Euc.  I.  8. 

Case  III..  Two  sides  and  the  angle  included  by  them,  Euc. 
I.  4. 

Case  rV.  Two  sides  and  the  angle  opposite  one  of  them. 
Art.  27. 

These  four  cases  correspond,  respectively,  to  the  four  propo- 
sitions 4,  5,  6,  7  of  Book  VI.  in  which  the  similarity  of  two 
triangles  is  shown. 

Case  I.     Tvx>  angles  given  equal.     Euc.  VI.  4. 

Case  II.     Three  sides  given  proportional.    Euc.  VI.  5. 

Case  III.  Two  sides  given  proportional,  and  the  angle  in- 
cluded by  them  given  equal.     Euc.  VI.  6. 

Case  IV.  Two  sides  given  proportional,  and  the  angle  opposite 
one  of  them  given  equal.     Euc.  VI.  7. 

29.  By  Euclid  I.  32,  the  angles  of  a  triangle  are  together 
equal  to  two  right-angles. 
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But  1  right-angle  =  90  degrees  or  90°, 
/.   2  right-angles  =180  degrees  or  180°, 
/.  the  angles  of  a  triangle  are  together  equal  to  180°. 

Example.     The  angles  of  a  triangle  are  a«  2  :  3  :  4     Find  them. 

We  have  to  divide  180°  into  3  parts,  which  are  in  the  proportion 
2:3:4 

The  required  parts  are 

(2)  2+1+4  ^^^^'==1^^^®^'==^'' 

(3)  2+l+4^^^^'  =  l^^^^'  =  ^"- 

30.  By  Euclid  L  47,  the  square  on  the  hypothenuse  of  a 
right-angle  is  equal  to  the  sum  of  the  squares  on  the  two  sides 
containing  the  right-angle. 

Let  ABC  be  a  right-angled  tri- 
angle, right-angle  at  A, 

If  a,  6,  c  are  the  measures  of  the 
sides  opposite  to  A,  B,  C,  respec- 
tively; then  a^,  b\  c*  are  the  mea- 
sures of  the  squares  on  these  sides, 
respectively, 

.-.  a«  =  6^  +  (r». 

By  this  equation,  we  can  find  any  one  sidle  of  a  right-angled 
triangle  when  the  other  ttvo  are  given. 

Example  1.  The  sides  of  a  right-angled  triangle  are  bft.  and  \2ft. 
respectivdyyf/nd  the  hypothermse. 

Take  a  foot  as  the  unit  of  length. 

Then  5  and  12  are  the  measures  of  the  two  sides. 

.*.  (measure  of  hypothenuse)2= 52+122= 25 +  144 =169, 

. '.  measure  of  hypothenuse  =  ^1 69 = 1 3, 

.-.  hypothenuse  =13  ft. 
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Exam/pie  2.     The  hypothenuse  and  hose  of  a  right-angled  triangle  a/re 
^ft,b  in.  and  \ft,^  in,  respectively.    Find  the  aUitvde, 

Take  an  inch  as  iinit  of  length.    Let  x  measure  altitude.     Then,  we 
have, 

29^=212+^. 

.-.  ^=292-212=841-441=400, 

.-.  :f=20, 

.-.  altitude =20  in.  =  1  ft.  8  in. 


Examples  I. 

1.  Express  in  grades,  minutes  and  seconds  the  following 
decimals  of  a  right-angle. 

(1)   -000003,  (2)   -0025,  (3)    -04,  .(4)   -356, 

(5)    1-888,         (6)   234-25789,         (7)   52-04065042003. 

2.  Express  the  above  angles  in  degrees,  minutes,  seconds. 

3.  Express  as  decimals  of  a  right-angle : — 

(1)  4^  (2)  70\  (3)  •04«,  (4)  5«  2^  45%  (5)  26«  46^ 
35^^-62,  (6)  32"-4,  (7)  3" -24,  (8)  0"-324,  (9)  IV  4'  12", 
(10)  3r  3',         (11)  61°  r  12". 

4.  Express  in  the  centesimal  method  : — 

(1)   r  8'  8"-8,         (2)   3°  4'  7"-2,  (3)   6r  r  12". 

5.  Express  in  the  sexagesimal  method: — 

(1)   3«  33^  33"  S,         (2)   45«  5'  T,        (3)  7«  S  79^ 

6.  Show  that  the  number  of  degrees  contained  in  any  angle 
is  -^  of  the  number  of  grades  contained  in  the  same  angle. 

7.  If  an  angle  is  expressed  as  a  decimal  of  a  degree,  show 
that  it  may  be  expressed  as  a  decimal  of  a  grade  by  removing 
the  decimal  point  one  place  to  the  right  and  dividing  by  9. 

8.  If  an  angle  is  expressed  as  a  decimal  of  a  grade,  show 
that  it  may  be  expressed  as  a  decimal  of  a  degree  by  subtracting 
from  the  given  decimal  the  decimal  formed  from  it  by  removing 
the  point  one  place  to  the  left. 
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9.  The  angles  of  a  triangle  are  in  arithmetical  progression, 
and  the  greatest  of  them  is  f  of  the  least.     Find  them. 

10.  The  number  of  degrees  in  an  angle  is  to  the  number  of 
grades  in  its  complement  as  3  is  to  5.     Find  the  angle. 

11.  A,  By  C  are  the  three  angles  of  a  triangle.  The  number 
of  degrees  in  ^  is  equal  to  the  number  of  grades  in  B  and  to  the 
product  of  the  number  of  degrees  and  of  grades  in  C.  Find 
A,  B,  G. 

12.  The  side  AB  of  a  triangle  ABC  is  produced  to  2>,  and 
AE  is  drawn  making  an  angle  with  AC  equal  to  BCA  which  is 
less  than  BAC.  The  angle  CBD  is  112°  IV  44";  and  the  angle 
EAB  is  67**  48'  16''.     Find  the  angles  of  the  triangle  ABC. 

13.  What  trigonometrical  angles  has  the  minute  hand  of  a 
clock  described  since  midnight  at  3.15  a.m.,  at  7.40  p.m.,  and  at 
9.10  a.m.,  respectively? 

14.  ABCD  is  a  square,  AC  and  BD  are  its  diagonals.  Find 
the  general  expressions  for  the  trigonometrical  angles  bounded 
by  the  lines 

(1)     AB  and  AG,  (2)  AB  produced  and  BD. 

15.  Find  in  degrees  the  angles  of 

(1)  an  equilateral  triangle,  (2)  a  regular  hexagon,  (3)  a 
regular  pentagon,  (4)  a  regular  dodecagon,  (5)  a  regular  quinde- 
cagon. 

16.  Find  the  hypothenuse  of  the  right-angled  triangles 
whose  sides  are  respectively, 

(1)  3  ft.  and  4  ft.  (2)  2  ft.  9  in.  and  4  ft.  8  in.  (3)  4  ft. 
and  4  ft.  7  in. 

17.  Find  the  third  side  of  the  right-angled  triangles  whose 
hypothenuse  and  other  side  are,  respectively, 

(1)  26  in.  and  10  in.  (2)  4  ft.  5  in.  and  2  ft.  4  in.  (3)  7  ft. 
1  in.  and  3  ft. 

18.  The  sides  of  a  right-angled  triangle  are  a^-h^  and  2a6 
respectively.     Find  the  hypothenuse. 
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19.  0^  is  a  line  of  any  length.  AB  is  perpendicular  to 
OA,  EC  to  OB,  CD  to  OC,  DE  to  OD  &c.,  and 

AB  =  BC^CD  =  DE  =  kQ.^OA. 
Find  the  lengths  of  the  lines  OB,  OC,  OD,  OE  &c.  in  terms 
of  0-4. 

20.  Show  in  the  method  of  Euclid,  Book  I.,  that 

(1)  Two  triangles,  which  are  equal  in  area  and  have  a  side 
and  adjacent  angle  of  one  equal  to  a  side  and  adjacent  angle  of 
the  other,  are  equal  in  all  respects. 

(2)  Two  triangles,  which  are  equal  in  area  and  have  two 
angles  of  the  one  equal  to  two  angles  of  the  other,  each  to  each, 
are  equal  in  all  respects. 

(3)  Two  triangles,  which  are  equal  in  area  and  have  a  side 
and  opposite  angle  of  one  equal  to  a  side  and  opposite  angle 
of  the  other,  are  equal  in  all  respects. 

(4)  If  two  triangles,  which  are  equal  in  area,  have  two 
sides  of  the  one  equal  to  two  sides  of  the  other,  each  to  each, 
then  the  angle  contained  by  the  two  sides  of  the  one  is  equal  or 
supplementary  to  the  angle  contained  by  the  two  sides  of  the 
other. 


J.T.  2 
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CHAPTER  11. 
THE  ANGLE  AND  THE  CIRCLE. 

§  1.     On  Measurement. 

3L  Two  quantities  are  said  to  be  homogeneous  or  com- 
parable, when  one  is  either  equal  to,  less  than,  or  greater  than 
the  other. 

Thus,  an  inch  and  a  mile — a  degree  and  a  grade — a  triangle  and  a 
square — are  pairs  of  quantities  which  are  comparoMe  in  magnitude. 
But  a  hne  and  an  angle — a  line  and  an  area — an  angle  and  an  area- 
are  pairs  of  quantities  incomparable  in  magnitude. 

Two  homogeneous  quantities  are  said  to  be  commensurate, 

when  the  multiplication  of  the  smaller  by  some  finite  number 

gives  a  quantity  greater  than  the  greater. 

Thus,  an  inch  and  a  mile  are  commensurate  ;  but  the  space  occupied 
by  an  atom  and  that  occupied  by  the  Solar  System  are  practically  in- 
commenswrate. 

Two  homogeneous  commensurate  quantities  are  said  to  be 

commensurable,  when  both  are   exact    multiples   of    some 

common  quantity  commensurate  with  each. 

Thus,  3 J  inches  and  17J  inches  are  commenmrahle ;  for  3^  inches 
=  21  siccthS'Of-an-inch  and  17J  inches  =  104  sixths-of-an-inck.  Also 
3/v/2  inches  and  5^2  inches  are  commenswrahle.  But  1  inch  and 
/v/2  inches  are  incomTnenaurable :  for,  since  there  is  no  fraction  with 
integral  numerator  and  denominator  exactly  equal  to  ^2,  1  inch  cannot 
be  (fivided  into  any  finite  number  of  parts  such  that  a  number  of  those 
parts  shall  exactly  equal  mJ2  inches*. 

*  The  distinction  between  commensurable  and  incommensurable  is  purely 
theoretical.  Practically  we  cannot  compare  the  measures  of  two  quantities 
exactly;  hence  we  can  never  determine  whether  they  are  really  commen- 
surable or  not. 
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32.  The  definitions  of  the  last  article  are  equivalent  to  the 
following : 

Two  quantities  are  comparable,  when  the  one  has  some  ratio 
to  the  other :  they  are  commensn/ratej  when  the  ratio  of  either  to 
the  other  is  Jinite :  they  are  commensurable^  when  their  ratio  is 
measured  by  a  fraction  vnth  Jinite  integral  numerator  and 
denominator, 

33.  A  quantity  of  any  kind  is  measured  by  assigning  the 
ratio  it  bears  to  some  known  quantity  of  the  same  kind  called 
the  imit. 

Thus  we  measure  lengths  by  assigning  their  ratio  to  (say)  a  foot ; 
we  measure  angles  by  assigning  their  ratio  to  (say)  a  right  angle. 

The  ratio  of  the  given  quantity  to  the  unit  is  called  the 
abstract  or  nwmerical  m/casv/re  of  the  quantity ;  or  sometimes, 
more  shortly,  the  measwre  of  the  quantity, 

34.  An  accurate  measurement  of  any  quantity  is  practically 
impossible. 

Suppose  that  we  know  that  a  magnitude  lies  between  m—\ 
units  and  w  +  1  units.  Then  the  error  involved  in  taking  m 
units  for  the  true  value  is  less  than  1  unit.  We  should,  therefore, 
say  that  to  within  1  unit  its  measure  is  m  units. 

If  another  magnitude  has  to  be  found  by  multiplying  the 
above  by  any  number  k,  this  second  magnitude  lies  between 
km  —  k  units  and  km-\-k  units.  The  error  involved  in  taking 
hm  units  for  the  true  value  is  less  tham,  k  units.  We  should, 
therefore,  say  that  to  withvn  k  units  its  measure  is  km  imits. 

Therefore,  the  possible  error  in  assigning  the  measure  of  a 
magnitude  by  multiplying  the  measure  of  another  magnitude  by 
k  is  increased  Mold.    The  ratio  of  the  possible  error  to  the  whole 

measure  is  as  before,  viz.  — . 
'         m 

If  now  the  number  k  is  fractional  and  we  wish  to  find  an 
integral  number  of  units  in  our  product,  we  need  not  calculate 

2—2 
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k  more  closely  than  to  toithin  —   of  unity.      For,   by  the   same 

reasoning  as  above,  provided  the  error  in  A;  is  less  than  — ,  the 
error  in  mk  will  be  less  than  1. 

Example  1.  The  side  of  a  square  is,  to  within  an  inch,  57  yd. 
2  ft.  3  in.    Find  the  diagonal  and  assign  the  accuracy  of  the  result. 

57  yd.  2  ft.  3  in.  =  2079  in. 
.•.,byEuc.  I.  47,  (diagonal)2=(2079in.)2+(2079in.)2 
=2  X  (2079)2  sq.  in. 
.-.  diagonal=V2  x  2079  in. 
Now  V2  =  1-4142  &c.     This  differs  from  1-414  by  less  thau  -000^, 
i.e.  less  than  ^^j'^xy* 

.*.  in  finding  an  integral  number  of  inches  in  the  diagonal,  we  may 
use  1-414  for  v/2. 

.  -.  diagonal = 1  -414  x  2079  in.  =  2939*706  in. 
=  2940  in.  or  81  yd.  2  ft.  nearly. 

Since  the  original  possible  error  was  1  inch,  the  possible  error  in  the 
result  is  »J2  inches,  i.a  about  1^  in. 

Example  2.  The  ratio  of  the  circumference  to  the  diameter  of 
a  circle  Being  3*14159  &c.,  find  the  circumference  of  a  circle  whose 
diameter  is,  to  within  an  inch,  13  yd.  8  in. 

13  yd.  8  in.  =  476  in. 

Now  3-14159  &c.  differs  from  Z}  by  less  than  -002  or  -jjj^, 

.-.  in  finding  an  integral  nmnber  of  inches  in  the  circumference  we 
may  use  ^  instead  of  3*141  &c. 

.  •.  circumference  =  ^  of  476  in. = 41  yd.  1  ft.  8  in. 
The  result  is  correct  to  within  about  3  inches. 

Fundamental  Proposition  on  Incommensurahles, 

35.  Let  there  be  two  quantities  which  vary  together,  in  such 
a  way  that  to  any  value  of  one  there  corresponds  a  value  of  the 
other,  and  that  when  either  increases  the  other  increases.  Then, 
if  the  ratio  of  any  two  commensurahle  values  of  the  one  is  equal 
to  the  ratio  of  the  two  corresponding  values  of  the  other,  the 
same  will  hold  for  dU  pairs  of  values  whether  commensurable  or 
incommensurable. 
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Let  X  and  y  represent  the  two  varying  quantities.  Let  sub- 
script numbers  indicate  particular  values,  the  same  subscript 
number  being  used  for  corresponding  values. 

We  have  to  show  that 

where  Xj  and  x^  are  incommensurable  values  of  x. 

If  possible,  let  ^  '  ^  =  yi  -  ys  (1) 

where  y^  >  ya  ^.nd  .  *.  ajs  >  3^2- 

Suppose  a?!  to  be  divided  into  a  number  m  of  parts,  each  equal 

to  a,  where  a  <  aig  —  ajg. 

Then,  if  na  is  the  largest  multiple  of  a  less  than  a^, 

rta  <  asj  but  wa  >  acg. 
Call  no,  034  •  then,  since  x^<a^,  /.  y^<yz' 
Again,  since  Xi  and  X4^  (viz.  ma  and  no)  are  commensurable, 
.-.(Ci  ;  0:4  =  2/1  1^4  (2). 

Comparing  (1)  and  (2), 
since  x^^x^  .'.  y^^y^- 

But  2/4  has  been  shown  to  be  <y3.  Which  is  impossible. 
/.  a^  :  ajg  is  not  unequal  to  y^  :  y^  i.e.  it  is  equal  to  it.  q.e.d. 

§  2.     The  Angle  and  the  Circle. 

36.  A  cvrcle  may  be  described  by  the  revolution  in  a  plane 
of  a  straight  line  about  one  of  its  extremities  which  remains 
fixed. 

The  fixed  extremity  is  called  the  centre]  the  moving  extremity 
traces  out  the  circumference. 

Any  part  of  the  circvmference  is  called  an  a/rc;  and  any  part 
of  the  area,  traversed  by  the  revolving  radius,  is  called  a  sector. 

Now  the  length  of  the  arc  and  the  area  of  the  sector  clearly 
depend  on  two  elements,  viz.  (1)  The  length  of  the  revolving 
radius.     (2)  The  amoimt  0/ revolution  desoxihed. 
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Hence  we  see  how  naturally  a  circle  is  connected  with  an 
angle  as  described  in  the  first  chapter. 

The  two  fundamental  propositions  connecting  angle,  a/rc,  and 
radius  will  now  be  proved.  The  first  proposition  is  proved  in  a 
manner  intended  to  show  the  connexion  between  Euclid's  method 
of  treating  proportionals  and  the  algebraical  method. 

37.  In  circles  of  equal  radii,  arcs  which  subtend  unequal 
angles  are  to  one  another  as  the  angles. 


Let  the  arcs  AB,  A'B  of  circles  whose  radii  OA,  O'A'  are 
equal,  subtend  angles  AOB,  A'O'B  at  the  centres  0,  0'  respec- 
tively.    Then 

arc  AB  :  arc  A'B  shaU  equal  angle  AOB  :  angle  A'(yB\ 

If  not,  let  the  fractions  which  measure  these  ratios  be  unequal : 
and  suppose  that  'p\q  is  a  fraction  lying  between  them,  so  that  (say) 
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&rc  AB      p        -  angle  ^0-5       p 
arc  A'B"  ^  q  aia^eJWF  ^  ~q  ' 

Then   q  .  arc  AB  <  p  .  arc  A'B' 

and  q ,  angle  AOB  >  p  .  angle  A'O'B. 
At  0  describe  q  angles  (including  AOB)  each  equal  to  AOB^ 
and  at  0'  describe  p  angles  (including  AlCfB)  each  equal  to  A'O'B'. 
Then,  the  whole  angle  AOQ  =  q .  angle  AOB ; 
and  the  whole  angle  A'0'r=p,  angle  A'0'B\ 

:,  whole  angle  A  OQ  >  whole  angle  A'O'F, 
Again,  by  Euc.  III.  26,  the  arcs  AB^  BO  <fec.  which  subtend 
equal  angles  are  equal  to  one  another. 

.'.  the  whole  arc  AQ  =  q .  arc  AB^ 
and  the  whole  arc  A'F'  =p  .  arc  A'B\ 
.'.  whole  arc  AQ<.  whole  arc  A'F. 

But  again,  by  Euc.  III.  26,  since  the  radii  0-4,  O'A'  are  equal, 
and  since  angle  AOQ  >  angle  A'O'F, 

.'.  arc  AQ^  arc^'P'.     Which  is  absurd. 
.*.  arc  AB  :  arc  ^'^  =  angle  ^0-5  :  angle  A'O'B,     q.e.d. 
Or  the  proposition  may  be  proved  as  follows : 

Using  the  same  figure,  but  considering  the   angles   AOB, 
A'O^B  to  be  equal,  it  follows  at  once  from  Euc.  III.  26,  that 

arc^$  :  arc  il'F  =  angle  :40C  :  angle  A'O'F 
Le.  the  ratio  of  any  two  cominenswrahle  values   of   the   arc  is 
equal  to  the  ratio  of  the  corresponding  values  of  the  angle, 
.*. ,  by  Art.  35,  the  same  holds  for  aU  values. 

38.     In  circles  of  unequal   radii,  arcs  which  subtend  equal 
angles  a/re  to  ons  another  as  the  radii. 

Let  the  arcs  AZ,  az  subtend  eqvxil  angles  at  the  centres  0,  o 
respectively.     Then 

arc  AZ  :  arc  az  shall  equal  radius  OA  :  radius  oa. 

Within  angle  AOZ,  draw  any  number  of  radii  OB,  OC.OT: 
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and  at  o,  make  the  angles  (wb^  hoc.xoy  equal  to  AOB^  BOC^  ... 
XOY^  respectively.     Then 


r4^ 
/  /  X    ^   \c  !  /// X  V 

O  A  o  « 

•/  whole  angle  -40^=  whole  angle  ao%y 
.*.  remaining  angle  YOZ=  remaining  angle  yoz. 
Joinil^,  BG,„YZ\  ah,  hc.yz. 
Then  •/  AG  :  BO  =  ao  :  bo,    and  z  AOB^jl  aob, 

:,    A  AOB  is  similar  to  a  aob.  [Euc.  VI.  6. 

.-.  AB  :  ah  =  AO  :  ao. 
Similarly  BG  :  bc  =  BO  :  bo  =  AO  :  ao, 

and  Ci>  :  cd=  GO:co  =  AO:  ao. 

.'.  AB-{'BO^GI)  + :  a6  +  6c  +  cc?+ =^0  :  ao. 

Now,  as  we  increase  the  number  of  divisions  of  the  arcs  AZ, 
az,  the  rectilinear  boundaries  evidently  approximate  more  and 
more  closely  to  the  arcs. 

Hence  ultimately  we  may  assume  that 

AB-^BG-\-GD-\- =  arc^^; 

and  ah  ■\-  bc-¥cd+ =  arc  az. 

/.  arc  AZ  :  arc  az  =  radius  GA  :  radius  oa*.         q.e.d. 

39.     The  above  proposition  is  of  the  highest  importance. 

♦  A  stricter  proof  of  this  proposition  will  be  given  later. 
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Since  a/rc  and  radius  are  both  lengths,  we  may  interchange 
the  second  and  third  terms  of  the  proportion,  and  write 
arc  AZ  :  radius  OA  —  arc  az  :  radius  oa, 
when  the  angle  -40-^=  angle  (mz. 
In  other  words,  the  ratio  arc  to  radius  is  constant  for  the 
same  angle  described  at  the  centre  of  a  circle. 

40.  Prop.  I.  The  ratio  of  the  circumference  to  the  diameter 
of  a  circle  is  the  same  for  oM  circles. 

For,  in  the  last  article,  suppose  the  angles  A(}Z,  aoz  to  be  each 
four  right-angles.  Now  the  arc  subtended  by  four  right-angles, 
i.e.  by  a  complete  revolution,  is  the  whole  circumference.    Hence, 

circumference  AZ  :  radius  OA  —  circumference  az  :  radius  oa. 
.'.  circumference  AZ  :  diameter  2 .  OA 

=  circumference  az  :  diameter  2  .  oa. 

i.e.  the  ratio  of  the  circumference  to  the  diameter  in  any  one 

circle  is  equal  to  the  ratio  of  the  circumference  to  the  diameter 

in  a/ny  other  circle.  Q.E.D. 

Prop.  II.  The  angle  which,  at  the  centre  of  a  circle,  subtends 
an  arc  equal  to  the  radius,  is  the  same  in  m^agnititde  for  all  circles. 

For,  in  the  last  article,  suppose  the  arc  AZ  to  have  been 
measured  equal  to  the  radius  OA,  and  the  angle  aoz  to  be  still 
equal  to  the  angle  AOZ.     Then,  since 

arc  AZ  :  radius  OA  =  arc  az  :  radius  oa. 

.'.  arc  az  is  also  equal  to  radius  oa. 

Thus,  the  angle,  which,  at  the  centre  of  am,y  one  circle,  is 
subtended  by  an  arc  equal  to  the  radius,  is  equal  to  the  angle, 
T^v-hich  at  the  centre  of  any  other  circle,  is  subtended  by  an  arc 
equal  to  the  radius.  Q.E.D. 

41.  From  the  above  two  propositions,  follow  two  definitions. 

1.  The  ratio  of  the  circumference  to  the  diameter  of  any 
circle  is  called  tt*. 

*  The  Greek  for  circumference  is  ir€fn<t>4p€iaf  of  which  ir  is  the  initial 
letter. 
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2.  The  angle,  at  the  centre  of  cmy  circle,  subtended  by 
an  arc  equal  to  the  radius  of  the  circle,  is  called  a  Radian. 

The  student  must  particularly  obser\'e  that,  since  ir  is  the 
ratio  of  one  length  to  another  length,  tt  is  an  ahatrcLct  number: 
and  since  the  ratio  of  the  circumference  to  the  diameter  is  con- 
stant, TT  is  of  constant  magnitude. 

Also,  since  the  angle,  which  at  the  centre  of  a  circle  subtends 
an  arc  equal  to  the  radius,  is  constant  in  magnitude,  therefore  the 
radicm  is  an  angle  affixed  magnitude, 

.^      ^.        circumference  .  .    , 

42.  Since       ,.       ^         =7r,  m  any  circle. 

diameter  "^ 

.'.  circumference  =  tt  .  diameter  =  27r .  radius. 

43.  To  show  that  ir  is  somewhat  greater  tham,  3. 

Let  six  angles  AOB,  BOO 
&c,  each  equal  to  |^  of  4 
right-angles,  i.e.  ^  of  2  right- 
angles,  be  placed  round  the 
centre  of  the  circle.  Join  AB^ 
BC  &Q. 


Then  the  three  angles  AOB, 
OB  A,  OAB  being  together 
equal  to  2  right-angles,  and  the 
angle  AOB  being  ^  of  2  right- 
angles,  the  angles  OBA^  OAB 
are  together  equal  to  f  of  2  right-angles.     And  0A  =  OB, 

.',  each  of  the  angles  OBA,  OAB  is  ^  of  2  right-angles, 
.'.  the  triangle  OAB  is  equilateral, 

.'.  each  side  of  the  hexagon  ABGDEF  equals  the  radius, 
.*.  perimeter  of  the  hexagon  =  6  times  the  radius, 

=  3  times  the  diameter, 

.'.  circumference  of  the  circle  is  somewhat  larger  than  3  times 
the  diameter:  or  ratio  of  drcumfererice  to  dia/meter  is  somewhat 
greater  than  3. 
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44.     To  show  that  the  radicm  is  aomewhcU  smaller  than  the 
angle  of  cm  equilateral  triangle. 

Suppose  the  arc  AR  to  be  measured  equal   to  the  radius 
OA^  so  that  the  angle  AOR  is  the  radian. 

Then,  the  figure  AOR  is  a  curvilinear  equilateral  triangle. 

If  the  curved  side  AR  is  bent 
into  the  straight  line  AB,  we 
have  a  rectilinear  equilateral 
triangle,  showing  that  the  radian 
angle  AOR  is  somewhat  smaller 
than  the  angle  AOB  of  an  equi- 
lateral triangle.  Thus  the  radian 
is  somewhat  less  than  60**. 

46.  To  find  the  relation  be- 
tween the  radian  and  the  right- 
angle. 

Since  angles  at  the  centre  of  a  circle  are  to  one  another  as  the 
arcs  which  they  subtend, 

two  right-angles     arc  subtended  by  two  right-angles 
one  radian      ""  arc  subtended  by  radian 

_  semi-circumference     circumference  _ 
arc  equal  to  radius  ~      diameter     ""    ' 

.*.  2  right-angles  =  ir  radians. 

46.     The  result  of  the  preceding  art.  must  not  be  forgotten. 
Since  tt  radians  =  2  right-angles, 
.    -      J.  _  2  right-angles 

TT 

Now  TT  is  somewhat  greater  than  3,  hence  the  radian  is  some- 
what smaller  than    ^       — >  ^^*   somewhat  smaller  than 

o 

the  angle  of  an  equilateral  triangle,  as  we  have  shown. 
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47.  We  have  shown  that  tt  is  somewhat  greater  than  3. 
Its  value  cannot  be  exactly  expressed  by  any  fraction  having 
a  finite  numerator  and  denominator.  In  other  words  the  circum- 
ference and  diameter  of  a  circle  are  incommensurahle. 

The  value  of  tt  as  far  as  the  first  8  decimal  places  is 
314159265... 

Thus,  if  we  use  this  value  for  tt  in  determining  the  circum- 
ference of  a  circle  from  its  diameter,  our  error  will  be  less  than 
one  hundred  millionth  of  the  diameter.  The  student  is  advised 
to  remember  that  7r  =  3*14159  approximately. 

„          ,       -.          2  right-angles      180' 
Hence  1  radian  = —  = 

TT  IT 

I  QAO 

approximately  =  57°-29577951. 


3-14159265 

Example  1.    Show  that  as  far  as  two  places  of  decimals 

22        1 

7)22-000  „  ,1 

^-lFT42&c.  Hence,  =  3^. 

355 
Example  2.    Show  that,  correctly  to  one  millionth,  ir  =  ^y^. 

Dividing  355  by  113,  the  quotient  is  3-1415929  &c. 

Example  3.    Find  the  number  of  radians  in  15^. 
We  have  ISC/^^tt  radians, 

.-.  150=  ^  of  1800  =  ^  radians  =  '261799  radians. 

Example  4.    Find  the  number  of  degrees  in  11  radians. 

We  have  n  radians  =  180^, 

18O0 
.-.     1  radian  =  ^^^  =570*29578, 

TT 

.-.  11  radians  =  6300-25358. 


Circular  Measure  of  Angles, 
48.     Since  the  radian  is  an  angle  of  invariable  magnitude,  it 
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may  be  taken  as  the  unit  angle  in  terms  of  which  other  angles 
may  be  measured. 

Def,     The  ratio  of  any  angle   to  the  radian  is  called   the 
circular  measure  of  the  angle.     In  other  words,  the  radian  is 
the  unit  of  ci/rcular  measurement     Thus,  since  180°  =7r  radians, 
.*.  circular  measure  of  180°  is  tt. 

Similarly  the  circular  measure 

of  90°  is  ^;  of  60°,  ^;  of  45°,  ^;  of  30°,  3,  &c. 
J  o  4  0 

49.  Using  the  symbol  ^  to  denote  the  radian,  or  the  unit  of 
circidar  measurement,  we  have 

2  right-angles  =  180°  =  2008  =  -n^. 

Thus  the  sam^  angle  is  expressed  severally  by  the  numbers 
2,  180,  200,  3-14159,  when  we  take  the  diflTerent  units— right- 
angle,  degree,  grade,  radian — respectively. 

By  the  above  system  of  equations,  we  may  always  find  the 

number  of   degrees  or   of   grades   in   an   angle  whose  circular 

measure  is  given;  or  conversely. 

Example.  Find  the  number  of  degrees  in  the  angle  whose  circular 
measure  is  6. 

We  have  tt'  =  ISO", 

••  ^  "    n   ' 

.*.  the  nmnber  of  degrees  required  is '—, 

50.  The  circular  measure  of  angles,  i.e.  the  measure  when 
the  radian  is  taken  as  unit,  is  so  frequently  used  in  theoretical 
investigations,  that  the  symbol  for  the  unit  is  vsuaUy  dropped. 
But  a  Greek  letter  is  generally  used  to  denote  such  a  measure  of 
an  angle  :  hence,  the  confusion  arising  is  minimised. 

Thus  the  angle  0  is  understood  as  an  abbreviation  for  the 
angle  0  radians.  In  particular,  the  angle  ir  is  short  for  tt  radians 
Le.  180  degrees. 
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To  avoid  confusion  the  student  should  at  first  introduce  the 
symbol  ^  in  any  examples  in  which  it  is  omitted. 

51.  The  circular  measure  of  an  angle  is  the  same  as  the 
ratio  of  the  a>rc,  subtended  by  the  angle  at  the  centre  of  a  circle, 
to  the  radvas  of  the  circle. 

arc 
Shortly,  circular  measwre  of  angle  =  — -p-  . 

For,  the  circular  measure  of  any  given  angle  means 
given  angle 
radian  angle  * 

But  angles  are  to  one  another  as  the  arcs  they  subtend. 

-    .  ,      arc  opp.  given  angle 

.*.  circ.  meas.  of  given  angle  = ^, — ^— 

°  °  arc  opp.  radian 


arc  opp.  given  angle 
radius 


Q.E.D. 


52.  If  ^  =  circular  measure  of  any  angle,  by  above, 

_arc_^^ 
radius        ' 
.'.  arc  =  ^  X  radius. 
This  result  is  important. 

53.  The  a/rea  of  the  sector  of  a  circle  is  eqvM  to  that  of 
a  triangle  having  the  radius  and  arc  of  the  sector  for  base  and 
altitude  respectively. 

Let  ^^  be  the  arc  and 
OA  the  radius  of  the  sector 
AOZ. 

angle  AOZ 
ber  of  radii 
Trom  the  ex- 
radius,  draw 
to  it  meeting 
produced.     Then,  by  Euc.  III.  16,  these  perpen- 


O  A 
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diculars  are  the  straight  lines  which  are  the  closest  possible  to 
the  arcs. 

The  A  s  AOP^  BOQ,  <fec.  have  each  the  same  base  equal 
to  the  radius;  and  the  several  altitudes  AP,  BQ,  &c. 

.'.  the  sum  of  these  as  =  a  a  having  its  base  equal  to 
the  radius  and  its  altitude  equal  to  the  sum  of  the  altitudes 
of  the  AS. 

But  when  the  number  of  the  a  s  is  increased,  the  sum  of  the 
heights  APy  BQ,  <fec.  approximates  more  and  more  closely  to  the 
arc  AZ;  and  the  sum  of  the  a  s  to  the  sector  AOZ. 

.*.  ultimately, 

area  of  sector  =  area  of  triangle  having  radius  and  arc  for  base 
and  height  respectively*. 

54.  If  ^  be  the  circular  measure  of  any  angle  described 
at  the  centre  of  a  circle  of  radius  r,  we  have  shown  (Art.  52) 
that 

a/rc  opposite  0  =  6 ,r  (1). 

Again,  any  triangle      =^  base  x  altitude, 

.'.  (by  Art.  53)  sector  =  ^  arc  x  radius, 

.'.  sector  containing  0  =■  ^Or^  (2). 

The  student  should  note  and  compare  (1)  and  (2).  In  these 
equations,  0  is  an  abstract  number.  Now,  since  arc  is  a  lengthy 
it  is  proportional  to  radms,  r.  But  since  sector  is  an  area,  it 
is  proportional  to  sqv^a/re  on  radius,  r'. 

55.  To  find  the  area  of  a  circle. 

In  the  result  of  (2)  last  article,  suppose  that  6  is  the  circular 
measure  of  four  right-angles  i.e.  of  a  complete  revolution.     Then 

But  the  sector  containing  four  right-angles  is  the  whole  circle. 
.*.  area  of  circle  =  ttt^. 

*  A  stricter  proof  of  this  proposition  will  be  given  later. 

Digitized  by  VjOOQIC 


32  THE  ANGLE  AND  THE  CIRCLE. 

This  equation  should  be  noted  and  compared  with  the  equation 
length  of  circumference  =  27rr. 

56.  From  the  equation  sector  =  \6r^  it  follows  that 

(1)  Sectors  of  circles  of  equal  radii  are  to  one  another  as 
the  angles  they  contain.     (Compare  Art.  37.) 

(2)  Sectors  of  circles  of  unequal  radii  containing  equal 
angles  are  to  one  another  as  the  squares  on  their  radii  (Com- 
pare Art.  38.) 

(3)  The  circular  measure  of  an  angle  is  the  same  as  the 
ratio  of  the  sector  containing  it  to  the  triangle  whose  base  and 
altitude  are  each  equal  to  the  radius.     (Compare  Art.  51.) 

More  Rigid  Proofs. 

57.  The  chord  of  an  arc  is  the  straight  line  joining  its 
extremities.  The  tangent  of  an  arc,  subtending  an  acute  angle 
at  the  centre,  will  be  here  defined  as  "the  perpendicular  drawn 
from  the  extremity  of  one  bounding  radius  and  terminated  by 
the  other  produced."  In  what  follows,  the  angles  considered 
will  be  acute.  The  results  may  eetsily  be  extended  to  angles  of 
any  magnitude. 

58.  Prop.  I.  The  chord  of  an  arc 
is  entirely  within  and  the  tangent  en- 
tirely without  the  circle.  (Euc.  III. 
2,  16.) 

Let  AOB  h^  any  sector  of  a  circle. 

From  centre  0,  within  the  angle  AOB, 

draw    any   straight    line    cutting    the 

chord  AB  in  Z,  the  arc  AB  in  M^  the 

tangent  AP  in  N, 
•/  exterior  £  OLB  ->  lOAL,  i.e.  z  DBA     .*.  OB,  i.e.  OM,  >  OL, 
•/  right  z  0^i\r>  z  ON  A  .-.  Oir>  OA,  i.e.  OM, 

.*.  OM  lies  in  magnitude  between  OL  and  Oi\r, 
.'.  arc  AMB  lies  in  position  between  chord  AB  and  tangent  AF. 
CoR.     Hence  the  area  of  the  sector  AOB  lies  in  magnitude 

between  tliat  of  the  tria/ngles  AOB  and  AOP. 
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59.     Prop.  II.    The  arc  of  a  circle  lies  in  magnitude  between 
its  chord  and  its  tangent. 

For,  in  above  figure, 
joining  BM  and  AM, 

sum  of  chords,  AM  and  BM 
>  chord  AB. 

And  drawing  from  M, 
the  tangent  MQ,  and  ME 
parallel  to  iTP, 

then,  the  angle  MQB  being 
obtuse,  MQ  <  ME. 

But  ME:  JVP=OM:  ON, 
:.  ME<NP, 

.'.  afoi'tiori  MQ  <  I^P,  and,  adding  AN, 

sum  of  tcmgents,  AN  and  MQ  <  tangent  AP. 

Now,  the  bent  line  AMB  has  more  points  in  common  with 
the  arc  AB  than  the  straight  line  AB. 

And,  the  two  lines  AN,  MQ  have  more  points  in  common 
with  the  arc  AB  than  the  single  line  A  P. 

Therefore,  we  may  assume  that 

sum  of  chords  AM  and  BM  is  nearer  in  magnitude  than  chord 
AB  to  the  arc  AB,  and 

sum  of  tangents  -iiVand  MQ  is  nearer  in  magnitude  than  tangent 
AP  to  the  arc  AB. 

Combining  these  results  with  those  above,  it  follows  that 
a/rc  AB  >  chord  AB^  and  arc  AB  <  tam^ent  AP. 

Cob.     a  fortiori,  arc  AB>  perpendicular  from  ^  on  OA. 
J.  T.  3 
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60.     Let  AZ  be  an  arc  of  a  circle,  centre  0. 


Suppose  this  arc  divided  at  -B,  (7,  &c.   and  radii  drawn  to 
B,  C,  &c. 

From  each  point  of  division, 
drop   perpendiculars,  BL^  CM,  <fec.  on  the  preceding  radii,  and 
draw  tangents  AP,  BQ,  CE,  <fec.  to  meet  the  succeeding  radii 

We  shall  refer  to 

BL,  CM,  &c.  as  the  Internal  Perpendiculars,     , 
and       AP,  BQ,  <fec.  as  the  External  Perpendiculars. 

And  to 

triangles  OAB,  OBC,  <kc.  as  the  Internal  Triangles, 
and       triangles  GAP,  OBQ,  <fec.  as  the  External  Triangles. 

Also  let  AP,  OZ  produced  meet  in  T, 

61.     Prop.  III.     The  diflference   between  the  sums  of  the 
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external  and   internal   triangles   may  be   made   less  than  any 

assigned  area. 

Let  a  triangle  equal  to  the  assigned  area  be  described  on  AT 

as  base.     Let  Tu  be  its  height. 

Suppose  the  arc  to  have  been  divided  so  that 

AL,  BM,  (fee,  are  each  of  them  not  greater  than  Tu, 

Then  a  OAF  -  a  OAB  =  a  ABF  =  a  of  (height  AL)  and  (base  AF), 
A  OBQ  -  A  OBC  =  A  BCQ  =  a  of  (height  BM)  and  (base  BQ), 
&c. 
.*.  sum  of  external  triangles  -  sum  of  internal  triangles 

is  not  greater  than  a  of  (height  Tu)  and  (base  AF  +  BQ  + ) 

and  is  .*.  less  than  a  of  (height  Tu)  and  (base  AT), 

i.e.  less  than  the  assigned  area.  Q.E.D. 

62.  Prop.  IV.  The  area  of  the  sector  of  a  circle  is  equal  to 
the  tria/ngle,  which  has  its  base  equal  to  the  radius  and  its  height 
equal  to  the  a/rc  of  the  sector. 

Suppose  the  sector  divided  as  above.     Then 

every  internal  triangle  has  the  radius  for  base  and  an  internal 
perpendicular  for  height :  and 

every  external  triangle  has  the  radius  for  base  and  an  external 
perpendicular  for  height. 

.*.  sum  of  the  internal  triangles  is  equal  to  a  triangle  having 
its  base  equal  to  the  radius  and  its  height  equal  to  the  sum  of  the 
internal  perpendiculars : 

and  sum  of  the  external  triangles  is  equal  to  a  triangle  having 
its  base  equal  to  the  radius  and  its  height  equal  to  the  sum  of  the 
external  perpendiculars. 

Now  the  a/rc  of  the  sector  lies  between  the  two  sums  of 
perpendiculars.     (Prop.  11.) 

.*.  the  triangle  having  the  radius  for  base  and  arc  for  height 
lies  between  the  two  sums  of  triangles. 

But  the  area  of  the  sector  also  lies  between  the  two  sums  of 
triangles.     (Prop.  I.  Cor.) 

3—2 

Digitized  by  VjOOQIC 


36  THE  ANGLE  AND  THE  CIRCLE. 

.*.  the  difference  between  the  area  of  the  sector  and  the 
triangle  having  the  radius  for  base  and  arc  for  height  is  less  than 
the  difference  between  the  two  sums  of  triangles. 

But  this  latter  difference  may  be  made  less  than  any  assignable 
area.     (Prop.  III.) 

.*.  a  fortiori,  no  difference  can  be  assigned  between  the  area 
of  the  sector  and  the  triangle  having  the  radius  for  base  and  arc 
for  height :  Le.  these  are  equal.  q.e.d. 

63.  Prop.  V.  Sectors  of  circles  which  contain  equal  angles 
are  to  one  another  in  the  duplicate  ratio  of  their  radii. 

Suppose  the  sector  AOZ  divided  as  above  :  and  that  another 
sector  aoz,  whose  angle  ao«  =  angle  AOZ,  is  similarly  divided: 
i.e.  so  that 

z  aob  =  z  AOB,  z  boc=  z  BOC,  &c. :  and  z  xoy=  l  XOY. 

Then,  since  the  whole  angle  ao«  =  whole  angle  AOZ^ 

.',  the  remaining  angle  yoz  =  remaining  angle  70Z. 

Then,  since  ao  :  AG  =  bo  :  BO  and  z  aob  =  z  AOB, 

.*.  triangles  ao6,  AOB  are  similar, 

.*.    A  aob  is  to  A  AOB  in  the  duplicate  ratio  of  ao  to  -40. 

.*.  sum  of  the  internal  a  s  of  aoz  is  to  sum  of  the  internal  a  s  of 
AOZ  in  the  duplicate  ratio  of  ao  to  AO :  i.e.  as  square  on  ao  is 
to  square  on  AO. 

Similarly,  sum  of  the  external  as  of  aoz  is  to  sum  of  the 
external  triangles  of  AOZ  as  square  on  ao  is  to  square  on  AO, 

i^lies  between  its  external  and  internal  triangles. 

1  proportional  to  square  on  AO,  square  on  ao, 
Z  lies  between  the  external  and  internal 
and,  therefore,  differs  from  the  sector  axyz  by  a 
han  that   between   the  external   and   internal 

•  difference  may  be  made  less  than  any  assignable 

•) 
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.*.  the  fourth  proportional  to  square  on  AO,  square  on  ao,  and 
sector  AOZ  is  equal  to  the  sector  aoz:  i.e.  sector  AOZ  :  sector 
aoz  =  square  on  AO  :  square  on  ao,  or,  the  sectors  are  in  the 
duplicate  ratio  of  their  radii. 

64.  Prop.  VI.  The  arcs  of  circles,  which  subtend  equal 
angles,  are  to  one  another  as  their  radii. 

For,  by  Prop,  IV.,  sector  AOZ  =  ^  rect&ngle  OA,  AZ, 

and  sector  aoz  =  J  rectangle  ao  :  az, 
.-.  by  Prop.  V. 
I  rectangle  OA,  AZ :  \  rectangle  oa  :  a2;  =  sq.  on  OA  :  sq.  on  oa. 
,'.  AZ  \az^OA  :  oa,  q.e.d.* 

65.  These  propositions  are  fundamental  in  all  questions 
connecting  angles  and  circles.  Thus,  by  Prop.  VI.,  we  prove  the 
equality  of  all  radians,  and  the  constancy  of  the  ratio  of  cir- 
cumference to  diameter. 

Hence,  by  Prop.  IV.,  if  ^  be  the  circular  measure  of  an  angle, 
sector  containing  6  =  J^r^, 
and  area  of  circle  =  irr^. 

Examples  II. 

1.  Express  the  circumference  of  a  circle  in  an  integral 
number  of  inches  and  assign  the  accuracy  of  your  result  from 
each  of  the  following  data : — 

(1)  Given  diameter,  to  within  an  inch,  =  7  yds. 

(2)  Given  diameter,  to  within  an  inch,  =  1  mile. 

(3)  Given  radius,  to  within  an  inch,  =  8  yds.  2  ft.  3  in. 

2.  Reduce  to  circular  measure  the  following  angles : 

(1)  r.  (2)  18.  (3)  w\  (4)  7r«.  (5)  2'  3'.  (6)  15°  30'. 
(7)    U\ 

*  To  aid  the  student  in  learning  the  above  six  propositions,  he  should 
note  that  Props.  I.  III.  V.,  which  concern  Sectorial  areas  and  not  at  all 
Lengths  of  arcs  are  independent  of  the  other  three :  but  not  vice  versa. 


Digitized  by  VjOOQIC 


38  THE  ANGLE  AND  THE  CIRCLE. 

3.  Express  in  degrees  the  angles  whose  circular  measures 
are 

(1)   ,r.     (2)   3,r.     (3)   ^.     (4)  i.     (5)   3.     (6)   3|. 

4.  Find  in  degrees  the  angles,  at  the  centre  of  a  circle  of 
radius  3  yards,  subtended  by  the  following  arcs : 

(1)     11  in.     (2)    3  yds.  2  ft.     (3)    1ft.  10  in.     (4)    11  yards. 

5.  The  sum  of  two  angles  is  1  'iir  radians.  There  are  twice 
as  many  grades  in  one  of  them  as  degrees  in  the  other.  Find 
them. 

6.  Find  the  arcs  of  a  circle  of  diameter  4  ft.  which  subtend 
at  the  centre  the  following  angles  : 

(1)    30°,     (2)    49°.     (3)    70°.     (4)   22f . 

7.  Find  the  area  of  a  clock-face  whose  radius  is  3^  ft. 

8.  Find  the  area  covered  in  7  minutes  by  a  minute-hand 
which  is  1  ft.  6  in.  long. 

9.  Show  that  the  circumference  of  a  circle  is  a  little  greater 
than  6  times  the  radius  added  to  ^  of  the  side  of  the  inscribed 
square. 

10.  Which  of  the  following  pairs  of  angles  is  the  greater? 
(1)     76«  or  1-2^        (2)     126°  or  2 -3^. 

11.  If  the  angle  subtended  at  the  centre  of  a  circle  by  the 
side  of  a  regular  heptagon  be  the  unit  of  angular  measure,  by 
what  numbers  are  the  angles  45°,  15°,  1  right-angle  expressed? 

12.  If  the  circumference  of  a  circle  be  divided  into  five  parts 
in  arithmetical  progression,  the  greatest  part  being  six  times  the 
least,  express  in  radians  the  angle  each  subtends  at  the  centre. 
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CHAPTER  III. 

THE   TRIGONOMETRICAL  RATIOS  AND  THEIR 
FUNDAMENTAL  RELATIONS. 

Sin  this  and  the  following  chapters  we  confine  ourselves  to  actUe 
^  es  and  to  a  geometrical,  not  trigonometrical,  view  of  the  angle.] 

66.     Let  XOY  be  any  acute  angle. 

In  either  of  the  lines  containing  it,  say  OX,  take  any  point  M, 

Draw  MF  at  right-angles  to  OX,  meeting  OYin  F. 

[Euc.  Axiom  XII. 
Let  X*0'Y  be  another  acute  angle:  and  let  the  same  con- 
struction be  represented  by  dashed  letters. 


67.  Prop.  I.  If  the  angle  XOF  is  equal  to  the  angle  X!0'T, 
then  the  ratio  of  any  pair  of  sides  of  MOF  shall  be  equal  to  the 
ratio  of  the  corresponding  pair  of  sides  of  M'0'F\ 

For  the  angles  at  0  and  0\  and  the  angles  at  M  and  M'  are 
equal. 

.*.  the  triangles  MOF,  MO'F'  are  equiangular.      [Euc.  I.  32. 
.-.  OM :  OF  :  MF^O'M  :  O'F  :  M'F\  [Euc.  VI.  4. 
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68.  Prop.  II.  If  the  ratio  of  any  one  pair  of  sides  of  MOP 
is  equal  to  that  of  the  corresponding  pair  of  sides  of  M'O'F^  then 
the  angle  XOy  shall  be  equal  to  the  angle  X'OT. 

For  the  angles  at  M  and  M'  are  equal,  being  right-angles. 
.'.  each  of  the  other  angles  is  less  than  a  right-angle. 
Also  the  ratio  of  one  pair  of  sides  of  MOP  is  equal  to  the 
ratio  of  the  corresponding  pair  of  sides  of  M'O'P'^ 

.*.  the  triangles  MOP^  M'O'F  are  equiangular.   [Euc.  VI.  6, 7. 
.*.  the  angle  Z07  =  the  angle  X'O'Y'. 

69.  The  two  converse  propositions  above  proved  are  of 
fundamental  importance  in  all  that  follows.  Their  results  may 
be  expressed  thus : 

The  determination  of  the  magnitude  of  any  acute  angle 
determines  also  the  ratio  of  every  pair  of  sides  of  the  right-angled 
triangle  containing  that  acute  angle ;  and,  conversely, 

The  determination  of  the  ratio  of  any  one  pair  of  sides  of  a 
right-angled  triangle  determines  also  the  magnitude  of  the  acute 
angles  of  that  triangle. 

Briefly — the  a^cute  angle  and  its  rectangula/r  ratios  vary 
together  and  are  constant  together. 

70.  Let  XOY  be  any  acute  angle. 
In  either  of  its  containing  lines, 

say  OX,  take  any  point  Jf. 

Draw  MP  at  right-angles  to  OX 
meeting  OF  in  P. 

Then,  in  refererwe    to    the    angle 
XOY,  or  MOP, 

(1)  OM  is  called  the  base.  ^ 

(2)  OP  is  called  the  hypothenuse  (hyp.). 

(3)  MP  is  called  the  perpendicular  (perp.). 

It  will  be  convenient  to  observe  and  retain  the  order  0,  M,  P; 
which  indicates  the  order  in  which  both  the  lines  themselves  and 
the  letters  which  express  them  are  written. 
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The  hypothemise  is  that  side  which  is  opposite  to  the  right- 
angle. 

The  base  and  perpendicvla/r  are  distinguished  by  reference  to 
the  angle  in  question : 

i.e.  the  base  is  adjacent  to  the  angle  in  question, 
and      the  perp.is  opposite  to  the  angle  in  question. 

Thus,  in  reference  to  the  angle  MPO, 

MO,  being  opposite  to  the  angle  MPO,  is  its  perp. : 
and  Pif,  being  adjacent  to  the  angle  MPO,  is  its  base. 

71.    Names  have  been  given  to  the  6  ratios  of  the  sides  of  the 
right-angled  triangle  as  follows. 

1 .    Sine  =  i-^-  .  2.     Co-sme  =  t —  . 

hyp.  hyp. 

3.     Tangent  =  ^.  4..   Co-tangent  =^^  . 

base  perp. 

5.     Secant  =  =^* .  6.     Co-secant  =    ^' 


base  *  '  perp. 

72.  The  following  observations  will  aid  the  student  in 
learning  these  definitions. 

(1)  We  will  call  the  Sine,  Tangent,  and  Secant  the  Primary 
Ratios;  the  Cosine,  Cotangent,  and  Cosecant  the  Seconda/ry 
Raiios, 

(2)  Note,  then,  that  each 
Secondary  Ratio  is  derived  from 
the  corresponding  Primary  Ratio 
by  interchanging  Ba^e  and  Per- 
pendicula/r, 

(3)  In  the  triangle  OMP, 
call  each  side  by  the  little  letter 
corresponding  to  the  angle  op- 
posite it.  Then,  we  follow  the 
same  order  of  lettering  in  the 
Primary  Ratios  as  in  the  Sides. 
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Thus 


Base  =  Oif  I       Hyp.    =  OP 

Sin.  =  0  :  m        |       Tan.     =o  :p 


Perp.  =  MP 
Sec.    =  m  :  j9. 


73.  Just  as  the  lines  hose,  ^yp-i  aiid  perp,  are  defined  in 
reference  to  a  certain  angle,  so  the  names  of  the  ratios  must  be 
understood  as  defined  in  reference  to  that  angle* 

If  A  denotes  any  angle,  we  speak  of  the  sine  of  A,  the  cosine 
of  A,  (fee.     These  expressions  are  abbreviated  into  sin  ^,  cos  -4,  <fec. 

If  A  represents  the  angle  MOP  in  the  preceding  figures,  the 
following  will  be  the  more  complete  definitions  of  these  ratios  : 

1.     Sin  ^  =  -^  .  2.     Cos  ^  =  -^  . 

a.  T„.=^.  4.  «.=^. 

74.  We  have  shown  that  for  every  determinate  value  of  the 
acute  angle  A,  there  is  a  determinate  value  of  each  of  the  ratios 
of  the  pairs  of  sides  of  the  right-angled  triangle  containing  A  ; 
and  conversely. 

Hence  sin  A,  cos  -4,  &c.  are  what  are  called  Functions  of  A  ; 
i.e.  quantities  which  depend  on  A  and  vary  as  A  varies.  They 
are  also  single-valued  functions  of  A ,  i.e.  they  have  one  determinate 
value  for  every  determinate  value  of  A, 

75.  The  student  must  specially  remember  that 

(1)  These  functions  of  angles,  being  ratios  of  a  line  to  a  lincy 
are  abstract  numbers, 

(2)  Sin  ^  is  a  compound  symbol  representing  a  single 
numerical  quantity.  It  cannot  be  divided  algebraically  into  sin 
and  A,  Thus,  we  cannot  say  2  sin  -4  =  sin  2-4,  or  sin  (-4  +  B) 
=  sin  A  +  sin  By   as   if  sin   were   a   multiplier   or  factor.      We 

*  Usually  written  cosec  A,  In  the  abbreviations  of  the  secondary  ratios, 
the  student  should  attend  to  the  ^na^  letters  «,  t,  x. 
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must  treat  sin  A  as  one  whole   symbol,  as  if  it  were   always 
enclosed  in  an  impregnable  bracket,     (sin  Ay,  (sin  Ay ,  &c.,  are, 
however,  always  written  in  the  forms  sin^  A,  sin^  A,  &c.,  in  order 
that  the  bracket  may  be  dispensed  with  in  writing. 
So  of  the  other  ratios. 

76.  Explanation  of  the  prefix  Co. 

In  the  triangle  OMP,  since  the  angle  OMP  is  a  right-angle, 
.'.  the  angles  JfOP,  MPO  are  together  equal  to  a  right-angle, 
.*.  the  angles  MOP,  MPO  are  Complementa/ry, 
Now  the  side  Oif,  which  is  base  to   z  MOP,  is  perp,  to  l  MPO, 
and  the  side  MP,  which  is  perp,  to   i  MOP,  is  base  to   l  MPO. 

.',  the  ratios  of  MPO  will  be  obtained  from  those  of  MOP  by 
i/nterchanging  base  and  perp.  But  this  is  equivalent  to  an  inter- 
change between  the  corresponding  primary  and  secondary  ratios. 

Hence, 

cosin  ^  =  sin  of  complement  of  A, 
cotan  A  =  tan  of  complement  of  A, 
cosec  A  =  sec  of  complement  of  -4. 

Since,  similarly, 

sin  -4  =  cosin  of  complement  of  A, 
tan  A  =  cotan  of  complement  of  A , 
sec  A  =  cosec  of  complement  of  A, 
we  may  say 

sin  =  co-cosin,  tan  =  co-cotan,  sec  =  co-cosec. 

The  above  results  should  be  carefully  worked  out  by  a 
reference  to  the  figure. 

77.  Since,  by  above,  the  cosine  of  any  angle  is  the  sine  of 
some  other  angle,  and  so  of  the  others,  therefore,  general  pro- 
positions about  the  sine  will  be  true  of  the  cosine;  and  those 
about  the  ta/ngent  will  be  true  of  the  cotangent ;  and  those  about 
the  secant  will  be  true  of  the  cosecant  The  next  article  will 
illustrate  this  statement. 
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Fundamental  relations  of  Inequality  betiveen  the  ratios  of  any 
one  angle. 

78.  From  the  proposition  that  of  the  three  sides  of  a  right-angled 
triangle  the  hypothenuse  is  larger  than  either  of  the  others,  the 
following  inequalities  amongst  the  ratios  of  an  angle  may  be 
deduced : 

Since,  svne  and  cosine  have  hypothenuse  in  denormnator,  sine 
and  cosine  are  always  less  than  unity. 

Since  secant  and  cosecant  have  hypothenuse  in  niMnerator, 
secant  and  cosecant  are  always  greater  than  unity. 

Since  sine  and  cosine  have  hypothenuse  in  denominator,  and 
have  the  same  numerator  as  tangent  and  cotangent  respectively, 
sine  is  less  than  tangent,  and  cosine  is  less  than  cotangent 

Since  secant  and  cosecant  have  hypothenuse  in  numerator,  and 
the  same  denominator  as  tangent  and  cotangent  respectively, 

secant  is  greater  than  tangent,  and  cosecant  than 
cotangent. 

Thus  the  following  trios  are  in  ascending  order  : 

sine,  tangent,  secant :  cosine,  cotangent,  cosecant. 

Fundamental  relations  of  Equality  between  the  ratios  of  any 
one  angle, 

79.  The  dual  or  reciprocal  relations, 

(1)     8m.lxcox^=^,^=l. 
^  ^  hyp.      perp. 


.         .   A     perp.      base     - 

(2)  tan^  xcot^  =  ^-^x =  1. 

^  ^  base      perp. 

A  A  ^YV'  ^^^  1 

(3)  sec  ^  X  cos  -4  =  =-^^^  x  - —  =  1. 
^  '  base     hyp. 

The  triple  or  zigzag  relations, 

(4)  sin  ^  X  cot  -4  X  sec  -4  =  T- ^^  ^ ^  ir~  =  !• 

^  ^  hyp.      perp.      base 

/Kx  A     A.       A  A     ^se     perp.      hyp. 

(5)  cos  A  X  tan  A  x  cox  A  =  -. x  ~-^  x  =  1. 

^  '  hyp.      base      perp. 
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There  are  thus  3  independent  dual  relations,  and  2  independent 
triple  relations.  These  5  relations  are  not  all  independent.  Any  one 
ofthrni  may  he  deduced  aZgehraicaUy  froni  the  other  four. 

These  equations  follow  at  once  from  the  definitions  of  the  ratios,  and 
do  not  at  all  depend  on  any  property  of  the  right-angled  triangle. 

80.  2%€  Squa/red  or  Pythagorean  relations. 

By  the  famous  47th  Proposition  of  Euc.  I.,  attributed  by 
tradition  to  Pythagoras,  we  have,  in  any  right-angled  triangle, 
sum  of  squares  on  sides  containing  the  right  angle 
=  square  on  side  opposite  the  right  angle. 

Thus,  algebraically, 

(Perp,)2  +  (Basef  =  (Hyp.)». 
To  reduce  this  equation  to  ratio  form,  we  may  divide  suc- 
cessively by  (hyp.)^  (base)^,  and  (perp.)^. 
Thus 

<')  (S)"K3'-(^)"— — '^- 

««)  (^.y*(p^)'=(s?.)"'— ■— • 

There  are  thus  3  independent  squared  relations.  Of  the  8  relations 
given  in  this  and  the  preceding  article,  any  5,  including  one  at  least  of 
the  squared  relations,  are  independent ;  from  these  5  the  other  3  may  be 
algebraically  deduced. 

These  squared  relations  depend  on  the  Pythagorean  property  of  the 
right-angled  triangle,  being  in  fact  merely  transformed  expressions  of 
t^t  property. 

81.  The  relations  of  inequality  of  Art.  78,  will  help  the  stu- 
dent to  remember  the  relations  of  equality  of  Arts.  79  and  80. 

Thus,  the  equation  dn^  A  +  cos^  -4  =  1,  which  may  be  written 
sin^  ^  =  1  -  cos^  A  or  cos^  -4  =  1-  sin^  J, 
shows  that  sin  A  and  cos  A  are  each  less  than  1. 

The  equation  tan^  -4  -»- 1  =  sec^  il,  which  may  be  written 
tan^  A  =  sec'  A-\  or  sec'  A  -  tan'  4  =  1, 
shows  that  sec  A  is  greater  than  1  and  greater  than  tan  A. 
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The  equation  1  +  cot^  A  =  cox^  A,  which  may  be  written 
cot^  A  =  cox^  A  —  1  or  cox^  A  -  cot*  -4  =  1, 
shows  that  cox  A  is  greater  than  1  and  greater  than  cot  A. 
The  equation  sin  A  x  cox  -4  =  1,  which  may  be  written 

sin  A  = 7  or  cox  A  = 


cox  A  sin  -4  ' 

shows  that  of  sin  A  and  cox  A  one  is  less  and  the  other  greater 
than  1. 

The  equation  sec  A  ^  cos  A  =  1,  which  may  be  written 

sec  A  ■■= 5  or  cos  A  = 


cos  A  sec  il ' 

shows  that  of  sec  A  and  cos  A  one  is  greater  and  the  other  less 
than  1. 

82.  Dejmition,  Two  quantities  whose  product  is  unity  are  called 
Reciprocals. 

The  reciprocal  of  unity  is  unity. 

Of  two  reciprocals,  not  equal  to  1,  one  must  be  greater  and  the 
other  less  than  1. 

Thus,  sin  and  cox,  tan  and  cot,  sec  and  cos,  §  and  f ,  5  and  J,  are 
pairs  of  reciprocal  quantities. 

Observe  that  tan  and  cot  form  a  pair  which  is  both  complementary 
and  reciprocal. 

83.  The  above  and  any  other  relations  between  the  trigono- 

may  be  conveniently  studied  and  remembered  by 

The  Ratio-Hexagon. 
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Arrange  the  ratios,  in  the  order  of  their  definitions,  symmetri- 
cally on  the  circumference  of  a  circle,  so  that  the  corresponding 
ratios  which  are  complelnentary  to  one  another  are  in  the  same 
horizontal  line :  and  place  unity  at  the  centre. 

84.  The  relations  of  Art.  78,  are  summed  up  thus: — 
On  either  side  the  quantities  increase  as  u)e  descend, 

85.  The  relations  of  Art.  79,  are  summed  up  thus: — 

The  product  of  any  set  of  ratios  arranged  symmetrically  about 
tfie  centre  is  eqrial  to  unity, 

86.  The  relations  of  Art.  80,  are  summed  up  thus : — 

The  sum  of  the  squares  of  any  two  horizontally  a^acent  qua/n- 
tities  is  equal  to  the  squa/re  of  the  quantity  just  below  and  between 


87.  As  an  exercise,  the  student  may  show  also  that  (1)  each  ratio 
equals  the  product  of  its  two  neijghbours.  E.g.  tan  =  sin  x  sec.  (2)  Each 
ratio  equals  the  ratio  of  its  neighbour  to  the  next  on  the  same  side. 
E.g.  tan  =  sin -r  cos. 

88.  The  most  important  formulae  for  use  in  Examples,  <fec., 
are  the  following  5  which  are  independent.  These  should  be 
learnt  by  everyone. 

dvM.  (1)     coz^  =  ^,  (2)     sec^=^-^, 

^  •  7  /o\     X       .      sin-4  ...         ^   .     cosil 

mTpU.         (3)     tan  4  =^-3^,  (4)     cot^=^j^, 

squan^ed,     (5)     sin^  A  +  cos^  A  =  \, 

Example  1.  Prove  each  of  the  above  identities  immediately  from 
the  defimtions  of  the  ratios. 

Method,     Substitute  in  the  more  complex  sides  of  each  identity, 

,,,    sin^       .     .  ,     MP  ,0M    MP     OP     MP     ^      , 

^^)    c5ri  =  «^^^-^^«^=0P^0P  =  0F^0^=0]^  =  ^^^' 
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,,,    cos^  .       .     .      OM    MP     OM    OP      OM 

(5)    smU + cosM  =  ^^,  +  -^j ^p5 (Euc.  1. 47)  Qpi  =  l. 

Example  2.    Show  from  definitions  that  tatiA+cotA  =secA  .  cox  A. 

*      .,      w     MP     Oil     {MPf+jOiff 
tan^  +  cot^  =  ^^  +  ^^=      Qjf  ^p- 

,-^         T    ..rx        0/«  OP     OP 

=  sec^ .  cox^. 

89.  The  5  formulse  of  the  last  article  may  be  used  in  proving 
any  given  complex  formula.  Thus,  by  means  of  the  first  four 
formulae,  any  other  ratio  may  he  expressed  in  terms  of  sine  and 
cosine.  By  means  of  the  fifth,  either  of  the  ttvo  ratios  sine  one? 
cosine  may  be  expressed  in  terms  of  the  other. 

This  method  will  prove  any  required  formulae.     But  it  is  not 
always  the  shortest  method.      The  student  should   by  degrees 
familiarise  himself  with  other  formulae,  especially  the  two — 
sec^  -4=1+  tav?  A  and  coot?  -4  =  1+  cof  A, 

90.    Example  1.     Prove  the  identity 

sec^  A  4-  cox^  A  =  sec^  A  .  cox^  A . 
2)  of  art.  88 

1  1         sinM  4- 008^-4 


5^ +00X2  J  = 


cos^^     sin2.4      sin2-4 .  cos2.4 


~^^^^^sin2J.cosM- 
)  and  (2)  of  art.  88 

~  cos2-4 '  sin^il  ~  cos'^-4 .  sin^-4 ' 
.  •.  sec^il + cox' -4 = sec^il .  cox^^l.  q.  e.  d. 

Prove  that 
tan^  A  -  cot^  -4 =sec2  A  -  cosec^  A, 
sin*  A     cos*  A     sin*  A  -  cos*  A 


bM  = 


cos*  A     sin*  A     cos*  A .  sin*  A 
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_  (sin^^ + cos^^) (sJn^^  -  cos^  A)  _  sin^  A  -  cos^  A 

[because  am^  A +Goa^  A  =  1]. 
Again, 

sec  ^-cosec  ^ -  ^osM  ~  SQ ""  cosM  .  sin*  J  ' 


=4cot^cosecil. 


Exam/pie  3.    Prove  that 

sec^  +  1     secii-1 
secil-1     secil  +  1 

Left  side  of  above 

(sec^  +  l)«-(8ecil-l)2 
""  secM-1 

(sec^^+2sec^4-l)-(sec^^-28ec.4  +  l)_  4sec^   _4sec^ 
secM-1  "sec2il-l""  tanM" 

_     4      .  sin^  A  _    4         cos^  A  _  4coSil  __    cos  A       1 
""cos-A  '  cos^^^cos  J.     sin2^~  sin*^  "~    sin^'siiiil 
=  4  cot  A .  cosec  A, 

Example  4.    Prove  that 

1+tan  J^  _  sec  ^  +  2  sin  ^ 
sec^     "      1+tanJ      ' 
i.e.  that  (l+tan-4)2=sec-4(secil  +  2sinil), 
Le.  ihjoZ  l  +  2tan^+tan*^=sec2il+2sin-4sec-4, 
Le.  ikoA  l+tan2^  +  2tan-4=sec2^+2tan-4, 
which  is  clearly  true. 

91.  We  have  shown  that  the  comve  and  svnA  are  always  Ubb 
than  unity.     Hence 

Def,  The  defect  of  the  cosine  from  unity  is  called  the  versed 
sine;  and  the  defect  of  the  sUms  from  unity  is  called  the  co- 
versed  sine. 

Or  briefly, 

1  -  cos  -4  =  vers  A  and  1  -  sin  -4  =  covers  A, 

Again,  we  have  shown  that  the  aeca/rit  and  coseca/rU  are  always 
greater  than  unity.  Hence  we  might  adopt  the  following  defini- 
tions:— 

J.  T.  4 
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Def,  The  excess  of  the  secainX  over  unity  is  called  the  sub- 
tense ;  and  the  excess  of  the  cosecant  over  unity  is  called  the 
cosubtense. 

Or  briefly 

sec  ii  -  1  =  subt  A  and  cosec  ii  -  1  =  cosubt  A, 

92.  Example,  If  from  the  hypothenuse  a  length  equal  to  the 
base  is  cut  off,  show  that  the  ratio  of  the  remainder  to  the  hypothe- 
nuse is  the  versed  sine^  and  the  ratio  of  the  remainder  to  the  base  is  the 
subtense, 

93.  The  following  explanation  may  be  given  of  the  origin  of 
the  terms  used  in  this  chapter. 

Let  ^1-5  be  a  portion  of  the 
circumference  of  a  circle  whose 
centre  is  0, 

Draw  the  radii  OA,  OB. 

From  A  draw  AT,  perpen- 
dicular to  OAy  touching  the  cir- 
cle at  A  and  meeting  OB  pro- 
duced in  T, 

From  B  draw  BM  perpen- 
dicular to  OA, 

Then  the  circumference  AB,  being  likened  to  a  bow,  was  called 
the  arc  [L.  arcus] ;  the  perpendicular  MB,  where  the  bow-string 
touches  the  bosom,  was  called  the  sine  [L.  sinus]  ;  the  line  AT, 
touching  the  circle,  was  called  the  tomgent  [L.  tangens]  ;  the  line 
OT,  cutting  the  circle,  was  called  the  secomt  [L.  secans] ;  the  line 
AM,  over  against  the  sine  MB,  was  called  the  versed  sine ;  and 
ih  subtends  the  angle  BAT  contained  by  the 
,  is  sometimes  called  the  subtense, 

der  trigonometry,  the  sine,  tangent,  secant,  &c., 
the  a/rc  AB,  not  of  the  angle  AOB,  Moreover 
Brtain  lengths,  not  certain  ratios.  They,  there- 
nly  as  the  angle  AOB  varied,  but  also  as  the 
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94.  The  connection  between  the  ancient  and  modern  nomen- 
clature is  thus  indicated : — 

If  we  divide  each  linear  /unction  of  the  arc  by  the  radius  of 
the  circle,  we  obtain  the  corresponding  ratio-function  of  the  a/ngle. 
Thus 

linear  sine  MB      .        -        i     i^r^ 

y, =  -pr^  =  sine  of  angle  AOB, 

radius  OB  ^ 

linear  tangent  AT     .  .     .        ,     ^  ^  t> 
^. — =  jy^  =  tangent  of  angle  AOB, 

linear  secant  OT  ^    .        ,      .  ^  „ 

r- =  TTT  =  secant  of  angle  AOB. 

radius  OA  ° 

linear  versed  sine     MA  ,    .        .        i     ^  •% « 

^. =  -pr-r  =  versed  sine  of  angle  AOB. 

radius  OA  ° 

linear  subtense         BT         ,^  .        ^     j^n 

T-. =  TT^  =  subtense  of  angle  AOB, 

radius  OB  ® 

95.  Now,  as  the  angle  AOB  or  the  arc  AB  increases,  it  is 
clear  that  each  of  the  lines  MB,  AT,  OT,  AM,  BT  increases. 
Hence  the  primary  ratios  sine,  tangent,  secant,  versed  sine,  sub- 
tense increase  as  the. angle  increases. 

The  functions,  having  the  prefix  co-,  are  found  from  the  above 
bj  substituting  for  the  arc  or  angle  its  complement.  Hence  the 
secondary  ratios  decrease  as  the  angle  increases, 

96.  Any  relations  which  hold  amongst  the  linear  Junctions  will 
involve  the  radiits  of  the  circle.  The  corresponding  relations  amongst 
the  ratio-functions  may  be  found  from  these  by  putting  radius =1, 
Conversely,  we  may  find  the  relations  amongst  the  linear  functions, 
from  those  involving  the  ratio-functions,  by  introducing  radius  wherever 
it  is  necessaiT  to  make  the  equations  homogeneous.  If  we  place  rod. 
instead  of  1  m  the  centre  of  the  ratio-hexagon,  we  shall  see  the  sym- 
metry of  the  relations  more  clearly  than  before.  Thus,  connecting  the 
linear  functions,  we  have 

8in«-|-cos2=rad2,        tan2-|-rad2=sec2,        rad2-Hcot2=cox2 

sin .  sec = rad .  tan  &c.,        cos .  sec =rad2  &c. 
sin2 .  tan2  -|-  sin^ .  rad2 = tan^ .  rad^, 
cos^ .  rad2-|-cos2 .  cot2=cot2 .  rad^, 
rad^ .  sec^  -|-  rad^ .  cox^ = sec^ .  cox^. 
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Examples  III. 

1.  Let  ABC  be  a  triangle,  right-angled  at  (7,  such  that 
AB  =  6  ft.,  BG  =  n/11  ft.  Find  the  trigonometrical  ratios  of  the 
angles  at  A  and  B, 

2.  The  sides  of  a  right-angled  triangle  are  in  the  ratio 
3:4:5.  Find  sine,  cosine,  and  tangent,  of  each  of  the  acute 
angles. 

3.  The  sides  of  a  right-angled  triangle  are  in  the  ratio 
2  :  3^5  :  7.  Find  secant,  cosecant,  and  cotangent,  of  each  of 
acute  angles. 

4.  Write  down  ^yq  independent  formul»  by  means  of  which 
the  other  ratios  may  be  expressed  immediately  in  terms  of  sec  A 
and  tan  Ay  and  these  in  terms  of  one  another. 

5.  Write  down  similar  formulae  for  cosec  A  and  cot  A, 

6.  Why  is  sin  30'  =  cos  60'  ? 

7.  Show  that  sin  45°  =  cos  45°,  and  thence  find  tan  45°. 

8.  Apply  the  equation  sin^  A  +  cos*  -4  =  1,  to  find  sin  45°. 

9.  Find  the  angle  whose  cosine  is  equal  to  sin  70°. 

10.  In  a  triangle,  right-angled  at  (7,  the  sides  opposite  A^  Bj 
and  C,  are  called  a,  6,  and  c,  respectively. 

Prove  (i)  a  sin  -5  =  6  sin  A. 

(ii)  2a^  tan  5  +  6«  sec*  ii  =  c*(sin  ^  +  sin  B)\ 

11.  Prove 

/.v       .  o  J        tan* -4  ,,..  ,  ,        cot' A 

(0     sinM  =  j— ^^^,  (n)     co«'^  =  j^^^^^. 

12.  Express 

(i)     (1  +  sin*  ey  in  terms  of  cos  0, 
(ii)    (1  -  tan*  Of  in  terms  of  sec  0, 
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13.     Show  from  definition  and  figure 
(i)      cosec  A-8ixiA  =  co&A  ,cotA. 
(ii)     sec  -4  -  cos  ^  =  sin  -4  .  tan  A. 
(iii)    sec^ -4 +  cosec^ -4  =  800^-4  .cosec* -4. 
(iv)     tanM  -  sinM  =tan«  A  .  sin*  J. 
(v)      cot*  A  -  cos*  A  =  cot*  A  .  cos*  A, 

Prove  the  following  identities  i 
sec  -4  -  1         tan  A 


14. 


16. 


19. 


tan-4        sec-4  +  1  * 
l+tan-4      cot -4  +  1 


1  -  tan  -4  ~  cot  ^  -  1  * 

16.  1  +  tan^cos*^+  cot  ^  sin*^  =  (sin  0  +  cos  0)\ 

.-      1  +  cos^     1-cos^      .      ,^  . 

17.  -= ^  —  .j '  =  4  cot  0  .  cosec  6, 

1  -  cos  ^     1  +  cos  ^ 


/I  —  sir 
V  l  +  sir 


18-     A  /  T : — :  =  sec  -4  -  tan  A, 

■smA 


sin  -4         1  -  cos  -4 


1  +  cos  A         sin  A 


20.  -z =  (cosec  A  -  cot  ^)*. 

1  +  cos  il     ^  ' 

21.  sec  A  +  sin*  A  +  cot*  A  =  cosec*  A  +  cos*  A  (sec'  A  -  1). 

22.  sec*  $  =  sec  $  +  tan'  0 .  cosec  0, 
1  1 


23.     2  sec*  ^ 
24 


1  -  sin  ^      1  +  sin  ^ ' 
cos  6  4-  sin  0     cos  6  —  sin  6 


cos  $  —  sin  ^      cos  0  +  sin  ^ 

_  sec  $  cosec  ^  /cosec  ^  4-  sec  ^  cosec  0  -  sec  ^\ 
~     2     Vcosec  ^  -  sec  ^  cosec  6  +  sec  ^/ 

25.  (sec  X  .  cot  -4  +  1 )  (sec  ^  .  cot -4  -  1)  =  cos*  A  .  cosec*  -4. 

26.  (sec*  A  +  tan*  A )  (cosec*  ^  4-  cot*  ^4)  =  1  +  2  sec*  A  .  cosec*  A . 

27.  cot*  A  +  cot*  -4  =  cosec*  A  -  cosec*  -4. 

28.  sec*  ii  -  sec*  ^  =-  tan*  A  +  tan*  A, 
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29.  (sec^  A .  cosec^  A  -  tan*  -4)  (sec*  A  .  cosec*  A  -  cot*  -4) 

=  1+2  sec*  A  cosec*  -4. 

30.  (cos*  A  +  cot*^)  tan*  4  =  sec*  4  +  (cos*  A-- I)  tan*  A, 

31.  cos*  A  -  sin*  A  =  cos*  A  —  sin*  -4. 

32.  cos*ii  +  sin*  ii  =  1  -  2  sin*  A  .  cos*  A. 

33.  cos*  A  +  sin*  -4  =  1-3  sin*  A  .  cos*  A, 

34.  cosM  -sin«  A  =  (cos*  il  -  sin*  A){1  -  2  sin*  il  .  cos*  A), 

35.  sec«^  =  l+tan«^+  3  tan*  ^ .  sec*  ^. 

36.  vers* -4 -2  vers  4  4- sin*  ^  =  0, 

37.  tan  -4  -  sin  -4  =  tan  A  vers  A. 

38.  vers  A  =  cos  A  subt  A, 

39.  vers  -4  (1  +  sec  -4)  =  subt  -4  (1  +  cos  -4). 

40.  sin*  A  —  sin*  B  =  cos*-ff  -  cos*  A, 

41.  tan* -4  +  sec*  5=  sec* -4+ tan*  ^. 

cos -4  + cos -5  .  ^    cos -5  — cos -4 

42.     -. 5  :^  cos  4  .  cos  B  = ^ _  . 

sec  A  +  sec  B  sec  -4  —  sec  -ff 

43.  (sin  A  +  sin  ^)  (cosec  B  -  cosec  -4)  =  (sin  4  -  sin  ^) 

(cosec  5  + cosec  4). 

sin  4  +  sin  B     cos  B  —  cos  A 

44.     = • 

cos  A  +  cos  B     sin  -4  -  sin  B 

45.  (sin  -4  -  cos  -5)  (sin  A  +  cos  B)  =  (sin  ^  -  cos  4) 

(sin  B  +  cos  -4). 

46.  Solve  for  sin  $  ; — 

(i)  3  sin* ^ -  cos*  0=6  cot*  0, 

(ii)  sin  ^  +  cos  ^  =  1. 

(iii)  tan  ^  + sec  ^  =  2. 

(iv)  cot  0  +  cosec  0=3, 

(v)  4  cos*^  +  2  sin  ^  =  4  +  V3  (1  -  2  sin  0). 

47.  Solve  for  cos  0 : — cot  0  +  cosec  ^  =  5. 

48.  Solve  for  tan  0 :— 1 2  sec*  ^  =  6  4- 1 7  tan  ^. 

49.  In  the  ratio-hexagon,  the  ratio  of  the  prodv^t  to  the 
smn  of  the  squares  of  any  two  horizontally  adjacent  quantities  is 
equal  to  the  square  of  the  quantity  just  above  and  between  them. 
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CHAPTER  IV. 
RATIOS  OF  PARTICULAR  ANGLES. 

§  1.    One  Ratio  being  given. 

97.  Given  the  value  of  any  one  ratio  of  a/a  angh^  to  draw  the 
<mgle  and  to  find  the  values  of  the  other  ratios. 

General  Method,  Let  p  \  q  he  the  given  value  of  the  ratio. 
Construct  a  right-angled  triangle,  in  which  the  measures  of  those 
tv)o  sides,  by  which  the  ratio  is  defined,  are  respectively  p  and  q. 
Then  find  the  third  side  by  Euc.  I.  47. 

98.  Given  the  value  of  the  sine  or  cosine  of  any  angle,  to 
draw  the  angle. 

Let  the  given  value  be  r,  i.e.  r  :  1. 

Then,  since  sin  and  cos  are  always  less  than  1,  r  is  less 
than  1. 

Take  a  line  OA  equal  to  any  unit 
length.  With  centre  0  and  radius 
OA  describe  a  circle  APB,  From  OA 
cut  off  a  part  OM  equal  to  r  times  OA, 

Draw  MP  at  right-angles  to  0-4, 
cutting  the  circle  in  P.     Join  OP, 

Then  the  measure  of  OP  =  OA  is  1. 

And  the  measure  of  OM^r  ,  OA 
isr. 

OM     r 
:,  cos  MOP  =smMPO^^=j  =  r, 
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Therefore  an  angle  has  been  drawn  whose  sine  or  whose  cosine 
has  the  given  value  r.  Q.E.F. 

If  r  had  been  ffreater  than  1,  Olf  would  have  been  greater  than 
OAy  J/*  would  have  been  outside  the  circle,  and  MP  wovld  not  have  cut 
the  circle  at  aU,  Hence  the  method  would  have  failed  as  we  should 
expect. 

99.  Given  the  value  qf  the  sine  or  cosine  of  any  angle^  to 
find  the  other  ratios. 

In  other  words:  To  express  the  other  ratios  in  terms  of  the 
sine  or  cosine. 

As  before,  let  r  be  the  value  of  the  given  ratio. 
Construct  the  figure  of  the  last  article. 
Then,  by  Euc.  I.  47,  MP*  +  OM^  =  OP\ 
i.e.  J[fP«  +  r«  =  l, 
.-.   ifP«  =  l-r*, 

(i)     Suppose  that  r  is  the  sine  of  the  required  angle.     Then 
MPO  is  the  required  angle,  which  we  may  call  A, 
.\  r  =  sin-4. 

:.  cosil  =  cosifPO  =  ^  =  ^^^fc^=V(l-sinMX 

...       ,,D>^     ^0  r  sin -4 

tanul=tan  MPO  =  - 


'PM~J{l-r^)     V(l-sin2^)' 
and  so /or  the  other  ratios, 

(ii)     Suppose  that  r  is  the  cosine  of  the  required  angle.     Then 
MOP  is  the  required  angle,  which  we  may  call  A, 
,\  r^cosA, 

.-.   sin^=sinifOP=^=^j"^^  =  V(l-cos2j), 

tan^.tanifOP=g  =  ^Air^)==^/(^--7^-^), 
OM  r  cos  A 

and  so  for  the  other  ratios. 
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100.     Given  the  value  of  the  tangent  or  cotangent  of  cmy 
angle,  to  draw  the  angle. 

Let  the  given  value  be  r,  i.e.  r  :  1. 

Take  OJf  =  1  :  draw  MP  at  right- 
angles  to  OMy  and  let  MP  =  r,  Join 
OP. 


Then  tan  MOP  =  cot  MPO 
MP 


_r 
OM"!"^' 


Therefore  an  angle  has  been  drawn 
whose  tangent  or  whose  cotangent  has 
the  given  value  r.  q.  e.  f. 


101.     Given  the  valvs  of  the  tangent  or  cotangent  of  any 
angle,  to  find  the  other  ra4io8. 

In  other  words :  To  express  the  other  ratios  in  terms  of  the 
tangent  or  cota/ngent 

From  the  figure  of  the  last  article, 

by  Euc.  I.  47,  OP^  =  OM^  +  MP'=l-^r', 

:.  OP=j{i+r^y 

(i)     Suppose  r  =  ta/n  A  so  that  MOP  =  A, 


MP 
Then,  ^nA  =  BmMOP=jr=,= 


tan^ 


OP     V(l+0     J{\+ia.TL^Ay 


and  8of(yr  the  other  ratios, 

(ii)    Suppose  r  =  cot  A,  so  that  MPO  =  A, 


Then,  sin  ^  =  sin  ifPO  =  ^-^  = 


1 


PO  ~  V(l  +  ^)  "  v/(l  +  cotM) ' 
and  80  for  the  other  ratios, 

102.     Given  the  value  of  the  secant  or  cosecant  of 
angle,  to  draw  the  angle. 

Let  the  given  value  be  r,  i.e.  r  :  1. 
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Then  r  must  be  greater  than  1, 

Take  OA  =  r ;  describe  a  circle  with 
centre  0  and  radius  OA.  From  OA  cut 
off  OM  =  1.  Draw  MP  at  right  angles 
to  OA  meeting  the  circle  in  P. 

Then  OP  =  Oil  =r. 

OP     r 
/.  sec  MOP  =  cosec  MPO  =  tttv  =  t  =  ^. 

OJf     1 

Therefore  an  angle  has  been  drawn  whose  secant  or  whose 
coaeca/ni  has  the  given  value  r.  Q.  e.  f. 

103.     ^i»w  the  value  of  the  secant  or  cosecant  of  any 
angle,  to  find  the  other  ratios. 

In  other  words :  To  express  the  other  ratios  in  terms  of  the 
secant  or  coaeca/rvt. 

From  the  figure  of  the  last  article,  by  Euc.  I.  47, 
J[/p2^0P'-0if'^=r»-l, 
.-.    MP  =  J{r^-l). 

(i)     Suppose  r  =  sec  -4,  so  that  MOP  =  A, 

rru        •    i      •    MnT>    ^^     V(^-l)     V(secM-l) 

Then,  sm  il  =  sin  MOP—  -^c^  =  ^^^-^^ =  ^^ , — ^ , 

OP  r  sec  A 

and  80  for  the  other  ratios. 

(ii)     Suppose  r  =  cosec  -4,  so  that  MPO  =  -4. 

OM     1  _       1 
OP  ~  r  ~"  cosec  -4 ' 
OTM]?  so  for  the  other  ratios. 


Then, 


sin  A  =  sin  MPO  = 


104.  The  results  of  Arts.  99,  101, 103,  may  also  be  obtained, 
without  drawing  a  figure,  from  the  general  relations  of  equality 
established  in  the  preceding  chapter. 

Example  1.    To  express  the  tangent  in  terms  of  the  cosecant. 
1  1 


tan -4  = 


cot  4     /v/(cosecM-l)' 
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Example  2.    To  express  the  sine  in  terms  of  the  tangent, 

•     A     J.      A  A     tan^  tanJ. 

sin -4 =tan il  x  cos -4  = r  =   ...  .  . — s-rr . 

sec^     V(l+tan2^) 

105.  Other  problems  may  be  solved  in  a  somewhat  similar 
way.  It  is  left  to  the  student  to  prove  the  results  of  the  follow- 
ing examples. 

Example  1.  To  divide  any  angle  AOB  into  two  angles  whose 
secants  shall  have  a  given  ratio. 

Cut  off  OA  and  OB,  so  that  OA\OB^  given  ratio. 

Join  AB :  and  draw  OG  perpendicular  to  AB, 

OG  shalZ  divide  AOB  {jintemaUy  or  externally)  as  required. 

Example  2.  To  divide  any  angle  AOB  into  two  angles  whose  tan- 
gents shall  have  a  given  ratio. 

Let  GD  :  DE=  given  ratio.  Place  GI)  and  DE  in  a  straight  line. 
Upon  GE  describe  a  segment  GFE  of  a  circle  containing  an  angle  equal 
to  AOB.  Draw  DF  at  right-angles  to  GE  cutting  the  circumference 
ini^. 

DF  shall  divide  GFE,  which  is  equal  to  AOB,  as  required. 

Example  3.  To  divide  any  angle  AOB  into  two  angles  whose  shies 
shall  have  a  given  ratio. 

Produce  AOto  A'  -.BXid  cut  off  OA'  and  OB  so  that  OB  :  Oul'=given 
ratio.     Draw  OG  parallel  to  A'B, 

DC  shall  divide  AOB  as  required. 

§  2.     The  Angle  being  given. 

106.  We  now  proceed  to  find  the  ratios  of  such  angles  as 
have  simple  geometrical  relations  by  a  method  similar  to  the 
above.  It  is  convenient  to  take  the  smallest  line  in  our  figure  as 
the  unit  of  length,  in  order  to  avoid  unnecessary  fractions.  A 
second  side  is  then  found  by  some  proposition  connected  with  the 
particular  angle  in  question.  Lastly,  a  third  side  is  always  found 
by  Euc.  I.  47. 

The  student  should  in  each  case  retain  the  figure  with  the 
values  of  its  aides  and  angles  marked,  and  not  try  at  first  to 
remember  the  ratios  themselves. 
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107.     The  ratios  of  the  half  right-angle,     [ib\  50«,  ^.1 


Draw  AC,   AB  equal  and   at   right- 
angles  to  one  another.     Join  BC, 

Or  briefly :    Construct  a  right-angled 
isosceles  triangle. 

Then  since  ^^  =  ^C,    .'.   i  ABC  =  l 
ACB;  [Euc.  I.  5. 

but  these  angles  are  together  one  right- 
angle.  [Euc.  I.  32. 

.'.  each  of  them  is  a  half  right-angle. 

Take  AB  =  AC  for  unit  length.     Then 

BC^^AB'  +  AC^  =  l-^l  =  2, 

:.  BC==J2, 


[Euc.  I.  47. 


1 


.     .    ,.o     AC       1  ..o     BA 

tan45°  =  t?=l      :  cot  45^  =  :?^=1, 
HA  AO 

sec45°=|^  =  V2  :  cox4r  =  f^=V2. 


BA 


AC 


Since  45°  is  its  own  complement,  any  ratio  of  45°  is  the  same 
as  its  co-ratio. 


108.     The  ratios  of  ^  and  %  of  a  right-angle. 


30°  and  60°  :  ^  and  ^ 


■] 


On  AB  as  base  describe  an  equilateral  triangle  ABC,  and 
bisect  the  angle  A  CB  by  CD, 

Or  briefly  :  Construct  a  bisected  equilateral  triangle. 

Then  ABC  being  equilateral  is  also  equiangular.       [Euc.  I.  5. 

.'.  each  of  its  angles  =  J^  of  2  right-angles  =  60°,       [Euc.  I.  32. 
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/.  the  angle  ACD  =  ^  of  a  right- 
angle  =30% 

and  the  angle  DAC=  ^  of  2  right- 
angles  =  60°. 

Also,  as  in  Euc.  I.  10,  the  tri- 
angles DAC^  DBG  are  equal  in 
all  respects. 

.'.  AD=BB\  and  DG  is  at  right- 
angles  to  AB, 

Take  AD  for  unit  length. 
Then  ^(7  =  ^5=2  .iiZ>  =  2. 

And  DG""  ^- AB^  =  AG\ 

i.e.  i>(72+ 1=2^=4, 
.-.  Z>C^=3  and  DG  =  J^, 

Thus,    sin60°  =  |^=^^   :  co860°  =  ^=g  :  &c., 

,  .    ^^o     AD     1  „,     DG     JS      . 

and  sin  30  =  -7>,  =7:       ;  cos  30  =  -7^  =  ^  :  &c. 

AC     2  AC       2 

Since  30°  and  60°  are  complementary,  any  ratio  of  the  one  is 
equal  to  the  co-ratio  of  the  other. 

109.     Tlie  ratios  o/\  and  \of  a  right-angle. 


[Euc.  I.  47. 


[22J°and67r  '  j' ^^^  ^ '] 


Describe  the  isosceles  triangle  ABG,  right-angled  at  A,     Pro- 
duce AB  to  D,  making  BD  =  BG     Join  DG. 
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Then,  as  in  Art.  107,  l  ABC  is  a  J  right-angle;  and  the 
angles  BDCy  BCD  being  equal  by  Euc.  I.  5,  each  of  them  is  ^  of 
a  right-angle  by  Euc.  I.  32. 

Take  AB^AG=\.     Then  BD  =  BC  =  J2,  as  in  Art.  107. 
:.  cot  22 J"  =  cot  ADC  =  j^  =  n/2  +  1. 

Again  DC^  =  DA^  +  AC^=(2  +  2J2  +  l)  +  l=^i  +  2J2. 

DC 
:.  cosec  22^""  ^  cosec  ADC  =  j^^J{i-h  2  J2). 

Similariy  the  other  ratios  may  be  written  down,  and  their 
denominators  may  be  rationalised  by  an  algebraic  process. 

The  same  figure  gives  the  ratios  of  67  J*. 

Bv  the  following  simple  geometrical  construction ;  the  other  ratios 
may  be  at  once  written  down  with  rationalised  denominators. 

With  centre  B  and  radius  BD  or  BC,  describe  the  semi-circle  J)CEf 
cutting  BA  produced  in  E,    Join  CE, 


Afv^-1) 


Then  z  DCB  in  a  semi-circle  is  a  right-angle. 

.-.    I  ^C^= complement  of  z  DCA=  l  ABC=^22^. 
Also  AE=BE-BA^^2-l, 

.-.  C^2=^^2+^(72=,(2. 2^2-1- 1)-|-1=4-2V2, 
.-.  from  A^i)C,  sin22i''=iV(2-V2)  arid  cos22i°=iV(2-l->/2), 
and  from  A^O^,  tan22i'*=:V2-l  and  sec22i°=V(4-2V2). 
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'W  and  75''  :  ^  and  ^'.1 


Let  ABC  be  the  half  of  an  equilateral  triangle,  so  that,  as  in 
Art  108,  A  BOA  =  60\  a  ABC  =30%  iBAC  =  90\  Produce 
AB  to  2),  making  BD  =  BC.     Join  DC. 

Then,  the  angles  BDC,  BCD  being  equal,  [Euc.  I.  5. 

each  of  them  is  half  angle  ABC^  i.e.  15°.  [Euc.  I.  32, 

Take  AG=l.   Then  BD  =  BC  =  2,  and  AB  =  ^3,  as  in  Art.  108. 

DA 
:.  cot  15**  =  cot  ADC  =  ^  =  2  +  J3. 

Again, 

Z>C^  =  2>^'  +  ^C^  =  (4  +  4V3  +  3)  +  l  =  8  + V3=6  +  2V12  +  2, 

.-.  DC=J6  +  J2. 

DC 
.*.  cosec  15°  =cosec  ADC=  -777=  J^  +  \/2. 

Similarly  the  other  ratios  of  15°  and  75°  may  be  written  down,  and 
their  denominators  may  be  rationalised  by  an  algebraic  process. 

By  the  same  construction  as  in  the  preceding  article,  the  other 
ratios  may  be  at  once  written  down  with  rationalisea  denominators. 

With  centre  B  and  radius  BD  or  BC,  describe  the  semi-circle  DCE,. 
cutting  BA  produced  in  K    Join  CF. 

Then  z  DCB  in  a  semi-circle  is  a  right-angle, 

.-.    JL  ACE=  complement  of  z  DCA  =^  -l  ADC^  15°. 
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Also  AE^BE-BA^^'.JZ, 

.-.  from  A^i)(7,sinl6''=i(^/6-V2)  and  oosl6''=i(V6+V2), 
and  from  lECA^  tanl6"'=2-V3  and  secl5''=V6-V2. 

111.  We  may  proceed  to  bisect  the  angles  22J°  and  15"*  in 
the  same  way.     The  student  will  easily  show  that 

cotlli^=V2+l+  7(4  +  2^2), 
cot7J^  =  2+V3  +  N/6  +  ^2. 

In  precisely  the  same  way  the  student  may  prove  geometrically 
the  general  formula 

cot  A  =  cosec  2  A  +  cot  2-4. 

112.  The  ratios  o/\y  f,  |,  ^  of  a  right  angle. 

[18%  36%  54°,  72^] 

Bisect  any  straight  line  -4-5  in  C.  Draw  BD  at  right  angles 
and  equal  to  AB,  Join  OB,  Produce  AB  to  E,  making  CE 
equal  to  CD,  With  centres  A  and  B  and  radii  each  equal  to 
AE  describe  two  circles  cutting  in  F,  Join  FA,  FB,  so  that  FA 
and  FB  are  each  equal  to  AE,     The  angle  AFB  shall  be  36*. 

For  *.•  AB  is  bisected  in  C  and  produced  to  E, 

,\  AE.BE  +  BC[  =  CE'=:CI>'  =  BI)'-^B(P, 
,\  AE.BE^BD'orAB'. 
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From  FB^  which  is  equal  to  AE^  cut  off  FO  equal  to  AB ; 
then  the  remainder  BO  =  remainder  BE. 
'.  the  above  equation  becomes  BF .  BO  =  AB^, 
:.  BF:AB  =  AB:BO, 
:,  the  triangles  FBA^  ABO,  having  the  sides  about  their 
common  angle  B  proportional,  are  similar. 

.*.    iAOB=  lFAB^  lFBA  cmdAO  =  AB  =  FO, 

BvLt:  AO  =  FO,   :,lAFO^^FAO,   :,LAOB  =  twice  l  AFO, 


J.  T. 
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/.   each  of  the  angles  FAB,  FBA  of  the  triangle  FAB  is 
double  of  the  third  angle  AFB, 
:.  I  AFB+  2  .  z,  AFB  +  2.z  AFB  =  180°,  i.e.  5  .  ^  AFB=  180^ 
/.    lAFB  =  3Q\ 
Join  FC.     Then  FC  bisects  angle  AFB  and  is  perpendicular 
to  AB, 

AF 


.-.   z  AFC  =  18",  and  cosec  AFC  = 


AG 


Now  let  AC  =  CB  =  l.     Then  AB  =  BD  =  2, 
and  CF^=Cn^  =  CB'-^BI>'^l -^-2^  =  5,  :.  CF=J5, 
and  AF==  BF=  AF=  CF  +  AC  =J5  +  1. 

/.  cosec  18**  =  ^5+  1. 

The  following  construction  gives  the  ratios  of  18°  or  72°  and  of  54° 
or  36°  in  their  simplest  form. 
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In  the  above  figure,  with  centre  0  and  radius  OF  or  OA  describe  a 
circle  FAGE  cutting  AB  produced  in  E,  and  FB  produced  in  O,  From 
F  and  O  drop  FC,  OH  perpendiculars  on  AE,  These  perpendiculars 
being  drawn  from  the  extremities  F,  O  of  the  diameter  FO  cut  off  equal 
s^ments  from  the  chord  AE. 

.-.  HE=AC  and  AH=CE. 

Consider  the  angles  of  the  figure. 
/  FAO=-m''  and  FAB=^ir,    .\  BAO=\^% 
.'.  OFE^OAE^  18° .  AEO^AFO  =36*' .  FOE^FAE=n\ 
V  FEO=90°  and  AEO=^Ze%    .\  AEF=b4r=AFEy    .-.  AE=AF 

And  0BE=ABF=12''=B0E,    .-.  OE^BE. 

Consider  the  lengths  in  the  figure. 

Let  AG=HE^\,    Then,  by  above,  AE=-AF=^b  +  \, 

And  GE=AH=^b,    .\  OE=BE^CE-CB=^b-\, 
,'.  CF^=AF^-AC^=6+2sj6  and  0H^=0E^-EE^=b-2^b, 
.'.  EF^=CF^+CE^^lO+2^6  and  AO^=^OH^+AH^=lO-2y/5, 

Lastly,  FO=2,F0=2,AB=4, 

.-.  from   aOFE,  sinl8''=i(V5-l),  cosl8°=iV(10+2V5), 
from  A  FOA,  sin54°=J(V5  +  l),  cos64'*=JV(10-2V5), 

from  ^  OAB,  tanl8'=  ^l^^\  sec  18°=  VO^), 

from  Ai.^C,tanM'=^^(^\sec64-=i^ll^^, 

from  A  AFC,  cot  18°  =  V(5+ V5),  cox  18°= V5  + 1, 
from  A  EOff,  cot  64° = V(5  -  2^5),  cox  54° = ^5  - 1. 

It  may  be  observed  that  the  lengths  below  AE  have  the  same  form 
as  the  corresponding  lengths  above  AE,  but  a  mintis  sign  instead  of  a 
plus  sign.  Thus  the  corresponding  ratios  of  18°  and  of  54°  have  the 
same  algebraical  form,  except  for  the  sign  of  the  second  term.  More- 
over, the  -  sign  occurs  in  the  primary/  ratios  of  18°  and  in  the  second- 
ary ratios  of  64°.  This  last  fact  may  be  connected  with  the  results  of 
Art  114 

Example.    Hence  show  that 

cot9°=V(5  +  2V5)+V5  +  l,  aiid  cot27°=V(5-2V5)+V5-l. 

113.  To  find  ike  limiting  values  of  the  ratios  as  the  triangle 
of  reference  collapses  into  a  straight  line. 

The  triangle  of  reference  OMF  collapses  into  a  straight  line, 

5—2 
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when  either  the  base  OM  or  the 
perp.  MF  coincides  with  the  hyp. 
OP,    while     the     remaining    side 
vanishes.     Thus, 
as  MOP  decreases  to  0**, 

OM  becomes  equal  to  OP,  and  MF 

vanishes ; 

as  MOF  increases  to  90', 

MF  becomies  equal  to  OP,  and  OM 

vanishes. 

Now  the  ratio  of  two  finite  equal  lengths  is  unity :  *^=  1. 
The  ratio  of  zero  to  any  finite  length  is  zero  :  -^^  =  0. 
The  ratio  of  any  finite  length  to  zero  is  infinity,  "^=0:. 

[For  a  fraction  varies  in  the  %ame  du*ection  as  its  numeratw^  but  in 
the  opposite  direction  to  its  denominator.  Hence,  if  the  numerator 
decreases  indefinitely,  the  fraction  decreases  indefinitely  : — 0/f—O,  But 
if  the  denominator  decreases  indefinitely,  the  fraction  increases  indefi- 
nitely :-//0=  00 .] 

Hence  the  limiting  values  of  the  ratios  are 
0,  1  or  oc. 

sin  0  =  ^  =  0:   tan  0  =  ^=0:   secO='^=l: 

cosO=-^=l:    cotO--^=oc:  coxO=-g  =  oc: 

sin  90''=-C=l:  tan90°='^=oc:  sec90*'='^=oc: 

\:  cot  90°=  ^=0:  00x90°="^=  1. 

lent  should  observe : 

\  0  and  90**  being  complementary,  any  ratio  of 
the  other. 
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(2)  Since,  for  certain  limiting  angles,  the  sin,  cos,  sec  or  cox  equals 
1,  strictly  we  must  say  of  sin  and  cos — not  that  they  are  always  less 
than  1— out  that  they  are  never  greater  than  1  :  and  of  sec  and  cox — 
not  that  they  are  alvjays  greater  than  1 — but  that  they  are  never  less 
than  1. 

(3)  The  primary  ratios  have  their  minimum  values  at  0,  and  their 
maximum  values  at  90°. 

The  secondary  ratios  have  their  maximum  values  at  0,  and  their 
minimum  values  at  90°. 

114.  '  General  clianges  in  value  of  the  ratios^  as  the  angle 
changes  Jrom  0  to  90°. 

Let  a  line  of  constant  length 
OP  revolve  from  any  position  OL 
It  will  describe  a  continuously 
increasing  angle,  as  its  extremity 
F  traces  out  the  quadrant  of  a 
circle. 

Drop  a  perpendicular  FM 
upon  01. 

Then,  as  the  angle  lOF  in- 
creases from  0  to  90**, 

OF  remains  constant :  MF 
increases:  OJf  decreases. 

Now,  the  perp.  MF  is  in  the  numerator  of  sin  and  tan ; 
but  in  the  denominator  of  cox  and  cot 

And  the  base  OM  is  in  the  numerator  of  cos  and  cot ; 
but  in  the  denominator  of  sec  and  tan. 

Thus  as  the  angle  increases  from  0  to  90°,  the  primary  ratios, 
sin,  tan,  sec  increase :  while  the  secondary  ratios,  cos,  cot,  cox 
decrease. 

From  0  to  90^ 

sin  increases  from  0  to  1 :  but  cos  decreases  from  1  to  0. 

tan  increases  from  0  to  oc  :  but  cot  decreases  from  oc  to  0. 

sec  increases  from  1  to  oc :  but  cox  decreases  from  oc  to  1. 
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The  results  of  some  of  the  preceding  articles  exemplify  these  state- 
ments: e.g. 

sinO»=^?  :  sin30»=  ^  :  sin 46"=  ^  :  sin60-=  ^  :  sin90»=  ^. 

A  M  A  2t  2t 


%  3.     The  Solution  op  Trigonometrical  Equations. 

115.  A  Trigonometrical  equation  is  an  equation  connecting 
the  ratios  of  some  unknown  angle  which  has  to  be  found. 

The  solution  generally  requires  the  following  three  steps : 

(1)  Express  the  different  ratios  which  occur  in  terms  of  one 
single  ratio ;  by  means  of  the  f ormulfle  of  this  or  the  preceding 
chapter. 

(2)  Find  the  value  of  this  one  ratio  by  the  purely  algebraic 
process  of  solving  an  equation. 

(3)  Put  down  the  acute  angle,  whose  ratio  has  the  value 
found,  by  applying  inversely  the  results  of  this  chapter  on  the 
values  of  the  ratios  of  specific  angles. 

Example  I.    Solve  2  sin  ^=1. 

(1)  Here  only  one  ratio  occurs. 

(2)  The  algebraical  process  gives  sin  6=^. 

(3)  Reference  to  Art.  108  shows  that  ^=30^ 

Example  2.    Solve  V3  (tan  ^ + cot  ^) = 4. 

(1)  Sincecot^=^^  .-.  V3(tan^+^-^^)=4. 

(2)  .-.  V3.tan2^+V3  =  4tan^, 

.-.  tan2^-  ~tan^  =  -l, 

4  /  2  \2      4  1 

.•.tan^.--,3tan^+y  =--l=|, 

.,       2       ^1 
^^-73  =  -V3' 

/I       3  1         ,^  1 

^^=V3  ^  V3^^^''  V3- 
o  Art.  108  shows  that  ^  =  60"  or  30". 
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Example  3.    Solve  tan*  ^ + sec  ^ = 5. 

(1)  Since  tan2^=sec2^-l, /.  8ec?^-l+sec^=6. 

(2)  /.  sec2^+sec^=6, 

.-.  8ec«^+secd?+Qy=6+^  =  f, 

.-.  8ec^+^  =  ±-, 

4  6 

.*.  sec^=5  or  -  - ^'2^  or  -3. 

(3)  Reference  to  Art.  108  shows  that  sec  ^=2  is  satisfied  by  ^=60°. 
But  negative  values  of  the  ratios  have  not  yet  been  treated.  Hence 
for  the  present  we  may  discard  the  solution  sec  ^=  - 3. 

Example  4.    Solve  2  sin  ^ = ^3  tan  A, 
Method  hy  fa^ctors.    Here 

2sin^-V3tan-4=0  gives  sin-4  (2-^/3  sec  ^)=0, 
.'.  either  sin -4=0  or  2-V3secil=0. 
Now  sin^=0  gives  A^O. 

2 
Arid        2-V3sec^=0  gives  sec-4=  -,^,    .*.  -4=»30°. 

.-.  A=0  or  30^ 


Examples  IV. 

1.  Draw  the  angle  A  and  find  all  its  ratios  in  each  of  the 
following  cases : — 

(1)     sinil=^,         (2)     tan^  =  3,         (3)     8ec^  =  l-4, 

(4)     cos  il  =  -6,         (5)     cot  ^  =  -S,       (6)  cosec^  =  3f 

2.  Express   tcm  A  in  terms  of  sin  A  and  of  coa  A, 

3.  Express    sec  A  in  terms  of  sin  A  and  oi  cot  A, 

4.  Express  cosec  A  in  t'Orms  of  sec  A  and  of  cos  A. 

5.  Express     sin  A  in  terms  of  tcm  A  and  of  sec  A . 

6.  Divide  an  angle  into  two  angles  whose  cosines  shall  have 
a  given  ratio. 

7.  Divide  an  angle  into  two  angles  whose  cosecants  shall 
have  a  given  ratio. 
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Find  the  custUe  cmglea  including  0  and  90"*  which  scUiafy  each 
of  the  following  equcUiom  (8 — 25). 

8.  4  +  4costf=38ecft  17.  4sinfl  =  cosectf-2^2. 

9.  2sintf  +  2cosectf=5.        18.  3 tan'tf +  2  =  cot»a 

10.  tantf  =  cotft  19.  2008^  tf  =  2  sin^  tf  +  1. 

11.  2  sin  0  =  cosec  0.  20.  4  sin  0  =  cosec  0  -  2. 

12.  sec"tf  +  3cosec^fl  =  8.  21.  tantf +  4  cos^tf  =  3. 

13.  2sintf  =  tanft  22.  sec^tf  =  2  + 2tanft 

14.  tantf  +  cotfl  =  2.  23.  28intftantf+l=tantf+2sine. 

15.  72.costf-cottf  =  0.  24.  2cos«tf  +  ^3.  sintf  =  2. 

16.  2sin*tf  =  3cosft  25.  tan^  +  cottf  =  4. 

Prove  ^  following  identities  :  {26 — 32). 

26.  (sin  30"  +  sin  60")(cos  30"  -  cos  60")  =  sin  30°. 

27.  (cos  60"  +  cos  30")  (sin  60"  -  sin  30")  =  cos  60". 

28.  sin  30"  +  sin  60"  =  ^^2  .  cos  15". 

29.  cos  30"  -  cos  60"  =  ^2  .  sin  15". 

30.  (sin  60"  -  sin  45")  (cos  45"  +  cos  30")  =  sin>  30". 

31.  cos  36" -sin  18"  =  |. 

32.  4  sin  18"  cos  36"  =1. 

33.  If  the  sine  of  an  angle  be  >  —j^  and  the  cosine  of  that 
angle  be  >  ^,  between  what  limits  does  the  angle  lie  9 

34.  If  the  tangent  of  an  angle  be  >  — j^  and  the  cotangent  of 

that  angle  be  >  ^3,  between  what  limits  does  the  angle  lie  1 

35.  Trace  the  changes  in  value  of  (1)  1  -  cos  tf ;  (2)  sec  d  -  1 ; 
(3)  sin  ^  +  cos  ^ ;  (4)  sec  ^  -  tan  0  :  a.s  0  changes  from  0  to  90**. 

Solve  the  following  simulta/neoiLS  equations: 

36.  sin*  a  =  cos^  )8,  and  4  cot'  a  =  sec'  )3. 

37.  sm(A  +  B)  =  ^,    and  cos  {A  -  B)  =  ^  . 

38.  In  Example  I.  19,  show  that  the  angles  ODG  and  DOG 
are,  respectively,  60°  and  30". 
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CHAPTER  V. 
RATIOS  OF  COMPOUND  ANGLES. 

116.     The  following  two  propositions  will  be  found  useful  in 
many  applications. 

I.     If  a  ma/gmtude  AB  be  bisected  at  C  and  divided  at  D, 


then  (1)  AD-^DB=  2 .  AC,  and  (2)  AD-DB  =  2.  CD. 

For  (1)  AD^DB^AB=2.AC. 
and  (2)  AD-DB  =  {AC  +  CD)  -  (CB^  CD)  =  2.  CD. 

II.     ffa  magnitude  AB  be  bisected  at  C  and  extended  to  2>, 


A  C  B  b 

then  (1)  AD'-BD^^.AC,  and  (2)  AD-^BD  =  2.CD. 

For  (!)  AD- BD^AB  =  2.  AC. 
md{2)AD  +  BD  =  (AC+CD)  +  {CD'CB)=^2.CD. 

These  propositions  may  be  applied  to  straight  lines,  angles, 
triangles,  &c.,  as  in  Arts,  which  follow. 

117.  To  express  the  a/rea  of  a  triangle,  when  two  sides  and  the 
included  angle  are  given. 

We  have  shown  (Art.  22)  that  the  area  of  a  triangle  is 
measured  by  J  (base  x  altitude). 


Let  ABC  be  any  triangle.     Draw  AL  perpendicular  to  the 
base  BO  produced  if  necessary. 

Then  aABC=^BC.LA.  (1) 

The  angle  ACB  is  either  acute,  obtuse,  or  right. 
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In  each  case,  let  C  denote  that  angle  at  the  point  (7,  which  is 

not  ohtuae. 

LA 
Then,  in  each  case,  sin  G  =  j:^  . 

/.  (7^.sin(7=Xil. 
Substituting  for  LA  in  (1) 

t^ABG  =  \BC.CA.^inG,  (2) 

Hence,  the  area  of  a  triangle  is  measured  by  half  the  product 
of  two  sides  amd  the  sine  of  the  (non-obtuse)  angle  contained  by 
them, 

118.  To  eocpress  the  sine  of  the  internal  or  eocternal  angle  of  a 
triangle  in  terms  of  the  area  of  the  triangle  and  tlie  sides  containing 
the  angle. 

By  the  la»st  article  we  have,  if  (7  be  the  non-obtuse  angle  at  C, 
which  is  either  internal  or  external  to  the  triangle  AJBG, 
^  BG.GA  sin  C=  aABG, 

.    ^    2.  aABG 

-'"^^^-b-gZga-' 

Hence,  the  sine  of  the  internal  or  eocternal  amx/le  of  a  triangle 

twice  area  of  the  triangle 

~  product  of  sides  containing  the  angle  ' 

The  student  should  observe  that  both  the  numerator  and  the  de- 
nominator of  the  above  fraction  represent  an  area.  Hence  the  sine  is 
given  correctly  as  an  abstract  number. 

119.  We  proceed  to  find  the  ratios  of  angles  formed  by  the 
addition  or  subtraction  of  two  angles. 

We  shall  adopt  a  method  which  in  each  case  involves  the 
application  of  the  preceding  article.  But  alternative  proofe  are 
given  in  Chapter  XIII.,  which  the  student  may  use  in  preference 
to  these. 

The  beginner  is  very  liable  to  fall  into  the  mistake  of  supposing  that 
sini^A+B)  must  equal  sin  A  +  sin  B,  that  sin  2A  must  equal  2  sin  A,  and 
so  on.  He  must  remember,  as  was  pointed  out  before,  that  sin  is  not 
a  mtdtiplier  which  can  be  separated  from  its  accompanying  symbols. 
Thus,  sin{A  +  B)  means  "The  sine  of  the  angle  formed  by  adding  the 
two  angles  A  and  B";  while  sinA+sinB  means  "The  number  formed 
by  adaing  the  two  sines  of  the  angles." 

In  what  follows  all  the  angles  whose  ratios  are  involved  are  ordinary 
(i.e.  positive)  acute  angles. 
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120.     Toprovethe/ormula^ii{A+B)==smAcosBHiosA  sinB,  .(1). 


Let  A,  B  he  the  angles  at  the  base  of  a  triangle,  whose 
vertical  angle  at  G  is  obtuse.     Draw  CiV  perpendicular  to  AB. 

Then,  producing  AG,  the  exterior  angle  at  G  is  actUe  and 
interior  iA  +  interior  l  B  =  exterior  l  G.  [Euc.  I.  32. 

.     •    />!      m      •    /    X    •        ^v     ^^ABG     NG,BA 
..  sm(il  +  ^)  =  sm  (exterior  .  (7)  =  ^jgrj^  =  3^-^ 

NG(BN-vNA)     NG     BN^      NA     NG^ 
~       AG,BG       ~  AG'  BG'^  AG'  BG 

=  sin  -4  .  cos  B  +  cos  il .  sin  -5. 

121.    To  prove  the  formula  sin  (-4— -5)=sin  A  cos  ^-cos  il  sin  j5..  (2). 


Let  il  be  an  (acute)  angle  exterior,  and  B  an  angle  interior, 

to  the  triangle  ABG.     Draw  GN  perpendicular  to  BA  produced. 

Then  exterior  l  A  -  interior  l  B  =  interior  l  G.     [Euc.  I.  32. 

.-.  sin  (^  -  ^)  =  sin  (interior  z  (7)  =  -j^-g^  =  j^-g^ 

_NG{BN-AN)     NG     BN  _AN^     NC 
"      AG.BG       ~  AG'  BG     AG  '  BG 

=  sin  A  .  cos  B  —  cos  -4  .  sin  -5. 
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122.     To  prove  the  formula 

cos  (il  +  -5)  =  cos  -4  cos  J?  -  sin  il  sin  -5. 


.(3). 


In  the  figure  of  Art.  120,  draw  GA'  at  right  angles  to  CA. 

Then        i  NCA' ^oom^.oi  lNGA  =  iNAG  =  A, 

and        int.  z  BGA'  =  comp.  of  ext.  z  C  =  comp.  of  (-4  +  B), 

,.      ^v      .    T.^..     2Ai('^C     NG.BA' 
.-.  cos(il  +  ^)  =  sinJ?(7il  ^^S'gTBG^A'G.BG 

NG.jBN'-A'N)  _NG    BN ^A^   NC 
"        A'G.BG  A'G'BG      A'G  '  BC 

=  cos  il .  cos  J?  -  sin  il .  sin  -6. 


123.     To  prove  the  formula 

cos  ( J  -  j5)  =  cos  -4  cos  -5  +  sin  il  sin  -5. 


.(4). 


M 


N 


A' 


In  the  figure  of  Art.  121,  draw  MGA'  at  right  angles  to  CA, 
Then       z  NGA'  =  comp.  of  l  NGA  =  iNAG==A, 
and  ext.   z  BGM  =  oomp,  of  int.  z  C  =  comp.  of  {A  -  B). 
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cos  (A-B)  =  sin  BOM== 


124. 


A'G .BG"  A'G.BG 
NC{BN-^NA')     NG    BN    NA'    NG 
A'G .  BG       "  A'G  •  BG  "^  A'G  '  BG 
=  cosA.co8B  +  siD.A.miB. 

To  prom  the/onmUce 

8mA+amB  =  2sin^{A+B)coa^(A-B) (5), 

anA''ahiB=^2cos^{A+B)avDi^{A-B) (6). 


Let  z  POG  =  A;  and  z  QOG=B.     Take  OP=OQ.     Join  FQ, 
cutting  OG  in  G, 

Let  0^  bisect  angle  FOQ,  triangle  POQ,  and  base  FQ. 

Then  (Art.  116,  L) 
aFOC+  AG0Q  =  2AF0Rand  aFOC-  aG0Q  =  2aR0G. 
L  POG+  L  G0Q  =  2  L  FOR  and  l  FOG  -  l  GOQ  =  2  i  ROG, 


sin  J  +  sin  j5  = 


and    sin  il  —  sin  ^  = 


2  A  FOG     2aG0Q     4tAF0R 
OF.OG'^OQ.OG'  OP,OG 

_2FR    OR 

"OF'OC 

=  2 sin |(^  +  B) cos |( J  - B), 

2  A  FOG  __  2a  GOQ  _  4caR0G 

OF  .OG     OQ.OG 

20R  RG^ 
"  OF'  OG 
=  2  cos |(il  +  i5) sin |( J  - B), 


OF  ,0G 
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125.     To  'prove  the  formulce 

cosJ?  +  cosJ  =  2cosJ(^  +  5)cos|(il--») (7), 

cos  j5-cos^  =  2 sin i(^  +  5)  sin  | {A  -B) (8). 


In  the  figure  of  last  article,  draw  FOG'  at  right  angles  to  OC. 

Then  I  OCR  =  comp.  of  i  COR  =  l  ROC  =  H^  "  ^X 
and  L  COQ=comip.  of   i  QOF,  and  i  P0(7  =  comp.  of  i  COP. 

Also  (Art.  116,  II.), 

^QOC-¥  £,P0C  =  2^R0C  cmd  aQOC  -  AF0C  =  2AF0Ry 

-,,_„     2aQ0C     2  A  FOC 
/.  cos5  +  cosil  =  sin$0i^+smC7c?P=^^    g^,  +  gp   q^, 

4caR0C     2R0    CR 
~  OFTOC  -  OF  •  OC 

=  2cos|(^  +  J?)cos|(il-^). 

x^^T.      .    /..^o     ^^QOC     2  A  FOC 
And  cos  J?- cos il  =  sin  QOF-sm  0  (>/'  =  qq^-qq'  -  'Qp'^oc' 

4:  A  FOR     2^    RO^ 
"  (9^.0(7'  ~  OP  *  OC 

=  28m^{A-^B)sm^{A-B), 
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126.     To  find  the  relations  between  the  rcUioa  of  an  angle  and 
those  of  its  half  or  do^ible. 


Q  O  fA  R 

Describe  a  senjicircle  QPBy  centre  0,  on  diameter  QE, 
Make   z  EQF  =  A  :  and  draw  FM  perpendicular  to  QE, 
Then  z  EOF  at  the  centre  =  2 .  z  EQF  at  circumference  =  2-4, 
and  z  QFE  in  semi-circle  =  a  right-angle, 

.*.   z  ^Pif  =  complement  of  z  QFM=  z  EQF^^A. 
Thus 

(9)     sin2^  =  ^  =  -^  =  -^.^=2smil.cosA 

^  ^      20Jf     QM-ME     QM    QFMEEP 
(lU)    cos  J^  -  2(9P  -       Qij       ~  QF'  QE      EF'  QE 

=  cos^  il  —  sin^  A, 

/iix  c^A      OF       QE      QM  +  ME     cot^  +  tan^i 

(11)  cosec2it  =  ^^  =  -^=      ^^^     = . 

/lov        xo.      ^-^     20Jyr     QM-ME     cotil-tauil 

(12)  cot2^=^=2:^=-^^    = ^_-. 

/iQ\      '2A-^^    FEME     OE^OM     1 -cos  2^1 
(Id)     sm.1-  -p^.^-^_^^^^=         ^ . 

/14.\         ^A-^    QF _QM_QO+  OM _  1  +  cos 2A 

(14)  "^^  ^-  Qp'  Qj^-  Qj^~      20P     "         2         • 

,_,    ^      ^     ME     OE-OM     OF     OM  ,,       ^,, 

(15)  tanil  =  -^=-^^^-  =  -g^--^=cosec2^-cot2A 

/iA\        ^^      ^^     QO  +  OM     OP      OM  .,       ^^^ 

(16)  cot^  =  ^  =  -^^^=^+-^=cosec2^+cot2^. 
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Similarly  we  may  show  that 

,.„.     X      ctA        2tani4  .,q.  ^.        sec* -4 

(19)     cos2il  =  2cosM-l.  (30)     cos  2ii  =  1  -  2  sinM. 

127.  To  find  the  tangerU  and  cotangent  of  the  sum  or  difference 

qftwo  angles, 

^.     sin  (il  +  ^)     sin  il  cos  ^  +  cos  ii  sin  -ff 

tan  (A  +  B)=  — 7-j — ^.  = -. 5 ; — j—, — „  . 

^  '     go&(a-\-B)     cos  il  cos  ^  -  sin  ii  sin  ^ 

[Arts.  120,  122. 

In  order  to  express  this  fraction  in  terms  of  tan  A  and  tcm  B, 
we  must  divide  its  numerator  and  denominator  hjeosA,  cos  B. 
iA      T^v       tauil+tan^  ,^-. 

•••*^<-*^^)=l-tan^tan^ <21). 

Sunilarly  :        tan(^  -B)  =  ^^^^ (22). 

x/i      D\     cotiicot^-1  ,^_. 

^*(^^^)=   cot^^cot^  <23), 

...      j,v      cot  il  cot -5  +  1  ,^.. 

•^*<^-^)=-33tXr^tT <24). 

128.  The  preceding  24  formulae  are  not  independent  of  one 
another.  It  will  be  useful  to  show  their  algebraical  inter- 
dependence.    This  is  done  in  Arts.  129 — iS 

129.  Given  sin  (il  +  ^)  =  sin  ii  cos -5  +  cos  ii  sin  5 (1), 

to  prove  cos  (-4  -  -5)  =  cos -4  cos  J5  +  sin  A  sin  -5 (4). 

In(l)letii  =  90'*-C7. 

Then  sin  ^4  =  sin  (90°  -  C)  =  cos  C7, 

and  cos  A  =  cos  (90°  -  (7)  =  sin  C, 

anc?  sin(.4  +  ^)  =  sin(90°-C-^)=cos(C7-5). 

.'.  (1)  becomes  cos  {C  —  B)  =  cos  C  cos  -5  +  sin  (7  sin  ^. 

Writing  A  for  (7  we  have  (4).     Similarly 

Given        sin  (A  •- B)  =  sin  A  coa  B  -  cos  A  sinB (2), 

tve  can  prove  cos  (A  -^  B)  =  cos  A  cos  ^-sini4  sin  B (3). 

Digitized  by  VjOOQIC 


RATIOS  OF  COMPOUND  ANGLES.  81 

130.  Grvven  8m{A  '\-B)  =  smA  coaB  +  coaA  anB (1), 

to  prove  am{A  — B)  =  sin.  A  cos  B- cos  A  sin  B    (2). 

In(l)  write  ii  +  ^  =  2>,  so  that  A  =  J)  -  B. 

Then  we  have  sin  i>  =  sin  (i>  -  ^)  cos  B  +  cos  (2>  —  B)  sin  B,    . 

But  we  have  shown  in  the  last  article  that  from  (1)  it  follows 
that 

oos  (2>  -  ^)  =  cos  Z>  cos  ^  +  sin  i>  sin  -ff . 

Substituting  for  cos  (i>  -  ^)  in  above, 

sin  D  =  sin  (2>  -  B)  cos  B  +  cos  D  cos  j5  sin  -5  +  sin  2>  sin^  B, 

,'.  sin  i>  (1  —  sin^  ^)  =  sin  (2>  —  ^)  cos  B  4-  cos  I)  cos  ^  sin  5, 

.'.  sin  i>  cos*  B  -  cos  Z>  cos  B  sin  ^  =  sin  (2>  —  ^)  cos  B, 

.'.  smDcosB-cosI)miB  =  mi{J)-B), 

Writing  A  for  D  we  have  (2). 

131.  Given 

sin  {A  +  B)  =  mi  A  cos  B  +  cos  A  sin  B (1), 

cmd  sin{A  -B)  =  sinAcos  B-cosA  sinB (2), 

to  prove      sin-4 +sin5  =  2sin^(^ +5)cos  J(-4 --5)  (5), 

and  smA''SinB  =  2cos^(A  +  B)sm^{A''B)    (6). 

(1)  +  (2)  gives  sin  (A  +  B)  +  sin{A  -  B)  =  2  sin  A  cos  B, 
(!)  -  (2)  gives  sin  (^  +  ^)  -  sin  (ul  -  ^)  =  2  cos  A  sin  B, 
Put  A'^B  =  SandA-B  =  T, 

. •.  (adding)  2A^S+T,  (subtracting)  2B  =  S-T, 
.'.  sin S+  sinT=2sm  ^{S+T) cos ^(S-  T), 
and  sin/y-sin  r=  2  cos  ^  (.S  +  ^ )  sin  J  (aS^ -  T), 

Writing  A  for  aS^  and  B  for  T  we  have  (5)  and  (6). 
Similarly 

Given  cos{A  -h  B)  =  cos  A  cos  B  -  sin  A  sinB ...(3), 

and  cos{A-B)  =  cosA  cos^  +  sin-4  sin^ (4), 

toe  can  prove 

cosB'\-cosA  =  2  cos^{A  +^)  cos  \  (A-B) (7), 

and  cos^-cosil  =  2sinJ(-4+^)sinJ(i4-^) (8). 

J.T.  .  ^         j8 
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132.  The  signs  in  the  formulae  (1) — (8)  may  be  comiected 
with  the  fact  that  the  sine  increases  but  the  cosine  decreases  as 
the  angle  increases. 

133.  In  8m{A  +  B)  =  siaAcoBB  +  cosAmiB  (1), 

and  cos  (4  +  ^)  =  cos  il  cos  ^  -  sin  il  sin  J5  (3), 

X      /A      D\      tan -4  + tan  ^  ,„-. 

and  ^^(^^-^)  =  l^tan^tan^    (2^)- 

Put  B  =  A, 
Thus  sm{A  +  A)  =  sin  ^1  cos  -4  +  cos  A  sin  A, 

i.e.  sin  2-4  =  2  sin  il  cos^l (9), 

cos  (-4  +  -4)  =  cos  A  cos  A  —  sin  A  sin  A, 

Le.  cos  2ii  =  cos^-4  -  sin*-4  (10), 

,.       ..       tan^  +  tanil 
*^'^<^-^^>  =  l-tan^tan^' 

^A       2tanii  ,-^, 

^•«-**^2^  =  n:t^ (17). 

These  results  are  very  important. 

134.  To  express  tlie  sum  or  difference  of  two  sines  or  cosines 
as  a  product. 

This  is  done  in  the  general  case  in  Arts.  124  and  125.  But 
the  following  method  is  recommended  as  an  exercise  in  the  four 
important  fundamental  formulae  of  Arts.  120,  121,  122,  123. 

JExpress  the  two  given  angles  as  the  sum  and  differencCy  respec- 
tively y  qf  two  new  angles ;  either  by  inspection  or  by  solving  cm 
equation.     Then  apply  the  formulae  of  Arts.  120 — 123.     Thus 

Example  1.    sin  7-4  +  sin  3-4 = sin  (5-4  +  2-4) + sin  (5-4  -  2-4) 
=  (sin  5-4  cos  2-4 + cos  5-4  sin  2-4)  +  (sin  5-4  cos  2-4  -  cos  5-4  sin  2-4) 

=2  sin  5-4  cos  24. 


I  2.    cos  5ul  -  cos  11-4  =cos(8ui- 3-4)- cos  (8ui  + 3-4) 
= (cos  8-4  cos  3-4 + sin  8-4  sin  3-4)  -  (cos  8-4  cos  3-4  -  sin  8-4  sin  3-4) 

=2  sin  8-4  sin  34. 
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Example  3.    sin  ul — sin  ^ :  assuming  ^  to  be  the  greater. 
Let  x-\-y=A    arid    x-y^B, 

Then  sin(a?+y)-sin(a7-y)=2cosa?siny. 

But  solving  for  x  and y,  ^—A-\-B  and  2y=A-B, 

.\  sinil-sinJ?=2cosiM+5)sini(^-J5). 

Example  4    cos  ^  -  cos  -B :  assuming  -B  to  be  the  greater. 
Let  x+y^B    and    x-y^A, 

Then  cos(a?-y)-cos(a?+y)=2sina:siny. 

But  solving  for  a:  and  y,  2x=B+A  and  2y=B-A. 

.-.  cos^-cos5=2sini(5+^)sini(5-^). 

135.  To  express  the  prodtcct  of  sines  or  cosines  as  a  swm  or 
different. 

This  is  the  converse  problem  to  that  of  the  last  article.  The 
method  is  simply  to  introduce  a  product  containing  the  ratios 
complementary  to  those  in  the  given  product.     Thus 


1.  2  cos  ^A  sin  ZA 

=(sin  44  cos  3^ +cos  44  sin  3-4)  -  (sin  44  cos  3^  -  cos  4^  sin  3-4) 
=sin7-4-sin-4. 

Example  2.  2  cos  lA  cos  2 A 

=(cos  lA  cos  2-4  +sin  7-4  sin  2-4)  +  (cos  7-4  cos  2-4  -  sin  7-4  sin  2-4) 
= cos  5-4  + cos  9-4. 


Examples  V. 

1.  Show  that 

cos  (-4  -  -B)  +  sin  {A  +  B)  =  (cos  A  +  sin  A)  (cos  -B  +  sin  -S) 
cos  (ii  +  -B)  +  sin  (-4  -  -B)  =  (cos  -4  +  sin  -4)  (cos  .B  -  sin  -B) 
cos  (-4  —  -B)  —  sin  (-4  +  -B)  =  (cos  -4  -  sin  -4)  (cos  B  -  sin  B) 
cos  (-4  +  -B)  -  sin  (-4  -  .B)  =  (cos -4  -  sin  -4)  (cos  .B  +  sin  B), 

2.  Find  the  sine  and  cosine  of  15''  from  those  of  60°  and  45°. 

3.  Find  the  sine  and  cosine  of  75°  from  those  of  45°  and  30°. 

6—2 
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4.  Show  that 

i.      tA      D\     tan^cot^+l 

tan  (il  +  ^)  =  — — p — 7 -T  , 

^  '       cot  ^- tan -4 

,  , ,    .  ...      J..       cotii+tan^ 

and  that  cot  (A-B)  =  ■= — -j— ^ . 

^  '      1  -  cot  il  tan  B 

5.  If  sin  -4  =  cos  -8  =  f,  find  sin  (A  +  £)  and  cos  (A  +  B), 

6.  If 

sin  ul  =  14  fl^d  sin  5  =  ^,  find  sin  (A  -  B)  and  cos  (ii  -  B). 

7.  Find  tan  {A  +  45**)  and  cot  (45'  -  ii). 

8.  Show  that 

sinii  +  cosi4  =  ^2  .  sin  (J +  45')=  ^2  cos  (45° -ii). 

9.  Show  that 

cosii-sinil  =  ^2  .  sin(45'-ii)  =  ^2cos(45'  +  ii). 

10.  Find  sin  30'  from  the  identity  cos  30'  =  sin  60'. 

Prove  thefoUowmg  identities  : 

11.  (sinul  +  cos^)*=  1  +  sin  2-4. 

12.  (cos  il  +  sin  il)  (cos  il  -  sin  ul)  =  cos  2-4. 

13.  cos  2il  =  2  cos^ii  -1  =  1-2  sin»^. 

^.      .     2 .     1  -  cos  2^  -  _         ^   .      1  +  cos  2i4 

14.  t8kn^A=^ pr-T.  15.     cotil  =  — ,    ^  .     . 

1  +  cos  2.4  sin  2  A 

16.  1  +  sec  2ii  =  2  cos^il  .  sec  2 A. 

Put  the  following  expressions  (17 — 28)  in  the  form  of  twice 
the  product  of  two  ratios  : 

17.  sinll^  +  sin7ii.  18.     sin  13  il-sin9ii. 

cos  5A.             20.  cos  7 A  -  cos  17ii. 

.)i4  +  sin(n-l)A  22.     cos  2ii  +  sin  24. 

sin  2 A.              24.  cos  2il  -  cos  3il . 

iS  <!>.                   26.  cos  ^  -  sin  0. 

;)^-cos(n  +  3)A  28.     sin  2ii  -  cos  2-ff. 
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Put  the  following  expressions  (29 — 36)  tw  the  form  of  the  sum 
or  difference  of  two  ratios  : 

29.     2  8m^cos^.  30.     2smiisin^. 

31.     2siiil0''cos50\  32.     2  sin  50°  cos  10^ 

33.     2  cos  ^  sin  ^  .  34.     2  sin  -^  sin  -^ . 

35.     2  sin  (a  +  ^)  .  cos  (a  -  ^).  36.     2  cos  7'  sin  1 T. 

Prove  the  following  identities  (37 — 58) : 

-^      sin^l-sin^     ^      A  —  B 

37.     -. ==tan— X— . 

cos  ^  +  cos  ^  2 

..      sin^+sin^        ^  A- B 

38.       -. ^  =  cot  — jr—  . 

cos  A  -  cos  B  2 

^^      sin il  +  sin  5     ^      A+B 

cos  -4  +  cos  ^  2 

sin^l  —  sin^        ^  A  +  B 
40.     : ^  =  cot 


41. 
42. 


cos  A  —  cos  B  2 

sin  ^  +  sin  5  _  tan  ^  {A  +B) 
sin  -4  -  sin  i?  ""  tan  ^{A-^B)' 
cos  A  —  cos  5  _  tan  ^  (A  -  B) 
cos  -4  +  cos  B  "  cot  J  (-4  +  -5)  ' 

43.  sin  43°  +  sin  17°  =  cos  13°. 

44.  cos  81°  +  cos  39°  =  cos  21°. 

45.  sin  73°  -  sin  47°  =  sin  13°. 

46.  cos  11°  -  cos  49°  =  sin  19°. 

47.  cos  25°  -  sin  5°  =  cos  35°. 

48.  cos  5°  -  sin  25°  =  sin  35°. 

sin  36^  + sin  d     ,       ^. 

49.  — ^ ^  =  tan  26. 

cos  30  +  cos  6 

-^     cos  d- cos  2d     ^      SO 
^^'     sin2d-sinr*^2-- 


51. 


sin^H-rin»^^^  ^^ 

smd-sin<^  2^       ^^        ^^      ^^ 
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52. 


COS  $  -  cos  ^  _  sin  ^  -  sin  0 
sin  ^  +  sin  ^     cos  0  +  cos  ^  ' 


f;q  .  0    ,  re    ,  SB    .  no    .  ^^    .  ^^ 

53.  sin  ^  .  sin  ~  +  sin  -^  .  sin  -^  =  sin  2^  .  sin  50, 

54.  tan  A  +  tan  ^  =  sec  il  .  sec  ^  .  sin  (A  +  £), 

55.  cot  A  -  tan  B  =  cosec  A  .  sec  -5  .  cos  (A  +  5). 

56.  cos  (30'  -  ii)  -  cos  (30'  +  il)  =  sin  A. 

57.  sin  (45'  +  ^4)  -  sin  (45'  -  ii)  =  ^2  .  sin  ii. 

^o  X      ^+^     X      ^-^  2sini4 

58.  tan  — ^r —  +  tan 


2  2         cos  -4  +  cos  5  * 

59.  If    tan  ^  =  I   and    tan  ^  =  ^,    find    tan  (^  +  B)    and 
tan(ii-^). 

60.  If  tanii  =  Jandtan^  =  ^,  show  that  tan (^  +  ^)  =  1. 

61.  If  (1  +tan  J[)  (1  +tan^)  =  2,  show  that  tan (^  +  ^)  =  1. 

62.  Show  that  if   45'  is  divided  into  two  parts,  $  and  <^, 
then  (1+tand)  (l+tan«^)  =  2. 

63.  tanul  tan2il  tan  3^  =  tan  3^4  -  tan  2^4  -tan^. 

64.  If  tan  tf =2w+ 1  and  tan «/» =  2m- 1,  then  cot  {0-<l>)  =  2m'. 

65.  sin  ( J[  +  5)  .  sin  (il  -  ^)  =  sin^^l  -  sin^^  =  cos* J  -  cosM. 

66.  cos  (A+B) .  cos  (A-B)  =  cos^A  -  sin*5  =  cos*^  -  sin*i. 

67.  tan(45  -ii)  =  .i ^-^s-j  . 

^  ^     1  +  sin  2^ 

Solve  : 

68.  sin2tf=tanft  69.     sintf  =  cos2^. 
70.     cos  d  =  cos  2^.  71.     sintf  =  sin2^. 

72.  cos2^=(^2  +  l)^cosd--LV 

73.  cos2^+3sind  =  2. 

74.  tand  +  tan2d  +  ^3tantf .  tan2d  =  ^3. 

75.  V3(tand  +  tan2d)  +  tand.  tan2d  =  l. 

76.  cos2d-sind  =  ^. 
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CHAPTER  VI. 
TRIGONOMETRICAL  FORMULA   FOR  A  TRIANGLE. 

§  1.    The  Tbioonometbical  ratios  of  Obtuse  Angles. 

136.     We  have  at  present  defined  the  ratios  of  acute  angles 
only.     We  now  proceed  to  define  those  of  obtuse  angles. 

Let  lOF  be  any  obtuse  angle. 


.  r 


Produce  10  to  /'. 

Then  I' OF  is  an  acute  angle. 

In  or  take  any  point  B:   and   draw  Bff  at  right  angles 
to  or  meeting  OF  in  ff. 
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Then  BOH  is  the  right-angled  triangle  by  which  we  deter- 
mine the  ratios  of  the  acuts  angle  I'OF^  OB  being  base,  OH 
being  hypothenuse,  and  BH  being  perpendicular. 

Now  it  is  found  convenient  to  use  this  same  right-angled 
triangle  BOH  to  define  the  ratios  of  the  ohtvse  angle  10 F;  only 
that,  as  OB  has  to  be  drawn  in  the  opposite  direction  to  the  line 
01,  which  bounds  the  obtuse  angle,  we  take  -  OB  (instead  of 
OB)  as  its  base.     Thus 


sin  IOF=^, 


—  OB 
COB  IOF=-^^  , 


tan  IOF  = 


sec  IOF= 


BH 
-OB' 
OH 
-OB' 


cot  IOF== 


cox  IOF= 


-OB 
BH  ' 
OH 
BH' 


Thus,  those  ratios  of  an  obtuse  angle,  which  contain  the  base 
-  OB  (viz.  all  but  the  sine  and  cosecant),  are  negative, 

A  fuller  explanation  of  this  adoption  of  the  minus  sign  will 
be  given  later.  But  the  student  will  immediately  perceive  its 
convenience,  for  by  its  means  the  formulee  connecting  the 
ratios  of  the  angles  and  the  sides  of  a  triangle  are  the  seme 
whether  the  triangle  be  acute- angled,  right-angled  or  obtuse- 
angled. 

137.  To  Jmd  the  radios  of  the  obtuse  angles  180° -ii  <ww^ 
90*  +  A  in  terms  of  those  of  the  acute  a>ngle  A, 

Take  the  figure  of  last  article. 


I' 


Digitized  by  VjOOQIC 


THE  TRIGONOMETRICAL  RATIOS   OF  OBTUSE   ANGLES.      89 

(1)  Jj&tBOE^A, 

Then  since  IOF+  BOE=  180%  /.  IOF=  180**  -  A, 

BH 
sin  lOF^  oS"^^^  ^^^'  ^®*  ^^  ^^^^'^  - ^)  =  sin  ii, 

—  OB 

cos  ^0F=-^-  =  -  cos  BOH,  i.e.  cos  (180'  -  il)  =  -  cos  il, 

and  80  an. 

(2)  JjetBffO^A. 

Then  since  IOF=  OBH+  BHO,  /.  lOF^  90°  +  A, 

BfT 
sin  IOF=  ^  =  cos  ^J?0,  Le.  sin  (90'  +  i4)  =  cos  ii, 

—  OB 

cos  IOF=-y^=r  =  -  sin  ^ZTO,  i.e.  cos  (90'  +  ii)  =  -  sin  il, 
On. 

and  80  on. 

138.  To  find  the  ratios  of  the  acute  omghs  180' --4  and 
A  -  90'  in  terms  of  those  of  the  obtuse  amjgle  A. 

Take  the  same  figure. 

(3)  Let  lOF^  A,  then  BOH^  180'  -  A, 

BH 
sin  J50£r=^^=  sin  lOF,  i.e.  sin  (180'  -  ^)  =  sin  A, 

OB 
cos  ^Oi5r=  ^^  =  -  COS  /OF,  ie.  cos  (180'  -  ^4)  =  -  cos  ii, 

ami  so  on. 

(4)  Let  lOF  =  il,  then  BHO  =  A- 90', 

sin  BHO  =  7}o^  =  -  cos  /OF,  i.e.  sin  {A  -  90')  =  -  cos  A, 

BH 
cos  ^^0  =  -^  =  sin  /OF,  i.e.  cos  {A  -  90')  =  sin  A, 

and  so  on. 

139.  To  find  the  ratios  of  180'. 
In  (1)  of  Art.  137,  put  ^  =  0. 

Thus;  sin  180'=sin0  =  0;  cos  180' =  - cosO  =  - 1 ; 

tan  180'  =  -tan0  =  0;      cot  180' =-cot  0  =  - oo  ; 
sec  180'=-sec0  =  -l;  cox  180'  =  cox 0  =  oo. 
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Example,     To  trace  the  changes  in  the  ratios  of  obtuse  angles. 
As  A  increases  from  90**  to  180", 

sinul  is+^;  and  algebraically  decreases  frt)m  1  to  0. 

cos  ^  is — *• ;  and  algebraically  decreases  from  0  to  - 1. 

tan  -4  is  -  ^ ;  and  algebraically  increases  from  -  oo  to  0. 

cot  ^  is  -  *•;  and  algebraically  decreases  from  0  to  -  oo . 

sec  -4  is  -  ^ ;  and  algebraically  increases  from  -  go  to  - 1. 

cox  ^  is+'*;  and  algebraically  increases  frt)m  1  to  oo . 

140.     From  the  proposition  that  the  a/ngles  of  a  triangle  are 
togetlier  equal  to  two  right  angles  many  important  results  follow. 
Thus,  ii  A,  B,  C  are  the  angles  of  a  triangle,  we  have 
A+B+C=lSO% 
.-.  £  +  0=180"^  A, 
:,  sin  {B  +  C)  =  sin  (180"  -  il)  =  sin  ^4,  [Art.  137. 

and  cos  (^  +  C)  =  cos  (180"  -A)=-  cos  A.       [Art.  137. 


Examples  VI.     A. 

1.  Write  down  the  ratios  of  135",  120",  150",  112J",  105°. 

2.  Show  that  sin  120"  =  2  sin  60"  cos  60"  and  that 

cos  120"  =  cos^  60"  -  sin^  60". 

3.  Show  that  tan  150"  =  cot  60"  -  cosec  60"  and  that 

cosM35"  =  cos  60". 

4.  If  A,  By  C  are  the  angles  of  a  triangle,  show  that 
sin  J  (^  +  (7)  =  cos  J  ^;  and  that  tan  \  {A-^B)  =  cot  \  (7. 

5.  Show  that  the  ratios  of  the  half-angles  of  a  triangle  are 
all  positive. 

6.  Show  that,  given  the  sine  or  the  cosecant  of  an  angle  of 
a  triangle,  that  angle  may  have  either  of  two  values. 

7.  Show  that  the  area  of  a  triangle  is  measured  by  half  the 
product  of  two  sides  and  the  sine  of  the  internal  angle  contained  by 
them,  whether  that  angle  is  acute,  obtuse  or  right. 
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8.  Show  that  the  ratios  of  any  angle,  whether  acute  or 
obtuse,  are  subject  to  the  relations  of  equality  established  in 
Chapter  III. 

9.  How  must  the  relations  of  inequality  of  Chapter  III.  be 
modified  in  order  to  include  obtuse  angles  1 


§  2.     Kelations  between  the  sides  and  the  ratios 
OF  THE  Angles  of  a  Triangle. 

141.  Consider  any  triangle  ABC, 

The  angles  at  the  points  A,  B,  C  will  be  called  by  the  names 

A,  B,  a 

The  sides  BCy  GA,  AB,  which  are  opposite  to  these  angles, 
will  be  called  a,  h,  c  respectively. 

142.  To  draw  tlie  figure  by  which  the  ratios  of  the  base  angles 
of  a  triangle  may  be  indicated, 

A 


B        «     C 


Draw  AL  perpendicular  to  BC  or  BG  produced.     Then,  the 
angle  AGB  may  be  (i)  acute,  (ii)  obtuse,  or  (iii)  right. 
In  each  case, 


^nAOB  =  ^^, 


But  in  case 


(i)      cos  AGB  = 


CL 
GA' 


(ii)     cos  AGB^^, 
(iii)    cosAGB  =  -^, 


GA  sin  AGB  =  LA. 

GA  cos  AGB  ^GL. 
,  GA  cos  AGB  =  ^GL, 
GA  cos  AGB  =:0. 
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In  fig-  {i) 

cos  (7  =  ^. 

Infix/,  (ii) 

cos  (7=   ^^ 

In  fig.  (fii) 

cosC7=^. 
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143.  To  prove  the  double<osme  formula : — 

6  cos  C  +  c  cos  ^  =  a. 

BL 
In  each  fig,      cos  B  =  ^-^  ,        .'.  BA  cos  B  =  BL, 

,  CA  cos  C  =  CL, 

,  CAcosC  =  -CL, 

,  GA  cos  C  =  0, 

Again,  in  fig,  (i)  BC  =  BL  +  CL, 

in  fig.  {ii)  BO^BL^CL, 

in  fig,  (Hi)  BC  =  BL  ^  0. 

.'.in  ea>ch  case,  BC  =  CA  cos  C  +  BA  cos  B, 
i.e.  a  =  6  cos  C7  +  c  cos  B. 

SimUa/rly  b  =  c  cos  A+a  cos  C, 

and  c  =  a  cos  B  +  b  cos  A, 

144.  To  prove  the  douhh-dn^  formula: — 

h  sin  C  -  c  sin  -5. 

In  each  fig,         sin  (7  =  ^^  ,      .'.  CA  sin  0  =  LA, 

and  sin  -5  =  -r=-j ,      .*.  ^^  sin  jB  =  LA, 

BA 

.*.  (7-4  sin  C  =  -5-4  sin  -5,  i.e.  6  sin  (7  =  c  sin  B, 

Cor.     Dividing  by  6c,  we  have 

sin  C     sin  .5 


Similarly 


c  6     • 

sin  B     sin  -4 

.    sin  -4  _  sin  -5     sin  C7 
*  *       a  6  c      ' 

es  of  the  angles  are  proportional  to  the  opposite 
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145.  By  the  corollary  of  the  last  article,  we  have 

^     _      ^     _     ^ 
sin  ii  ~  sin  ^     sinC* 

Put  each  of  these  fractions  equal  to  d.  Then  since  in  each 
fraction  the  numerator  is  a  lerigth  and  the  denominator  a  ratio, 
therefore  d  will  represent  a  length. 

Also,  since  -. — 7  =  d,     ,\  a^dsia  A, 

sin^ 

Similarity  b  =  d  sin  B  and  c  =  c?  sin  G, 

146.  To  find  the  sine  amd  cosine  of  the  sum  and  difference  of 
two  angles  by  mea/rts  of  the  dovhle-cosine  and  dovhle-sine  fommlce. 

In  the  equation 

a  =  h  cos  (7  +  c  cos  5, 
substitute  for  a,  6,  c  in  terms  of  d,  [Art.  145. 

Thus         c?  sin  -4  =  c?  sin  -5  cos  (7  +  c?  sin  C  cos  B, 

.'.  sin  J[  =     sin  B  cos  C  +  cos  5  sin  (7.  (A.) 

Similarly     sin  -5  =     sin  0  cos  ii  +  cos  (7  sin  A. 

ie.  (substituting  for  sin  ii) 

sin  5  =  sin  C  cos  A  +  cos*  G  sin  B  +  cos  B  cos  G  sin  (7, 
.'.  -  sin  (7  cos  ii  =  cos  5  cos  C7  sin  (7  -  sin  5(1-  cos*  (7), 
.*.  —  cos  A  =  cos  B  cos  (7  -  sin  -5  sin  (7.  (B.) 

Now  sin  ii  =  sin  ( J5  +  (7)  and  -  cos  -4  =  cos  {B  +  C),  [Art.  140. 

.*.  {A)  and  {B)  become 

sin  (-ff  +  (7)  =  sin  5  cos  C7  +  cos  5  sin  C7 (1), 

cos  (j8  +  (7)  =  cos  5  cos  (7  -  sin  5  sin  G (2). 

Let  B  be  the  exterior  angle  at  B. 

Then    A  =  B  -  G y  ^n  B  =  sm  B'  and  cos  5  =  -  cos  B\ 

.'.  {A)  and  (-5)  become 

sin  (5'- (7)  =  sin  5' cos  (7 -cos  5' sin  G (3), 

cos  (J5' -(7)  =  cos  ^  cos  C  +  sin^sin  G (4). 
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147.  It  should  be  observed  that,  by  the  method  of  the  last 
article,  we  have  proved  the  formulae  for  the  sine  and  cosine 
of  the  sum  and  difference  of  two  angles,  wluUever  geometrical 
value  the  mvgles  considered  may  have,  i.e.  whether  they  are  acute 
or  obtuse. 

Hence,  also,  the  formiilse  which  may  be  algebraically  derived 
from  these  are  universally  true  for  all  geometrical  angles,  viz. 
the  expressions  for  the  tangent  and  cotangent  of  the  sum  or 
difference  of  two  angles,  and  the  ratios  of  the  double  angles,  &c. 

Example,    If  A,  B,  C  are  the  angles  of  a  triangle,  express 
8in  A +sin  B+sinC 
as  a  product  of  ratios. 
The  given  expression 
=sm{i{A+B)+i{A-B)}+mn{i(A+B)-i(A^B)}+wiC 
=28in  i  (^+5)cosi  (ul- J?)  +  2sini  (7cos  i  (7 
=^2QoaiC  {coai{A-B)+coai(A+B)}y 

[•.•  sin i  (^  +5)=cos  i  (7 and  sin i  C=cos i (A+B)] 
=2cosiC.  2cosi^cos^-ff 
=4  cos  ^ -4  cosi  J?  cos  i  (7. 

148.  To  prove  the  cotamrcosec  formula: — 

cot  ^  +  cot  (7=  -  cosec  B  or  ^  cosec  C7. 
c  0 

In  fig.  (i)       ^^*  ^  =  T1  ^   *^^-  W  ^^^  ^'^~rA    * 

In  each  fig.  cot  B  =-t-j  . 

Again,  in  fig.  (i),  BL  +  CL  =  BC; 

in  fig.  (w),  BL-CL  =  BC. 
.'.in  ea>ch  case, 

^  P  ^^     BC     BC     AB 

=  -  cosec  B. 
c 

This  formula  may  be  written  in  other  forms:  thus 

6  sin  (7  b  tan  C 


tan^= 


a-b  cos  0     asecC  —  b' 
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149.  To  prove  the  cosine  formula : — 

c»  =  a^  +  b^-2ab  cos  C, 
In  fig.  (i),  (Uuc.  11.  13),  AB'  =  BG^  +  GA^^  2BC  .  CL. 
In  fig,  (ii),  (Hue.  II.  12),  A£^^B(P  +  CA^  +  2,BG  .  GL. 
Infi^.  (Hi),  {Euc.  I.  47),  AB^^BG^'  +  GAK 
But  infi^g.  (i)  GL  =  GA  cos  C, 

in  fig.  (ii)  GL--  GA  cos  (7, 

infi^.  (ii%)  0  =  C^  cos  G. 

:.  in  each  case,  AB^  =  BG^  +  GA^  -  2BG .  C^ .  cos  C, 

Le.  c^  =  a^  +  ft'*  —  2a6 .  cos  G. 

Similarly  h^  =  c^  +  a^  —  2ca .  cos  B, 

a/nd  a?  =  ¥  +  c^  —  2bc .  cos  A. 

150.  To  prove  the  sine  formula : — 

2ab  sin  (7  =  J{{a  +  6  +  c)  (a  +  6  -  c)  (c  +  a  -  6)  (6  +  c  -  a)}. 
By  the  last  a/rticle, 

2ab  cos  G  =  a^  +  b^-€^, 
.*.  2a5 (1+cos  (7)  =  (a2  +  2a6  +  62)  _c2=(a  +  6  +  c)(a  +  6-c)  (1), 
2ah  (1  -  cos  G)  =  c^-  (a^-  2a6  +  5^)  =(c  +  a  -  6)  (c-a  +  b)    (2). 
.*.  multiplying  the  above  equations  (1)  and  (2),  we  have 
4a262(l-cos2C)  =  (a  +  6  +  c)(a  +  6-c)(c  +  a-i)(6  +  c-a); 
.'.  taking  the  squa/re  root,  since  1  —  cos^  G  =  sin^  (7, 
2a6  sin  (7  =  ,y{(a  +  6  +  c)(a  +  6- c)  (c  +  a-6)(6  +  c-a)}. 

151.  To  prove  the  half  angle  formulae, 

8vace     1  +  cos  C7  =  2  cos^  \G  and  1  -  cos  (7  =  2  sin^  \G, 
substituting  in  (1)  and  (2)  of  last  article 

4a6  cos^  ^(7  =  (a  +  6  +  c)  (a  +  6  -  c), 
4a6  sin*  ^(7  =  (c  +  a-6)  (c-a  +  6). 
Dividing,  we  have 

^^  (c  +  «-6)(6  +  c-a) 

-^        (a  +  6  -H  c)  (a  +  6  -  c) 
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152.     In  the  formulie  of  the  two  preceding  articles,  it  is 
convenient  to  abbreviate  by  writing 

a  +  6  +  c  =  2«,  so  that  a  +  6  -  c  =  2«  -  2c,  and  so  on. 
Thus 

J  o6  sin  C  =  J{8 (8 -a) (a- b)  (a - c)}, 


C08-2 


-fVf^^l^}- 


Since  |  a6  sin  (7  =  area  of  triangle  =  S  (say), 

/.   S=j{8(8^a){8^b)(8-C)}, 

153.     To  prove  the  aum-^bnd-difference  formula : — 

tan  \  (A-B)  _  a-b 

isia}  {A  +  B)^  aVb' 
Assume  that  A  is  greater  than  B;  and  therefore  a  greater 
than  b. 


With  centre  (7  and  radius  CA  describe  a  semi-circle  cutting 
BG  in  B  and  BO  produced  in  E. 

,',  angle.  ADE  at  circumference  =  J  angle  ACE  at  centre 

=  i{A+B), 
:.  Single  BAB  =  ADE^ ABB     =\  (A+B)-B  =  :^  (A-^ B). 
Also  angle  BAE  in  a  semi-circle  is  a  right-angle. 
Draw  BF  parallel  to  AE,  or  at  right-angles  to  BA, 
taji  I  (A -r  B)     t&a  BAF     BF     AE     BF 
tan  i  (ul  +-B)  "  tan  ABE  ~  AB     AS~  AE 

=  -^  by  similar  triangles, 

BG-BC     a-b 
"  BG-hCE^  a  +  b' 
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154.  The  student  should  observe  that  each  of  the  identities « 
connecting    the   sides   and    angles    of    a    triangle   (except    the 
double-cosine   formula)  involves  fcmr   out   of  the   six   elements 
-4,  jB,  C,  a,  6,  c,  two  of  the  four  being  sides. 

Thus  by  means  of  these  identities  we  can  find  all  the  elements 
of  a  triangle  when  three^  including  a  side,  are  given.  [Compare 
Art.  29.] 

In  fact,  since  ^  +  -5  +  0=180*',  we  have  no  more  specific 
information  about  any  particular  triangle,  when  3  angles  are 
given,  than  when  2  angles  are  given.  Hence  a  side  must  always 
be  one  of  the  elements  given. 

155.  The  formulae  above  given  may  be  thus  classified. 
Class  I.     Involving  three  angles, 

.l  +  ^+(7=180^ 

Class  II.     Involving  three  sides  and  two  angles, 

a  =  b  cos  C  +  c  cos  B, 

Class  III.     Involving  two  sides  and  the  two  opposite  angles. 

a  sin  B  =  b  sin  Ay 

^      A-B     a-b^      A+B 

tan  —T —  = ^  tan  — ^r—  . 

2         a  +  b  2 

Class  IV.    Involving  two  sides,  the  included  a/ngle  and  amx>ther 

angle, 

c  (cot  C  +  cot  B)  =  a  cosec  B, 

c  sin  jB 

tan  (7  = ^ , 

a  —  c  cos  B 

Class  V.     Involving  three  sides  and  a/n  angle, 
€^  =  a'^  +  b^-2ab  cos  C, 
J{s(s-a)  (s -b){s-  c)}  =  ^ab  sin  (7, 

J.  T.  7 
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156.  The  substitution  of  c^sinil,  c^sin^,  dsiiiC  for  a,  6,  c 
respectively  is  often  useful  in  the  working  of  examples  on  Tri- 
angular formulae. 

Example  1.    Given  -: — i,  =  -r— 7-,  show  that  ,-—  =  , — fT^^ — A  • 

Put  6=c?sin  5,  casc^sin  C,    Then 

b - c ^d&in B -d Bin  C^sin  5-sin  C 

b-\-c^ d sin B+danC'~ Bin B+aiu  C 

^  2  8in^(^-C)cos^(^+C)^tan^(^-C) 
""  2'sini(5+C)cosi(J5- (7) ""  tani  (J5+ CO  * 

Example  2.    Show  that  tan 5  :  tan  C=a«+62-c2  :  a^-b^+<^, 
is^B     sin ^ cos  Cbcoa  C_ 2ah cos  Ca^+b^-c^ 
tan  (7     sin  (7cos^""ccosJ5""2accos  J5~a2+c2-62' 

Example  3.    Show  that  8  cos  A  cos  B  cos  C  is  never  greater  than  1. 

We  have        2cos-4  cos5=cos(-4+^)+cos(-4--B). 

Keeping  A+B  (and,  therefore,  (7)  constant,  this  has  its  greatest 
value,  when  cos(-4-J5)=l,  i.e.  when  A—B,  Hence  the  given  expres- 
sion has  its  greatest  value,  when  -4 =5= (7=60°,  i.e.  when 

8  cos -4  cos  5  cos  (7=  1. 


Examples  VI.  B. 

li  A,  B,  C  are  the  angles  of  a  triangle,  prove  the  following 
statements : — 

1.  sin(^-f^  +  (7)  =  cosJ(^  +  5-f(7)  =  0. 

2.  -cos(^  +  ^  +  C)  =  sin^(il-f  5  +  (7)  =  l. 

^      sin  il  -  sin  ^    ^      C   ^     A-B 
sin  A+BinB  2  2 

4.  tan  A  -H  tan  ^  =  sin  (7  .  sec  A  .  sec  B, 

5.  tan  A  +  tan  B  -f  tan  C  =  tan  A  .  tan  jB  .  tan  C 

*  lil  +sin^-sin(7-4sin^^.  sin  ^  jB  .  cos  |  C. 
s  -4  +  cos  ^  +  cos  (7  =  4  sin  J  il .  sin  I  ^ .  sin  J  (7  +  1. 
8  J[  -f  cos  jB  -  cos  (7  =  4  cos  ^  J[ .  cos  I  ^ .  sin  ^  (7  -  1 . 
i2A  -f  sin25  +  sin2(7  =  4sinil.sinjB.  sin  C. 
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10.  COS  2A  +  COS  2B  +  cos  2C7  =  -  4  cos  -4  .  cos  jB  .  cos  (7  -  1. 

11.  cos2JJ[+cos2iiB-cos2^C  =  2cos|^.cosJjB.sinJ(7. 

cos ^-cos^        J.C   ^      A-B 

12.     ^ J  =  cot  ^  .  tan  — _-   . 

cos  jB  +  cos  -4  2  2 

13.  tan  i  ^  .  tan  i  C  +  tan  J  C  .  tan  ^  il  +  tan  J  il .  tan  ^  jB  =  1 . 

14.  sin'  A  =  cos'  B  +  cos'  (7  +  2  cos  il .  cos  jB  .  cos  (7. 

15.  cos'  -4  +  cos'  -5  +  2  cos  -4  cos  B  cos  (7 

=  sin'  A  +  sin'  jB  -  2  sin  -4  sin  ^  cos  (7. 

16.  8  sin  J  -4  .  sin  ^  jB  .  sin  ^  (7  is  never  greater  than  1. 
In  any  triangle  ABC  prove  the  following  statements: — 

17.  tan^  =  ^ — -—^—n- 

0  -a  cos  C 

18.  6  (tan^  +  tan  (7)  =  a  tan  ^  sec  (7. 

19.  acos-4 +6cos5  +  ccos(7  =  2asinjBsin  C. 

20.  (a  +  6)  cos  C  +  (6  +  c)  cos  -4  +  (c  +  a)  cos  iB  =  a  +  6  +  c. 

21.  a(6cos(7-ccos^)=6'-c'. 

22.  a  sin'  B=b  (cos  -4  cos  .5  +  cos  (7). 

23.  a'  +  6'  +  c'  =  2ab  cos  (7  +  26c  cos  A  +  2ca  cos  B. 

24.  a6  sin'  (7  =  c  (a  cos  -B  cos  (7  +  6  cos  C7  cos  -4  +  c  cos  A  cos  ^). 

25.  iS=a  (2b  sin  jB  cos  -4  +  a  sin  2B), 

26.  2b  (1  -  sin  ^  cos  A  cosec  C)  =  a  sin  2B  cosec  (7. 

27.  2  cos  (7  (a  sin  -4  -  6  sin  B)  =  c  (sin  2jB  -  sin  2-4). 

28.  be  cos  -4  +  ca  cos  -B  +  2ab  cos  C  =  a^  +  6'. 

29.  6  sin  2-4  =  2a  (sin  C  -cosB  sin  -4). 

30.  /S^(af  6  +  c)  =  a6c(sin^cos'^J  +  sin  Jcos'J^). 

31.  (a-6)cos^(7=csini(i4-^). 

32.  a'  cos  B  +  b^  cos  (7  +  c'  cos  -4 

=  2a6  sin'  J  ul  +  26c  sin'  ^  5  +  2ca  sin'  ^  C7. 

33.  (6'-c')cos^+(c'-a')cos^+(a'-6')cosC 

=  a  cos  -4  (6  -  c)  +  6  cos  5  (c  -  a)  f  c  cos  (7  (a  -  6). 

34.  «(2a6  +  26c  +  2ca-a'--6'-c') 

=  2a6c  (cos' ^A+  cos' iB+  cos' ^  C). 
7—2 
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36.  tanJ(6«+c2-a«)  =  4^. 

37.  a  sec  -4  -  6  sec  jB  =  sec  (7  (6  sec  il  -  a  sec  -5). 

38.  Ss  =  abc  (sin  -4  +  sin  jB  +  sin  C). 
(g~a)sin»^^  _  {8 - 6) sin^  |  ^  _  (g~c)sin«^(7  _  ^ 


39, 


40.     a  sin  -5  +  6  sin  (7  +  c  sin  il 
A/        B+C  B^C\  Bf        A^C    ^       A-C\ 


A(         B+C  B-C\  B[         A  +  G     .       A-C\ 

=  cos  -^  (  C  COS  — s— +  ^  COS  — ^  1  +  COS-T  (  C  COS   Q   +  0  COS ^  j. 

If  C  is  a  right  angle,  prove  the  following  statements : — (41 — 50) 

41.     tan  B  =  cot  A.  42.     tan^l  +  tan  ^=sec  A  sec  B. 

43.     c-ha:b  =  b  ic-a,  44.     tan  2^1  +  tan  2^  =  0. 

_  .il      6  +  c  ..  .il     6  +  c 

45.     cot  -jr  = .  46.     cos'*  TT  =  -TT—  . 

2        a  2        2c 


:^^,.  48.     cosec25=^^.2^. 


47.     sec  2.5  =  ^:^— Tj .  48.     cosec  25  =  ^  +  .—  . 


49.    tan25=^^5jA?5-^.      50.     4aS''*  =  a6(r»  cos  ^  cos  5. 
sin^il-sin^jB 

51.  If  any  one  of  the  above  equations  (41 — 50)  holds,  ex- 
amine in  each  case  whether  C7  is  a  right  angle. 

52.  If,  in  any  triangle  ABG,  d,  e,  /  are  the  distances  of  the 
angles  from  the  middle  points  of  the  opposite  sides, 

53.  If  I,  m,  n  are  the  perpendiculars  from  Ay  B,  C  on  the 
opposite  sides, 

2  (Z  cos  -4  +  m  cos  jB  +  71  cos  (7)  =  a  sin  i4  +  6  sin  5  +  c  sin  C 

54.  If  BC  be  bisected  in  J)  and  produced  to  B,  cot  A  is  the 
Arithmetic  Mean  between  cot  D AC  and  cot  ACE, 

55.  If  i>  be  the  middle  point  of  BC^  H  the  point  where  the 
bisector  of  A  cuts  -5(7,  L  the  foot  of  the  perpendicular  from  A  on 
BC,  then 

^DH.DL^{b'-c)\ 
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56.  If  the  base  of  a  triangle  be  trisected,  and  k^,  k^,  k^  be 
the  cotangents  of  the  angles  which  the  parts  subtend  at  the 
vertex, 

{k,  +  k,)(k,  +  k,)  =  ^{l+k,'), 

57.  If  a,  by  c  are  in  a.  p.,  then  also  cos  Aj  vers  B,  cos  C  are 
in  A.  p. 

58.  If  a^,  b^y  <?  are  in  A.  P.,  then  also  cot  -4,  cot  B^  cot  C  are 
in  A.  P. 

Ko      ^^b'>cc    c->ra    a-^-b         .  ^,         , 

59.  If ,  — -     ,  are  in  A.  P.,  then  also 

a         0  c 

cot  A  cot  \  Ay  cot  B  cot  \  By  cot  G  cot  \  0  are  in  a.  p. 

60.  If  d^  +  6c,  b^  +  cay  c^  +  ah  are  in  A.  P.,  then  also  tan  J  Ay 
tan  ^  By  tan  ^  (7  are  in  a.  p. 

61.  If  a*  +  ft^c*,  6*  +  c*a*,  c*  +  a^b^  are  in  a.  p.,  then  also  tan  A, 
tan  By  tan  (7  are  in  A.  P. 

62.  If  AH  be  the  bisector  of  A, 

AH\{b  +  cy  =  ibc8{8-a). 

63.  If.  Xy  y,  z  are  the  perpendiculars  on  the  sides  from  any 
point  within  a  triangle, 

ax  +  by  +  cz  =  2S, 

64.  In  the  last  proposition  show  that  aP  +  y^  +  z^  is  a  mini- 
mum, when  x/a  =  y/b  =  z/c  =  28/ (a^  +  b'^  +  c^). 

[In  Examples  (65 — 69),  the  letters  a,  6,  c,  -4,  By  C  are  not 
given  as  the  elements  of  a  triangle.] 

65.  Given  that  a  =  6  cos  C  +  c  cos  jB,  6  =  c  cos  -4  +  a  cos  (7, 
c  =  a  cos  ^  +  6  cos  Ay  solve  for  cos  -4,  cos  jrf,  cos  (7. 

66.  From  the  same  equations,  show  that 

sin  -4  _  sin  ^  _  sin  (7  _  2  J{8  {a  -a)(8-  b)  (a  -  c)} 
a  b  c  abc  ' 

where  28  =  a  +  b  -hc, 

67.  Given  that 

.4+jB  +  C=  180°,   6  =  ccos-4 +acos(7,   c  =  acos jB  +  6cos J, 
show  that  a  =  6  cos  C  +  c  cos  B. 
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68.  Given  that 

6  sin  il  =  a  sin  -5,  ci  =  a  cos  B  -^-b  cos  -4,  2ab  cos  C=a^-¥b'^-  c^ 
show  that  one  value  of  ^  +  jB  +  C7  is  180°,  and  that 
6  sin  (7  =  c  sin  -5,  a  =  6  cos  C  +  c  cos  B, 

/.n      rA'        ^,    ^  sin  4      sin  ^     sin  (7      J  ^     r         j 

69.  Given  that =  — i —  = and  c  =  a  cos  B  +  b  cos  A, 

a  b  c 

find  sin  ^,  sin  B,  sin  C  in  terms  of  a,  6,  c. 

70.  If  JD  be  the  middle  point  of  BC,  and  if  AD  and  ul2>' 
make  the  same  angle  with  the  bisector  of  BAG,  then  BD'  :  D'C 
=  (T*  :  6«  and  Ji)'  :  AD=2bc  ib^  +  c". 

71.  If  Z  be  the  foot  of  the  perpendicular  from  A  on  BCf 
and  if  ilZ  and  AL'  make  the  same  angle  with  the  bisector  of 
BACy  then,  (A,  B,  C  being  in  descending  order  of  magnitude,) 

AL      BM      ON     ,       A^B       B^C       A-C     , 
AL'^BM'^W^^'''^  -f  cos -2-  cos -^-  -1. 

72.  If  D  and  E  be  points  in  BC  such  that  ^Z>  and  AE 
make  equal  angles  with  the  bisector  of  BAG,  then 

BD,BE  :GD,GE  =  c'':b\ 

73.  If6  +  c:c  +  a:a  +  6=4:5:6,  then 

sin^  :  sin^  :  sin(7  =  7  :  5  :  3,  cos-4  :  cosjB  :  cos(7  =  -7  :  11  :  13 
and  A  =  120^ 
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CHAPTER  VII. 
SOLUTION  OF  TRIANGLES  [WITHOUT  LOGARITHMS]. 

157.  We  have  shown  in  Art  29  that,  when  the  values  of 
three  elements  of  a  triangle  including  one  length  are  given, 
the  other  elements  of  the  triangle  have  a  determinate  value. 
The  process  of  finding  the  unknown  elements  of  a  triangle,  when 
a  sufficient  number  of  elements  are  given,  is  called  the  Solution 
of  Triangles, 

158.  The  solution  is  accomplished  by  means  of  the  formulae 
of  the  last  chapter.  Thus,  from  an  equation  involving  four 
elements,  the  fourth  element  may  be  found  when  three  of  them 
are  known. 

159.  We  shall  have  to  investigate  in  each  case  (1)  whether 
or  not  the  solution  found  represents  any  possible  geometrical 
triangle,  and  (2)  whether  or  not  the  solution  gives  more  than  one 
possible  geometrical  triangle. 

160.  The  condition,  algebraically  considered,  for  a  possible 
solution  is  that  any  quantity  whose  square  root  has  to  be  taken 
must  be  positive. 

The  conditions,  geometrically  considered,  for  a  possible  solution 
are  that  any  length,  any  angle,  and  the  ratio  of  any  angle 
(except  the  cos,  tan,  sec,  or  cot  of  such  angles  as  may  be  obtuse) 
must  be  represented  in  the  solution  by  a  positive  value ;  and  that 
the  sine  or  cosine  of  any  angle  must  be  represented  in  the 
solution  by  a  value  numerically  not  greater  than  1. 

Of  course  it  will  be  assumed  that  the  elements  which  are 
given  are  themselves  possible. 
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161.  There  will  be  more  than  one  solution,  algebraically 
considered,  wherever  a  square  root  has  to  be  taken;  for  before 
this  square  root  we  may  place  a  positive  or  negative  sign. 

There  will  be  more  than  one  solution,  geometrically  con- 
sidered, wherever  an  angle  has  to  be  found  from  its  sine  or 
cosecant;  for  such  an  angle  may  have  either  one  of  two  values, 
supplementary  to  one  another. 

Of  course  one  or  other  of  such  alternative  solutions  must  be 
rejected  if  it  involves  an  impossible  value  for  some  other  element. 

162.  The  chief  cases  to  be  considered  in  the  solution  of 
triangles  are  those  which  correspond  to  the  cases  of  exact  equality 
of  two  triangles  given  in  Art.  29.     These  we  will  now  consider. 

Case  I. 
Given  tvx>  angles  and  a  aide:  as  B,  C,  a. 

163.  First,  to  find  A. 

Since  A  +  B  +  C=lSO\  ,\  .4  =  180°-^-(7. 
This  determines  for  A   a  real,  i.e.  positive,  value  provided 
^  +  (7  is  less  than  180°.     (Compare  Euc.  I.  17.) 
Next,  to  find  b  or  c. 

Since 


Since 


b             a 
sin  ^     sin  ^  ' 

^  a  sin  £ 
sin  A 

c            a 

a  sin  (7 
sin  A 

sin  (7  ~  sin  il ' 

Since  all  the  values  involved  are  positive,  b  and  c  have  each 
one  real,  i.e.  positive,  value. 

164.     Or,  we  may  find  6  or  c  without  first  finding  A,     For 

since       cot  JS  +  cot  C=  t  cosec  0 ,      . .  6  =  — t—^ ^—pz . 

b  cot  JS  +  cot  G 

If  b,  instead  of  a,  had  been  given,  the  equations  for  finding  a 
and  c  would  be 

a  =  bsmG (cot B  +  cot (7),  and  c  =  — ; — ^  . 
^  '  sin  ^ 
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Case  II. 
Given  three  sides:  a,  b,  c. 

1 65.  Since  26c  cos  ^  =  6^  +  c*  -  a\ 

b^  +  c^^a* 

This  determines  for  A  a  real  value,  provided  the  above 
fraction  is  numerically  not  greater  than  1. 

(1)  Let  the  fraction  be  positive,  Le.  b^  +  c^>  a\ 
Then  we  must  have 

2bc>b^  +  (^^a^,  le,a^>{b-cf, 

i.e.  (assuming  b  not  <c)  a>b-c,  le.  a  +  ob (2). 

Moreover,  since  b  not  <c,  .*.  a  fortiori,  a  +  b^-c (3); 

and,  since  6*  +  c^  > a*,  .*.  a/ortiori,  b  +  oa,,. (1). 

(2)  Let  the  fraction  be  negative,  i.e.  a^>b^  ■\-  c^. 
Then  we  must  have 

26c>a«"6*-<r',  i.e.  (6  +  c)^ > aS  i.e.  b-^oa (1). 

Moreover, 

•/  a*-(^>6^,  but  a  — c<6,      .*.  a  +  ob (2), 

•/  a^  -  6*  >  c",  but  a  —  b<:Cy     .*.  a  +  b^c (3). 

Hence  the  condition  that  any  one  angle  A  may  be  real 
is  that,  of  the  sides  given,  any  tvx)  nvust  be  together  greater  than 
the  third,     (Compare  Euc.  I.  20.) 

166.  Or,  we  may  solve  by  means  of  the  equation 


'-i-Jt'^^Y 


f  («  -  a) 

This  determines  for  tan  ^  -4  a  real  value,  provided  that  the 
fraction  whose  root  has  to  be  taken  is  positive :  i.e.  provided  that 
tux)  or  vione  of  the  factors  «  —  a,  s-b,  s  —  c  are  negative. 

But  two  of  the  factors,  such  as  s  —  a  and  s  —  b,  cannot  be 
negative,  for  then  2«  -  a  —  6,  i.e.  c  would  be  negative. 
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Hence  none  must  be  negative:  i.e. 

28>2a  or  b  +  oa (1), 

2«>26  or  c  +  a>b. (2), 

2«>  2c  or  a  +  b>c (3). 

Moreover,  since  A  must  be  <  180°,  ^A  must  be  <  90°,  therefore 
the  positive  value  of  the  root  must  be  taken  for  tan  ^A, 

Hence  if  the  conditions  (1),  (2),  (3)  are  not  fulfilled  there  is 
no  possible  solution:  if  they  are  fulfilled,  there  is  one  possible 
solution. 


Case  III. 
Given  two  sides  and  the  included  angle:  as  b,  c,  A. 

167.     First,  to  find  a. 

Since    a^  =  b^  +  (^-  2bc  cos  A,    .'.  a  =  J{1^  +  <?'-2bc  cos  A). 

Taking  the  positive  value  of  this  root,  we  have  one  real  value 
for  a,  provided  that 

¥-\-c^-2bc  cos  -4,  i.e.  (6  -  cf  +  2bc  (1  -  cos  il)  is  positive. 

Now  since  6,  c,  and  A  are  assumed  to  be  real,  (6  -  cf  is 
positive  and  1  -  cos  A  is  positive.  Hence  there  is  always  one 
real  value  for  a. 

Next,  to  find  B  and  C,  we  have 

cosec  A  -  cot  A  and  cot  (7  =  -  cosec  A  -  cot  A. 

c 

le  real  value  for  B  and  C. 

,  to  find  B  and  G,  (assuming  6  >  c)  we  may  use 

B-G     b-c,      B+G     b-c        A 
m  — s—  =  ,     -  tan  — ^ —  =  - —  cot  ^ . 
2         6+c  2         6+c         2 

s  us  ^{B-G);  and  since  |(5  +  C)  =  90° -^il,  by 
lave  By  and  by  subtraction  we  have  G, 

6  sin  -4    . 
a  =  — r — jT  gives  us  a. 
sm  B  '^ 
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Case  IV. 
Given  two  sides  and  a  non-included  angle:  as  b,  c,  B. 
169.     Here  C  has  to  be  determined  from  the  equation 

.     ^     c  sin  B 
sin  C/  =  — 7 —  . 

0 

c  sin  JB 

(I)  Let  b<c  sin  B,  so  that  — y —  >  1 . 

Then  there  is  no  value  of  C,  such  that  sin  C  has  the  required 
value. 

.*.  there  is  no  solution. 

(II)  Let  b  =  c  sin  B,  so  that  — 7 —  =  1. 

Then  sin  (7=1,    .'.  (7  =  90^ 

and  4=  180'' -^-0=90*'-^. 

(i)     LetB  =  or>90\ 
Then  A  is  zero  or  negative. 
.'.  there  is  no  solution, 
(ii)     Let  ^<  90°. 
Then  A  is  positive, 
and  a  =  c  cos  B,  which  is  positive. 
.*.  there  is  one  solution. 

c  sm  B 

(III)  Let  b>c  sin  jB,  so  that  — 7 —  <  1. 

Then  there  are  two  values  of  C,  supplementary  to  one  another, 

whose  sines  have  the  required  value. 

.-.  C  =  Ci  (acute)  or  180°  -  G^  (obtuse)  say, 

and  A  =  lSO''-B'-C,orGj-B. 

(i)     Let  B  =  or>  90\ 

Then  the  second  value  of  A  is  negative. 

sin  (180°-^)     b 

Also  we  have — — 7= ^  =  -  . 

sin  (J I  c 
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(1)  Letb  =  or<:c. 

Then  180"-^  =  or<Ci. 

.'.  the  first  value  of  A  is  zero  or  negative. 

.'.  there  is  no  solution. 

(2)  Letb>c, 
Then  180'' -^>Ci. 

.'.  the  first  value  of  il  is  positive, 

,        6  sin  il       ,  .  ,   .  ... 

and  a  =  — ; — ^-,  which  is  positive, 
sin  jB  ^ 

,'.  there  is  one  solution. 

(ii)     Let^<90^ 

Then  the  first  value  of  il  is  positive. 

This  gives  a  =     . — ^  ,  which  is  positive. 

Also  we  have  - — -pr  =  - . 
sin  Ci     c 

(1)  Letb  =  or>c, 
Then^  =  or>(7i. 

.'.  the  second  value  of  A  is  zero  or  negative. 
.'.  there  is  only  one  solution. 

(2)  Let  6  <  c. 
Then  B  <  Cy, 

.'.  the  second  value  of  il  is  positive. 
.'.  there  are  two  solutions. 

170.     Summing  up  the  above  results : 
There  is  no  solution,  if 

in  B,  [I.] 

and  B  not  acute.     [I.,  II.  i..  III.  LI.] 

;ion,  if 

III.  i.  2,  III.  ii.  1.] 

sin  B  and  B  acute.     [III.  ii.  1,  II.  ii.] 

utions,  if 

sin  B  and  B  acute.     [III.  ii.  2.] 
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171.  The  really  Ambiguous  Case  is,  therefore,  that  in 
which 

Two  sides  and  an  angle  opposite  one  of  them  are  given: — tJie 
given  angle  being  a^yute,  and  the  suie  opposite  it  being  smaller  than 
the  other  given  side,  but  greater  than  the  product  of  thai  side  into 
the  sine  of  the  given  angle. 

172.  We  might  also  find  a  without  finding  A  or  (7. 
Thus,  since  6'  =  c^  +  a^  -  2ac  cos  B, 

solving  for  a,  we  have 

a^- 2ac  cos -B  +  <r»  cos2^  =  62_c2  +  c2  cos^  ^ 
=  62-(r»sin2^, 

:,  a=^c  cos  B  ±  7(6^  -  c"  sin^  B), 
If  then  b<.c  sin  jB,  the   values   of  a  are  algebraically  im- 


lib  =  c  sin  B,  there  is  one  value  for  a. 

If  b->c  sin  jB,  there  are  two  values  of  a,  which  are  both 
positive,  if  c"  cos^  B^b^'-c'  sin^  B,  i.e.  if  c^  >  b\ 

173.  The  student  should  observe  the  geometrical  illustration 
of  the  five  cases  considered  in  Art.  170.     Thus 

Let  AB  be  drawn  of  the  given  length  c:  make  the  angle 
ABX  of  the  given  value  B,  Then  with  centre  A  and  radius 
equal  to  the  given  length  6,  describe  a  circle.  The  point  or 
points,  if  any,  in  which  this  circle  cuts  BX  will  give  the  third 
angular  point  C 

Drawing  AL  perpendicular  to  BX,  AL  =  c  sin  B, 
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In  fig.  (1),  where  b<AL,  the  circle  does  not  cut  BX  at  all. 

In  fig.  (2),  where  B  is  obtuse,  and  5  <  c,  the  circle  does  not 
cut  BX  at  all  on  the  side  on  which  the  angle  B  is  formed  *. 

In  figs.  (3),  where  5  >  c,  the  circle  cuts  BX  in  only  one  point 
on  the  side  on  which  the  angle  B  is  formed  *. 

In  fig.  (4),  where  b  =  AL  and  B  is  acute,  the  circle  toitches  BX 
at  one  point  L, 

In  fig.  (5),  where  b  lies  in  magnitude  between  AB  and  AL,  and 
B  is  acute,  the  circle  cuts  BX  in  two  points  on  the  side  on  which 
ed. 

Other  cases  for  solution. 

cases   above   considered  are   the   most   im- 
Eingle  may  be  solved  from  other  data. 

ie  cuts  BX  at  £,  and  the  triangle  collapses  into  a 
>  solution  when  B  is  not  acute,  and  one  solution  when 
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It  is  always  necessary  that  the  value  of  one  length  at  least 
should  be  given. 

A.  few  examples  are  worked  out  below. 

Example  1.     Given  C7=120°,  a =3,  6=5,  find  c. 
We  have  c^==a^ + 6*  -  2ab  cos  (7. 

Now  cos  C= cos  120°  =  -  cos  60°  =  -  i, 

.-.  c2=a2+^H-a6  =  32+52+3.5  =  49. 

.-.  c=7. 

Example  2.     Given  ^1  =  30%  5=45°,  a—j2,  find  6  and  c. 
,     a  sin  5      2a        ,„     . 

c=a  cos  5+6cos  ^=j|  +  ^^  =  1+^3. 
Example  3.     Given  5 = 30%  6 = 3  ^2,  c = 6,  solve  the  triangle. 

.-.  J  =  180°- 5- C=  105°  or  15°, 

A                              z>.  I.        rr    6V3  .  3^2       6^3     3^/2 
and  a=ccos5+ocosC/=— |— +  - Jg- or  — ^^ J^ 

=:3(V3  +  l)or3(V3-l). 

Example  4.     If  o^  and  a2  are  the  two  values  of  a,  when  5,  6,  c  are 
given,  show  that  a^+a^^^c  cos  5. 

We  have  ai=ccos5+6cos  Cj, 

and  02=0  cos  5+6  cos  Cg, 

where  Ci ,  C2  are  supplementary,  so  that  cos  Ci=  -  cos  (72, 
.  • .  adding  Oj + aj = 2c  cos  5. 


Examples  VII. 

1.  Given  A  =  60%  6  =  7  ft.,  c  =  5  yds.,  find  a. 

2.  Given  a  =  ^13,  6  =  3,  c  =  4,  find  A. 

3.  Given  sin  C=  -6,  6  =  5,  a  =  7,  find  B. 

4.  Given  C  =  45°,  cos  B  =  -28,  c  =  5,  find  a,  6,  and  sin  -4. 

5.  Given  ^  =  30°,  5  =  4ft.,  a=  1  yd.,  find  c. 

6.  Given  a  =  2,  5  =  ^6,  c=  1  +  ^3,  find  A,  B,  C. 
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7.  Given  a  =  2,  6  =  ^2,  c  =  ^3  -  1,  find  A,  B,  C. 

8.  Given  B  =  120",  6  =  1 4,  c  =  10,  find  cos  C  and  a. 

9.  Given  a  :  6  :  c  =  44  :  117  :  125,  and  that 

sin  20°  36'  35"  =  -352,  find  A,  B,  C. 

10.  Given  (7=  18°,  a-c  =  2,  ac  =  4,  find  A  and  B. 

11.  Given  sin  C  +  cos  C  =  t,  find  B. 

0 

12.  Given  cos  C  =  ^,  cos  -4  =  ^,  find  a  :  b  :  c. 

13.  Given  a  =  10  ft.,  6  =  15  ft.,  (7=30°,  find  cotil  and  the 
area  of  ABC. 

14.  Given  a=  18,  5  =  16,  c  =  14,  find  the  distance  of  B  from 
the  middle  point  of  AC, 

15.  Given  S  =Q  sq.  miles,  a  =  3  m.,  5  =  5  m.,  find  c. 

16.  Given  A  =  30°,  and  5  :  c  =  1  :  ^3,  solve  the  triangle. 
17;     Given  (a  +  b  +  c)  {b  +  C''a)  =  36c,  find  A. 

18.  If  a  cos -4  =  6  cos  j5,  show  that  the  triangle   is   either 
isosceles  or  right-angled. 

19.  Given   a  =  193  ft.,   6  =  194  ft.,    c  =  195  ft.,    find   sin  A, 
sin  B,  sin  (7. 

20.  If  b  cos  A=a  cos  B,  show  that  the  triangle  is  isosceles. 

21.  Given   -4=75°,    (7  =  45°,    and   the   perpendicular   from 
A  on  BC  is  3  ft.,  solve  the  triangle. 

22.  Given  tan  C  cot  j5  =  5,  tan  B  tan  (7  =  9,  and  the  distance 
of  A  from  the  middle  point  of  BC  is  7  in.,  find  BC, 

2.S      Tf  f.hft  hflSA-angles  of  a  triangle  are  22 J°  and  112J°,  show 
e  its  height. 

[>i  a  triangle  are  in  A.  p.,  and  the  difference 
ents  of  the  halves  of  the  greatest  and  least 
bhat  the  cosine  of  the  remaining  angle  is  |. 
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HEIGHTS  AND  DISTAKCES. 

175.  The  formulae  of  Chapter  VI.  connecting  the  sides  and 
angles  of  a  triangle  are  of  practical  use  in  enabling  us  to  calcu- 
late lengths  and  angles,  which  cannot  be  directly  measured.^ 

Many  objects  in  space  are  absolutely  or  practically  inac- 
cessible, though  visible  to  the  eye.  In  order  to  determine  the 
distances  of  such  objects  from  any  others  we  Require  to  measure 
directly 

(1)  The  distance  between  some  pair  of  accessible  points. 

(2)  The  a/ngle  between  the  lines  drawn  from  the  eye  to  some 
pair  of  visible  points. 

By  means  of  suitable  instruments  an  angle  can  be'  measured 
with  greater  accuracy  than  a  length.  Hence  it  is  usual  to  make 
our  calculations  depend  on  the  measurement  of  a  single  length 
and  of  as  many  angles  as  are  necessary. 

176,  The  angle  made  with  the  horizontal  plane  by  the  line 
joining  the  eye  tQ  an  object  is  called  its  angle  of  elevation 
[or,  briefly,  its  elevation]  when  it  is  above  the  observer;  its 
angle  of  depression  [or,,  briefly,  its  depression]  whea  it  is  below 
the  observer. 

J.  T.  8 
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177.  To  express  the  relcUion  between  the  (vertical)  height  and 
the  (horizontal)  distance  o/an  object. 

Let  F  be  any  object,  A  the  position  of  the  observer,  FH  the 
vertical  line  through  P,  and  AI^  the  horizontal  line  through  A 
drawn  to  meet  FJ^.     (See  first  fig.  of  Art.  179.) 

The  angle  NAF  is  the  angle  of  elevation  of  P,  and  the  angle 
ANF  is  a  right  angle :  thus 

AI^ 

-j^  =  cot  J^AF,     .\  distance  =  height  x  (cot  of  elevation), 

IfF 

-j^=  tan  I^AF,     ,%  height  =  distance  x  (tan  of  elevation). 

These  results  are  very  important. 

Example  1.  The  angle  of  elevation  of  a  tower  130  ft.  high  is  observed 
to  be  60^    Find  the  distance  of  the  tower  from  the  point  of  observation. 

Here  the  angle  NAF=-60%  and  irP=130ft^ 

'.-.  ui#=iVP.cotirilP=130fb.xcot60* 

= 57-73  fb.  + 17-320  a 
=75  ft.  nearly. 

Example  2.  A  man,  standing  on  the  top  of  a  tower  and  looking  in 
a  direction  perpendicular  to  the  length  of  a  river,  which  is  140  ft.  wide, 
observes  that  the  angles  of  depression  of  the  two  banks  of  the  river  are 
45°  and  30°.    Find  the  height  of  the  tower. 

Let  A  be  the  further,  B  the  nearer  bank  of  the  river;  P,  the  point 
of  observation ;  and  FN  the  vertical  through  F,    (See  fig.  of  Art.  179.) 

Then  angle  FBN=4b%  and  angle  P^iV=30°;  and  ^5=140  ffc. 

Now         •.•  P5ir=45°  and  FJVB^90%  .-.  BN=^FN. 

Let  FN  or  BN^x.    Then  AN=^AB-¥BN^\4Q  ffc.+^, 

,  AN       ^^^,  ,     ^+140  ft.      ,, 

and  -75irr=cot  30  ,  i.e. =v3, 

FN  '  X  ^  ' 

=  191-24  ft.  =  191 J  ft.  nearly. 
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178.  The  values  of  the  trigonometrical  ratios  of  any  angles 
are  to  be  found  in  published  tables.  If  any  ratio  cannot  be 
found  by  the  elementary  geometrical  methods  of  Chapter  IV. 
reference  must  be  made  to  these  tables. 

179.  To  find  the  Jieight  cmd  distance  of  an  inaccessible  object, 

P  P 


Let  P  be  the  top  of  an  object,  FN  the  vertical  through  P. 

Let  Af  B  he  two  points  of  observation,  the  distance  between 
^which  is  measured. 

(1)  Suppose  ABN  to  be  in  a  straight  line,  so  that  A,  B,  N,  P 
are  in  the  same  vertical  plane. 

At  A  and  B  measure  the  angles  of  elevation  NAP,  NBP. 

Then  the  angle  PBA  is  the  supplement  of  NBP, 

(2)  Suppose  ABN  not  to  be  a  straight  line. 

At  A  measure  the  angles  NAP,  BAP-,  and  at  B  measure  the 
angle  PBA. 

Then,  both  in  (1)  and  (2),  in  the  triangle  PAB,  the  side  AB 
and  the  angles  PAB,  PBA  are  known,  .'.  AP  can  be  calculated, 

:,  in  the  right-angled  triangle  PAN,  AP  and    lNAP  are 
known,  .*.  AN  and  PN  cam,  be  calculated. 

8—2 
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180.     To  find  the  distcmce  between  two  visible  objects. 

Q 


Let  P  and  Q  be  the  two  objects;  A  and  B  two  points  of 
observation. 

Measure  AB. 

At  A^  measure  the  angles  PAB^  QAB. 

At  jB,  measure  the  angles  PBA^  QBA, 

Also  if  the  triangles  PAB,  QAB  are  not  in  the  same  plane, 
measure  the  angle  PAQ, 

Then,  in  triangle  PAB',  AB,  l  PAB,  and  lPBA  are  known; 
.\  AP  can  be  calculated. 

In  triangle  QAB;  AB,  i  QBA,  and  i  QAB  are  known; 
.'.  AQ  can  be  calculated. 

Lastly,  in  triangle  PAQ;  AP,  AQ  and  i  PAQ  are  known; 
.*•  PQ  can  be  calculated, 

181.  In  working  problems,  which  involve  points  not  all  in 
one  plane,  it.  is  often  useful  to  employ  a  figure  in  which,  for 
points  not  in  the  observer's  horizontal  plane,  are  substituted  the 
feet  of  the  perpendiculars  from  them  on  that  plane. 

Thus,  if  P  is  any  point  not  in  the  horizontal  plane  containing 
two  points  of  observation  A  and  B,  draw  PN  perpendicular  upon 
that  plana 

Then  (by  Art.  177)  we  have 

AN=  PNx  (cot  of  elevation  of  P  at  -4),  - 

BN^PNy^  (cot  of  elevation  of  P  at  B),         ■ 
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Example.  At  A  and  B^  the  angles  of  elevation  of  an  object  P  are 
observed  to  be  a  and  j3  respectively.  The  distance  between  A  and  B 
is  c:  and  the  angle  between  AB  and  the  line  joining  A  to  the  foot  of 
P  is  a    Find  the  height  of  P. 

Let  iV  be  the  foot  of  P,  and  PN=^x, 
Then  in  the  triangle  ABN  we  have 

AB=-CyAN^xQoiayBN^scQotfi\   iBAN^^B. 

Thus  BN^^AE^-^-AN^-^AB.  AJ^.coad, 

Le,  a^  cot^  /3=c2 +^  cot^  a  -  2cx  cot  a  cos  ^, 
/.  a;2  (cot2 /3-cot2  a)  H-Saa?  cot  a  cos  ^=c2, 
.a  quadratic  equation  giving  x. 


Examples  VIIL 

1.  At  a  point  866  ft.  from  the  base  of  a  column,  the  angle  of 
elevation  of  its  summit  is  observed  to  be  30'.  Find  the  height 
of  the  column. 

2.  From  the  top  of  a  hill  the  angle  of  depression  of  an  object 
on  the  ground  is  observed  to  be  60°.  The  hill  being  1732  ft. 
high,  find  the  distance  of  the  object  from  the  point  where  the 
vertical  line  through  the  top  of  the  hill  would  cut  the  ground. 

3.  A  man  5  ft.  10  in.  high  observes  that  his  shadow  from  a 
lamp  3  yds.  4  in.  high  is  1  yd.  9  in.  What  is  his  distance  from 
the  lamp? 

4.  A  tower  50  ft.  high  stands  on  a  mound  ;  from  a  point  on 
the  ground  the  angles  of  elevation  of  the  top  and  bottom  of  the 
tower  are  observed  to  be  75**  and  45°  respectively;  find  the  height 
of  the  mound. 

5.  The  angle  of  elevation  of  a  balloon  from  a  station  due 
north  of  it  is  45**,  and  from  a  station  at  a  mile  due  east  of  the 
former  station  it  is  30°.  Find  the  height  of  the  balloon  and  its 
distance  in  a  straight  line  from  the  second  station. 

6.  A  man,  walking  along  a  straight  road  at  the  rate  of  3^ 
miles  an  hour,  observes  that  a  house,  whose  direction  J  hr.  ago 
made  an  angle  of  45°  with  the  road,  is  now  directed  at  an  angle 
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of  75**.     Find  how  long  he  will  take  to  reach  the  nearest  point  on. 
the  road  to  the  house  and  how  distant  the  house  will  then  be. 

7.  At  two  points,  400  ft.  apart,  on  the  bank  of  a  straight  river^ 
the  direction  of  an  object  on  the  other  bank  is  observed  to  make 
with  the  first  bank  angles  equal  to  72**  and  36**  respectively. 
Find  the  breadth  of  the  river,  and  the  distance  of  the  object  from 
the  first  point  of  observation. 

8.  At  two  points  A  and  B^  at  a  distance  c  apart,  the  angles 

of  elevation  of  an  object  P  are  observed  to  be  a  and  p  respectively. 

The  straight  line  AB  is  horizontal  and  the  plane  ABP  is  vertical* 

Show  that  the  height  of  P  above  the  horizontal  plane  through. 

ABia 

c 

cot  a  -'  cot  p ' 

9.  At  two  points  A  and  B,  at  a  distance  c  apart,  the  angles 
of  elevation  of  an  object  P  are  observed  to  be  a  and  ft  respectively. 
The  plane  ABP  not  being  vertical,  it  is  observed  that  the  differ- 
ence of  the  angles  BAP  and  ABP  is  90**.     Show  that  the  height 

of  Pis 

c  ^(cosec*  a  +  cosec*  ft) 
cosec*  a  ^  cosec^  fi 

10.  An  object  2b  feet  high,  placed  on  the  top  of  a  tower, 
subtends  an  angle  a  at  a  place  whose  horizontal  distance  from  the 
foot  of  the  tower  is  b  feet;  show  that  the  height  of  the  tower  is 

5{V(2cota)-l}. 

11      TVio  anrrioo  of  elevatiou  of  a  tower  from  three  points 
t  line  are  observed  to  be  ct,  )8,  y  respectively. 
iB  =  c,  show  that  the  height  of  the  tower  is 
ctbc  \ 


% 


cot*  a  -  6  cot*  P  +  c  cot*  y/  * 

:  three  equal  storeys  is  observed  from  three 
straight  line.  It  is  found  that  (when  looking 
ae  on  the  house)  the  angle  of  elevation  of  the 
rey  at  A  is  equal  to  that  of  the  top  of  the 
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middle  storey  at  B  and  to  that  of  the  top  of  the  highest,  storey 
at  C.  If  AB  =  a,  BC  =  h,  show  that  the  distance  of  A  from 
the  foot  of  the  vertical  line  is 


ndb{a-¥h)\ 


13.  In  the  last  question  find  the  cosines  of  the  angles  sub- 
tended by  ABy  BCy  and  AC  respectively  at  the  foot  of  the  vertical 
line;  and  show  that  if  -45  =  2 .  BC  and  if  a,  )8  are  the  angles 
subtended  by  AB,  BG  respectively,  then 

(1)  j8  is  the  supplement  of  2a. 

(2)  12  cos  a  =  72  vers  )8=1. 

14.  The  angle  of  elevation  of  the  top  of  a  mountain  from  a 
point  at  its  base  is  observed  to  be  y.  A  path  leads  directly  from 
that  point  to  the  top,  being  for  some  distance  inclined  to  the  hori- 
zon at  an  angle  a  and  for  the  remainder  of  the  distance  at  a 
greater  angle  p.  At  the  point  where  the  path  becomes  steeper, 
the  vertical  altitude  is  found  by  the  barometer  to  be  a.  Show 
that  the  height  of  the  mountain  is 

a(cot  a  — cot)8) 
cot  y  -  cot  P 

15.  A  vertical  stick  casts  a  shadow  of  length  h  from  a  lamp 
upon  a  horizontal  plane.  The  horizontal  and  vertical  distances 
of  the  bottom  of  the  stick  from  its  shadow  are  a  and  c  respectively. 
If  the  stick  subtends  equal  angles  at  the  two  ends  of  its  shadow, 
show  that  the  height  of  the  lamp  is 

cibc 

16.  An  object  is  observed  at  three  points  Ay  By  G  lying  in  a 
horizontal  line  which  passes  directly  underneath  the  object.  The 
angles  of  elevation  at  -4,  j5,  G  are  a,  2a,  3a  respectively.  If 
AB  =  a,  BG  =  by  show  that  the  height  of  the  object  is 

If  tan  a  =  f ,  show  that  13a  =  236. 
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17.  From  a  point  on  a  hill-side  of  constant  inclination,  the 
altitude  of  the  highest  point  of  an  obelisk  at  the  top  of  the  bill  is 
observed  to  be  a :  a  feet  nearer  the  top  of  the  hill  it  is  p.  Show 
that  if  0  be  the  inclination  of  the  hill,  the  height  of  the  obelisk  is 

asin(a-^)sin(ff-^) 
sin  ()5  -  a)  cos  ^ 

18.  A  and  B  are  50  yards  apart,  G  midway  between  them. 
From  a  point  B,  it  is  observed  that  AG  subtends  an  angle  of  60° 
and  C£  an  angle  of  30°.     Find  the  distance  BD. 

19.  A  vertical  tower  c  ft.  in  height  stands  on  the  top  of  a 
hill.  A  and  B  are  two  points  in  the  same  horizontal  plane  at 
the  foot  of  the  hilL  From  A  the  tower  Kes  due  north  and 
the  angular  elevation  of  its  base  and  top  are  a  and  p.  From  B 
the  tower  lies  due  west  and  the  angular  elevation  of  its  top  is 
45".     Show  that 

.  P         c  cos  a 
Sin  {p  -  a) 

20.  A  is  the  top  of  a  tower,  B  and  G  are  points  in  the 
horizontal  plane  on  which  it  stands.  The  elevations  of  ^  at  ^ 
and  G  are  p  and  y  respectively;  and  the  angle  subtended  at  A  by 
BG  is  cu     Show  that 

cot  ABG  =  sin  y  cosec  a  cosec  p-Qot  a, 
cot  AGB  =  sin  P  cosec  a  cosec  y  —  cot  a, 

21.  A  person  walking  along  a  straight  road  observes  that 
the  greatest  angle  which  a  building  subtends  is  a.  From  this 
point  he  walks  a  distance  c,  and  the  front  of  the  building  is  now 
just  along  his  line  of  sight  making  an  angle  P  with  the  road. 
Show  that  the  length  of  the  building  is 

c  sin  a  sin  )8  sec  J  (P  +  a)  sec  ^  (p  —  a). 

22.  A  man,  standing  at  a  point  close  to  the  side  of  a  base 
of  a  pyramid  whose  base  is  square  sees  the  sun  disappear  over  an 
edge  of  the  pyramid,  half-way  along  it.  Show  that,  if  a  and  b 
are  the  distances  of  the  man  from  the  two  ends  of  the  side  at 
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which  he  is  standing,  and  0  the  altitude  of  the  sun,  the  height  of 
the  pyramid  will  be 

23.  A,  B,  C  are  three  points  in  a  horizontal  plane  forming 
an  isosceles  triangle  right-angled  at  C,  and  AB  =  c.  At  A,  B,  C 
the  angles  of  elevation  of  an  object  P  are  ol,  a,  ^  respectively. 
Find  h  and  show  that  p  cannot  be  less  than  the  angle  whose 

.  .  .    tan  a 

tangent  is  — t^-  . 

24.  Three  mountain  peaks  A,  By  C  appear  to  the  observer  to 
"be  in  a  straight  line,  when  he  stands  at  each  of  two  places 
P  and  Q  in  the  same  horizontal  line.  The  angle  subtended  by 
AB  and  BO  at  each  place  is  a;  and  the  angles  AQF,  CPQ  are 
<l>  and  }ff,         . 

Prove  that  the  heights  of  the  mountains  are  as 
cot  2a  +  cot  i/r :  J  tan  a  (cot  a  +  cot  i/r)  (cot  a  +  cot  <^) :  cot  2a  •»-  cot  <^; 
and  that  if  QB  cut  AC  in  i>, 

AC=^  CBx  sin  2a  (cot  a  +  cot  ^). 

25.  A  man  standing  on  a  plane  observes  a  row  of  equal  and 
equidistant  pillars,  the  10th  and  17th  of  which  subtend  the  same 
angle  as  they  would  if  they  were  in  the  position  of  the  first  and 
were  respectively  J  and  J  of  the  height.  Show  that,  neglecting 
the  height  of  the  eye,  the  line  of  the  pillars  is  inclined  to  the  line 
drawn  to  the  first  at  an  angle  whose  secant  is  nearly  2*6. 
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CHAPTER  IX. 
THE  GEOMETRY  OF  THE  TRIANGLR 

182.  In  this  chapter  will  be  given  the  most  fundamental 
propositions  on  the  circles  and  centres  of  a  triangla 

For  the  sake  of  avoiding  repetition,  the  following  mode  of 
lettering  will  be  consistently  adopted.  (Explanation  of  the  terms 
will  be  given  in  the  course  of  the  chapter.) 

The  triangle  considered  ABC,  The  middle  points  of  the  sides 
i>,  Ey  F.  The  feet  of  the  perpendiculars  L,  M,  N.  The  points 
of  contact  with  the  inscribed  circle  X,  F,  Z.  The  centre  of  the 
inscribed  circle,  /.  The  centre  of  the  circumscribed  circle,  S. 
The  centre  of  gravity,  G.  The  orthocentre,  0,  The  centre  of 
the  cosine  circle,  JT.  The  centre  of  the  nine-points  circle,  T, 
The  centre  of  the  Lemoine  and  Brocard  circles,  V,  The  middle 
points  of  AO,  BO,  GO]  P,  Q,  E,  The  centres  of  the  escribed 
circles  7^,  /g,  /g.  Their  points  of  contact  with  the  sides  -Ti,  F^, 
Zi,  <fec. 

Antipa/rallda, 

183.  Def,  Two  lines  are  said  to  be  antiparallel  with 
respect  to  any  angle,  when  the  inclination  of  one  to  one  of  the 
lines  containing  the  angle  is  equal  and  opposite  to  the  inclination 
of  the  other  to  the  other  of  the  lines  containing  the  angle. 
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Thus,  in  the  figure,  BC,  BG  are  antiparallel  with  respect  to 
the  angle  il:— the  angles  ABC,  ABC  being  equal  and  opposite* 
to  one  another. 

It  follows  that  the  angles  C'BG^  C'FC  are  together  equal  to 
two  right  angles;  and,  therefore,  the  quadrilateral  BGBC  is  in- 
scribable  in  a  circle.    Hence  antiparallels  might  be  thus  defined : — 

Tvx)  opposite  sides  of  a  quadrilateral  inscribable  in  a  circle  are 
said  to  he  antiparallel  tvith  respect  to  tlie  angle  contained  by  the 
other  two  opposite  sides. 

The  following  statements  are  obvious : — 

Lines  which  are,  with  respect  to  any  angle,  antiparallel  to  the 
same  line  are  parallel  to  one  another. 

Through  any  point,  one  and  only  one  line  can  be  drawn 
which  is,  with  respect  to  any  angle,  antiparallel  to  another  line. 

These  statements  are  sufficient  to  indicate  the  analogy  be- 
tween antiparallels  and  parallels. 

•  That  is,  BO  has  revolved  from  BA  in  the  opposite  direction  to  that  in 
which  B'C  has  revolved  from  B'A, 
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184.  Another  mode  of  defining  antiparallels  is  the  following: 

Two  lines  are  said  to  be  oMipa/ralld  with  respect  to  two  other 
lines  when  the  bisectors  of  the  angles  between  the  first  two  are 
in  the  same  directions  as  the  bisectors  of  the  angles  between  the 
second  two. 

Thus,  in  the  figure,  the  lines  BG^  BC  are  antiparallel  with 
respect  to  the  lines  BC\  BG\  for  the  bisector  of  the  obtuse  angle 
between  BC  and  BG'  is  in  the  same  direction  as  the  bisector  of 
the  acuAe  angle  between  BG'  and  BG\  and  the  bisector  of  the 
4xcute  angle  between  BG  and  BG'  is  in  the  same  direction  as  the 
bisector  of  the  obtuse  angle  between  BG'  and  BG. 

This  will  become  clear  if  parallels  to  the  four  lines  BGy  BC\ 
BG\  BG  be  drawn  through  any  point  0. 

It  is  clear  that  the  relations  between  the  pair  BGy  BO'  and 
the  pair  BG',  BG  are  reciprocal. 

It  should  be  observed  that,  if  the  angles  ABGy  AGB  are  equal, 
the  antiparallels  to  BG  with  regard  to  A  become  pa/rallela  to  BG. 

185.  The  following  proposition  is  important : — 

A  line,  drawn  from  the  vertex  of  an  angle,  cuts  any  two 
parallel  intercepts  of  the  angle  in  the  same  ratio. 

This  follows  at  once  from  Euc.  VI.  4. 

In  particular: — ^The  line,  drawn  from  the  vertex  of  a  triangle 
to  bisect  the  base,  bisects  all  the  parallels  to  the  base. 

When  an  antiparallel  to  a  side  of  a  triangle  is  spoken  o^ 
the  antiparallel  must  be  understood  to  be  drawn  tuith  respect  to 
the  amgle  opposite  that  side. 

Thus,  in  considering  the  triangle  ABG  of  the  figure  of  Art. 
183,  BG  is  called  an  antiparallel  to  the  side  BG  (without  specify- 
ing the  angle  A). 

Since  the  antiparallels  to  a  side  are  parallel  to  one  another, 
the  line  from  the  opposite  angle  bisecting  one  of  them  will  bisect 
all. 
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Centres  of  Similitude. 

186.  Dep.  The  point  which  divides  the  distance  between 
tlie  centres  of  two  circles  internally  (or  externally)  in  the  ratio  of 
1>lie  radii  of  the  circles  is  called  the  internal  (or  external)  centre 
of  similitude  of  the  two  circles. 

Prop.  The  line  joining  the  extremities  of  any  two  parallel 
radii  of  two  circles  cuts  the  line  of  their  centres  in  one  or  other 
of  the  centres  of  similitude. 

For,  let  0,  0  be  the  centres  of  two  circles,  and  OR,  or  two 
parallel  radii.  Let  Rr  cut  Oo  in  S,  Then  the  triangles  ROSy 
ToS  are  equiangular ; 

.*.   OS  :  oS=OR  :  or,       .'.  S  is  a  centre  of  simUitvde, 

If  Rr  is  a  common  tangent  of  the  two  circles,  OR  and  or  are 
both  at  right  angles  to  Rr]  and  are,  therefore,  parallel:  hence, 
a  common  tangent  to  two  circles  cuts  the  line  of  their  centres  in  one 
or  other  of  the  centres  qfsimilitvde. 

Cor.  If  the  circles  do  not  cut,  there  is  a  pair  of  common 
tangents  through  each  centre  of  similitude,  the  angle  between 
which  is  bisected  by  the  line  of  centres.  / 

Hence  the  two  common  tangents  through  one  centre  of  similitude 
are  antiparallel  with  respect  to  the  angle  formed  by  the  two  common 
tangents  through  the  other  centre  of  similitude. 


Pole  and  Pohn'. 

187.  Def.  The  point  of  intersection  6i  the  tangents  to  a 
circle  drawn  from  the  extremities  of  any  chord  is  called  the  pole 
of  the  chord :  and  the  chord  is  called  the  polar  of  the  point  of 
intersection. 
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The  inscribed  circle, 

188.     Prop.  I.     The  internal  angular  bisectors  of  a  triangle 
meet  in  a  point 


Let  BI,  CI — bisectors  of  B  and  C — cut  in  /.    AI  shall  bisect  A, 

For,  draw  /X,  /F,  IZ  perpendiculars  on  the  sides. 

Then,  the  triangles  BXI^  BZI  having  a  common  side  BI  and 
two  angles  of  the  one  equal  to  two  angles  of  the  other,  are  equal 
in  all  respects,  so  that  IX  =  IZ, 

Similarly /X=/r,   :,  lY^IZ, 

Therefore,  the  triangles  AZI^  A  YI  having  each  a  right  angle 
and  two  sides  of  the  one  equal  to  two  sides  of  the  other,  are  equal 
in  all  respects,  .*.  I  A  bisects  A, 

Since  /X,  /F,  IZ  are  equal  and  are  perpendicular  to  the 
jentre  of  the  circle  of  radius  IX  which  touches 
'  internally.  That  is,  I  is  the  centre  of  the  in- 
BC, 

The  Escribed  Circles, 

I.     The  bisectors  of  two  external  angles  and  the 
mning  internal  angle  meet  in  a  point. 


Digitized  by  VjOOQIC 


THE  GEOMETRY  OF  THE  TBIANQLE* 

A 


Let  Bl^y  Gil — bisectors  of  the  external  angles  at  B  and  0— 
cut  in  /i.     All  shall  bisect  A, 

For,  drawing  perpendiculars  /i-Zj,  /iFj,  IiZi  upon  the  sides, 
we  may  prove  precisely  as  in  the  last  proposition,  that  IiXi  =  /jFi 
^Ii^ij  andi  therefore,  IiA  bisects  BAG, 

Since  the  perpendiculars  from  /^  on  the  sides  are  equal  to  one 
another,  /.  /j  is  the  centre  of  the  circle  touching  AB,  AG  pro- 
duced and  BG  externally.  This  circle  is  called  an  Escribed  Gircle 
of  the  triangle. 
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OoR.  I.  The  thi^  sides  of  the  triangle  are  common  tangents 
of  the  inscribed  and  escribed  circles;  and  the  three  vertices  are 
centres  of  similitude  of  pairs  of  these  circles. 

Thus  the  vertex  A  is  the  external  centre  of  similitude,  of  the 
inscribed  circle  and  the  ^-escribed  circle,  and  the  mtemal  centre 
of  similitude  of  the  B-  and  (7-escribed  circles. 

OoR.  II.  If  the  irUemal  bisector  A II^  of  A  cut  BC  in  ZT,  since 
HIXy  HlyXi  are  similar  triangles,  IH  :  I^H^IX  :  I^xi  •*•  ^  ^ 
the  vrd&TMd  centre  of  similitude  of  the  inscribed  circle  and  the 
il-escribed  circla 

[Similarly,  if  the  extemcU  bisector  I^AI^  of  A  cuts  BG  in  -ffj^ 
Hi  is  the  external  centre  of  similitude  of  the  B-  and  C-escribed 
circles.] 

CoR.  IIL  The  fourth  common  tangent  of  the  inscribed  and 
the  il-escribed  circles  passes  through  ff  and  is  antiparallel  to  BC 
(with  respect  to  A), 

[Similarly  the  fourth  common  tangent  of  the  B-  and  (7-escribed 
circles  passes  through  ff^  and  is  antiparallel  to  BC] 

Cor.  IV.  The  fourth  common  tangent  of  the  inscribed  and 
the  il-escribed  circles  cuts  off  from  AB  and  AC  parts,  measured 
from  Ay  equal  to  AC  and  AB  respectively. 

[Similarly  the  fourth  common  tangent  of  the  B-  and  (7-escribed 
circles  cuts  off  from  BA  and  GA  produced  parts,  measured  from 
A,  equal  to  AC  and  AB  respectively.] 

CoR.  V.  Since  BI,  BI^  bisect  two  adjacent  supplementary 
angles  at  B,  IBI^  is  a  right-angle.  Hence  the  circle  on  11^  as 
diameter  passes  through  B  and  (7,  and  .'.  the  perpendiculars 
IX ^  IiXi  from  the  extremities  of  this  diameter  cut  off  equal  seg- 
ments froin  the  chord  BC ; 

:.BX  =  CXi  and  CX^BX^. 
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The  Gi/rcwmscrihed  Circle, 

190.     Prop.  III.     The  straight  lines  which  bisect  the  sides  of  a 
tricungle  at  right-angles  meet  in  a  point. 


Let  D,  U,  F  be  the  middle  points  of  the  sides  of  ABC 

Let  i^/S,  E8 — ^perpendiculars  on  AB^  AC — cut  in  &, 

DS  shall  he  perpendicular  to  BC 

For,  join  AS,  BS,  CS.  Then,  the  triangles  BFS,  AFS  having 
FS  common,  and  BF=^AF,  and  the  angle  BFS=^  the  angle  AFS, 
are  equal  in  all  respects;  so  that  BS=  AS. 

Similarly  CaS'=.1i^,   :.BS  =  CS. 

.'.  the  triangles  BDS,  CDS  having  the  three  sides  of  one 
equal  to  the  three  sides  of  the  other,  are  equal  in  all  respects. 

.*.  DS  is  at  right-angles  to  BC. 

Since  AS,  BS,  CS  are  equal  to  one  another,  /.  S  is  the  centre 
of  the  circle  drcumscriMng  ABC. 

If  the  triangle  is  obtuse-angled,  the  circumcentre  falls  out- 
side the  triangle,  on  the  side  remote  from  the  obtuse  angle. 

CoR.  Since  the  tangent  at  A  to  the  circumcircle  makes  with 
AB  an  angle  equal  to  the  angle  BCA  in  the  opposite  segment, 
.*.  it  is  a>ntipa/rallel  to  BC.  But  the  radius  SA  is  perpendicular 
to  the  tangent  at  -4.  .'.the  lines  SA,  SB,  SC  a/re  perpendicular 
respectively  to  tJie  antiparallels  to  the  sides. 

J.  T.  9 
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The  OrthocerUre, 

191.     Pbop.  IV,     The  perpendicula/ra  to  the  sides  from  the 
opposite  angles  meet  in  a  point. 


Let  BMj  CN — perpendiculars  on  AC,  AB — cut  in  0;  and  let 
AO  cut  BC  in  Z.     OL  shall  be  perpendicular  to  BG, 

For,  join  MN,  Then,  the  angles  ANO,  AMD  being  right- 
angles,  a  circle  goes  round  AMON;  .'.   l.  NM0  =  NAO, 

And  the  angles  BNG,  BMC  being  right-angles,  a  circle  goes 
round  BJ^MC;  .'.   i  NMB^NGB]  :.  l  NAO^NGB. 

,\  the  triangles  BAL,  BGN  having  two  angles  of  one  equal 
to  two  angles  of  the  other,  the  third  angles  BLA,  BNC  are  equal. 

But  BNC  is  a  right-angle,  /.  also  BLA  is  a  right-angle. 

The  point  0  is  called  the  Orthocentre  of  the  triangle  ABC. 

If  the  triangle  is  obtuse-angled,  the  orthocentre  falls  outside 
the  triangle,  and  within  the  space  formed  by  producing  through 
the  obtuse  angle  its  two  containing  sides. 

Cob.  I.  Since  a  circle  goes  round  BNMC,  .*.  the  sides  of  the 
triangle  NML  are  antiparallels  to  the  sides  of  the  triangle  ABC, 

CoR.  II.     Since  angle  NMO  =  NAO  =  complement  of  B, 
and  angle  LMO  =  LCD  =  complement  of  B, 
:.  0  is  the  centre  of  the  circle  inscribed  in  LMN, 

CoR.  III.  Since  AB,  AG  are  perpendicular  to  ON,  OM 
respectively,  /.  A,  B,  G  are  the  escribed  centres  of  LMN. 
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The  Centre  of  Gravity, 

192.     Prop.  V.     The  hiaectora  of  the  sides  drawn  from  the 
opposite  angles  meet  in  a  point. 

A 


B 

liCt  Dy  Uy  F  hQ  the  middle  points  of  the  sides  of  ABC,  Let 
BB,  OF  cut  in  ^.     AG,  GD  shaU  be  in  one  straight  line. 

For,  because  BF=  AF, 

,',  the  triangles  BCF,  ACF  b.tq  equal;  and  also  the  triangles 
BGF,  AGF  are  equal,  ,\  the  remainders  BGG,  AGC  are  equal 

Similarly,  BGC,  AGB  are  equal,  .*.  AGB  =  AGC, 

And  because  BD  =  CD,  .*.  BGD  =  CGD. 

:,  AGB,  BGD  are  together  equal  to  AGC,  CGD. 

That  is,  the  lines  AG,  GD  bisect  the  triangle  ABC, 

But  the  straight  line  AD  bisects  the  triangle  ABC, 

:,  the  lines  AG,  GD  coincide  with  the  straight  line  AD, 

The  point  G  is  the  Centre  of  Gravity  of  the  triangle  ABC, 

CoR.  I.     Joining  DE,    •/   AF  :  EC  ^  BD  :  DC,   .',   DE  is 
parallel  to  AB,     .'.  the  triangles  ABC,  EDC  are  similar, 
.-.  AB  :DE=BC  :  DC.     But  BC  =  twice  DC, 

:.  the  sides  of  the  triangle  DBF  are  half  those  of  ABC,  aiid  its 
amgUs  a/re  equal  to  those  of  ABC. 

CoR*  II.     Also  the  triangles  AGB,  GDE  are  similar, 

.-.  AG  :  GD^AB  :  DE. 
.',  AG  =  twice  GD:  or,  G  trisects  the  distances  AD,  BE,  CF. 

9—2 
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The  Cosine  Circle. 

193.     Prop.  VI.     The  bisectors  of  the  antiparallels  to  the  sides 
drawn  from  the  opposite  angles  meet  in  a  point. 


Let  BK^  CK — bisectors  of  the  antiparallels  to  uiC  and  AB — 
cut  in  K.     AK  shall  bisect  the  antiparallels  to  BC 

Through  K  draw  ^Ky',  yKa\  aK^  antiparallel  to  BC,  CA, 
AB  respectively ;  so  that  the  angles  at  a  and  at  a'  equal  A  ;  those 
at  ^  and  at  p!  equal  B  \  and  those  at  y  and  at  y  equal  (7. 

.-.  Ka  =  Ka!]  K/B  =  KI3';  &iidKy  =  Ky'. 

■  *  larallels  to  C7^,  .*.  Zy  =  Za'. 

parallels  to  AB,  .*.  Ka  =  Kff. 

Kfi=:Ky\ 

Is  to  BC. 
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Since  Ka  =  Ka  =Kp^K^  =  Xy  =  Ky\  /.  the  circle  with 
centre  K and  radius  Ka  passes  through  a,  a,  p,  Py  y,  y\  This  is 
known  as  the  Cosine  Circle,  It  is  a  unique  circle,  as  regards  the 
triangle,  in  possessing  the  property  of  cutting  the  sides  at  the 
extremities  of  three  dia/metera. 

The  construction  shows  that  the  quadrilaterals  oa'jS'y,  )Sj8'y  a, 
yy'a'P  are  rectangles. 

Also  the  triangles  ^ya  and  y'a'jS'  having  their  sides  perpen- 
dicular to  those  of  ABC  are  equiangular  to  ABC. 

Cor.  The  perpendicuta/rs  from  K  upon  the  sides  a/re  propor- 
tional to  those  sides, 

Por  if  Ky^  Kz  are  the  perpendiculars  upon  AC,  AB  respect- 
ively, since  the  angles  at  fi  and  y  are  equal  to  B  and  C  respectively, 

.'.  the  triangles  iT^y,  Kyz  are  similar  to  the  triangles  ABL, 
ACL  (of  Prop.  IV.),  respectively. 

.".  Ky  I  AL  =  Kp  I  AB  and  Kz  :  AL  =  Ky  :  AC, 

:.  Ky .  AB  =  AL  .  K^^AL  ,  Ky  =  Kz  ,  AC, 

.\  Kx  :  Ky  :  Kz=BC  :  CA  :  AB, 

The  Ex-Cosine  Circles. 

194.  Let  K^K^K^  be  the  poles  of  the  sides  of  ABC  with 
respect  to  the  circumcircle.  Then,  by  Prop.  III.  Cor.,  the  tan- 
gents BK^y  CK^  are  antiparallels  to  -4(7,  AB  respectively. 

Through  K-^  draw  piK^y^^  antiparallel  to  BC, 

Then  we  may  prove  precisely  as  in  the  last  proposition  that 
Kifii  =  KiB '^  KjG  =^  Kiyi'j  .',  the  circle  with  centre  Ky  and  radivs 
K^B  or  KyC  parses  throttgh  jSj,  yi. 

This  circle  may  be  called  an  Ex-Cosine  Circle, 

Moreover  K^,  being  the  middle  point  of  p^y^,  lies  on  AK. 

Hence  K  is  the  intersection  of  the  lines  joining  the  vertices  of 
the  triangle  to  the  poles  of  the  opposite  sides  with  respect  to  the  cir- 
cu/mcircle, 

CoR.  The  perpendiculars  from  JTi,  from  K^,  and  from  K^  upon 
the  sides  are  proportional  to  the  sides. 
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Relations  between  S,  0,  Gy  K, 
195.     Prop.  VII.     TJie  bisector  of  the  angle  A  is  cUso  the  bisec- 
tor of  each  of  tlie  angles  SAO  and  GAK. 

For,  in  Prop.  III.,  BSA  at  the  centre  is  twice  C  at  the  circum- 
ference opposite  AB,  .',  F8A  =  (7.  .*.  FAS  is  the  complement 
of  (7  =  C^Z,  in  Prop.  IV. 

ie.  the  angle  that  AS  makes  with  AB  ia  equal  to  the  angle 
that  AO  makes  with  AG. 

/.  the  bisector  of  BAG  is  also  the  bisector  of  SAO. 
Again,  in  Prop.  VI.,  Afiy  is  similar  to  ABC ;  and  since  ^K  is 
half  py\  and  BD,  in  Prop.  V.,  is  half  BG,  .*.  the  triangles  A^K^ 
ABD  are  similar.     .'.  the  angle  BAD  =  the  angle  GAK, 

Le.  the  angle  that  AG  makes  with  AB  i&  equal  to  the  angle 
that  AK  makes  with  AG. 

.*.  the  bisector  of  BAG  is  also  the  bisector  of  GAK, 
The  results  of  Props.  I. — VII.  may  be  thus  summarised : — 
Consider  the  lines  from  the  vertex  A  to  the  several  centres. 
AII^  bisects  the  internal  angle  at  A, 
I^AI^  bisects  the  external  angle  at  A ; 
and  hence  AIIi  and  IqAI^  are  perpendicular  to  one  another. 
AS  is  perpendicular  to  the  a/ntiparallels  to  BG, 
AO  is  perpendicular  to  the  parallels  to  BG ; 
and  hence  AS  and  AO  are  antiparallel*  with  respect  to  A. 
AG  bisects  the  parallels  to  BG, 
AK  bisects  the  antiparaUels  to  BG ; 
and  hence  AG  and  AK  are  antiparallel*  with  respect  to  A. 

It  may  be  shown  generally  that  if  any  three  lines  through 
the  vertices  of  a  triangle  are  concurrent,  their  antiparaUels 
through  the  vertices  are  concurrent.    [See  Prop.  XVI.] 

The  two  points  of  concurrence  may  be  called  anticentres. 
Thus  /  is  its  own  anticentre :  0  is  the  anticentre  to  S ;  and  K  is 

}oG. 

I,  with  respect  to  an  angle,  when  drawn  through  the  angle, 
!  Conjugates,  The  definition  by  means  of  the  quadrilateral 
role  here  fails. 
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HelatioTis  between  the  Indrcle  and  the  Circumcirele. 

196.  Prop.  VIII.  If  Al  he  produced  to  cut  BC  in  K  cmd 
the  cvrcumcvrcle  in  U,  then  XJI  =  UC  =  XJB  =  the  mean  proportional 
between  UH  and  UA. 


For  the  chords  BU^  GU  of  the  circumcircle,  subtending  equal 
angles  BA  U,  CA  U  at  the  circumference  are  equal 

And,  angles  in  the  same  segment  being  equal,  BGU  =  BAU 
=  CAU. 

And,  the  angle  at  U  being  common,  the  triangles  HGU^  GAU 
are  similar,  .-.  UH  \  UG  =UG  i  UA. 

Again,  join  GL 

Then  UIG  =  lAG  +  IGA  =  BGU^IGH^  UGL 

.*.  UG  —UI-  the  mean  proportional  between  UH  and  UA, 

Cob.  Let  UD^  /X,  AL  be  drawn  perpendicular  to  BG.  Then 
Z)  is  the  middle  point  of  BG^  X  its  point  of  contact  with  the  in- 
circle,  and  L  the  foot  of  the  perpendicular  on  it  from  A, 

Now  the  triangles  DUH^  XIH,  LAH  are  similar;  .'.  from  the 
proposition  that  UI  is  the  mean  proportional  between  UH  and 
UA^  it  clearly  follows  that  DX  is  the  mean  proportional  between 
DH  and  DL. 
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197.  Prop.  IX.  7%e  rectangle  of  the  segments  of  cmy  chard 
of  the  cvrcumdrcle  dravm  through  the  centre  of  the  incvrcle  =  ttvice 
the  rectangle  of  their  radii. 


For  draw  the  diameter  UU'  of  the  circumcircle  perpendicular 
to  BC:  and  the  radius  lY  of  the  incircle  perpendicular  to  AC. 
Join  CU'. 

Then,  by  Prop.  VIII.,  CT,  7,  A  are  in  a  straight  line,  and 
UI=UC. 

Also,  UCCT'  in  a  semicircle  =  the  right-angle  lYA,  and  UU'C, 
UAG  in  the  same  segment  are  equal 

U\  lYA  are  similar. 

U  :   Uir  =  IY  :  lA. 

=  rectangle  UU\  lY. 

ie  segments  Uly  I  A  =  twice  the  rectangle  of 

3S, 

e  segments  ofa>iiy  chord  of  the  drcumcirde 
I  to  tvnce  the  rectangle  of  the  radii. 
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198.  Peop.  X.  The  middle  points  of  the  sides,  the  feet  of  the 
perpendicular's  from  tJie  opposite  cmgles^  and  the  points  midway 
between  the  ambles  amd  the  orthocentre  lie  on  a  circle. 


Let  J),  Ey  F  he  the  middle  points  of  the  sides  of  ABC;  AL, 
BMy  GN  the  perpendiculars  from  -4,  B^  G  cutting  in  0;  P,  ©,  i? 
the  middle  points  of  AG,  BG,  GG.  The  nine  points  i),  E,  F; 
Zy  My  N]  P,  Qy  R  tvill  lie  on  a  circle. 

Draw  the  lines  AL,  GN;  PEy  BE. 

','  BE  bisects  BG  and  AG,  .'.  BE  is  parallel  to  AB.     And 

•/  FE  bisects  AG  smd  AG,  .*.  PE  is  parallel  to  GG. 

But  AB  and  GG  are  at  right-angles  to  one  another ; 

.*.  also  BE  and  PE  are  at  right-angles  to  one  another. 

.'.  the  circle  on  BP  as  diameter  passes  through  E. 

For  the  same  reason  this  circle  passes  through  F, 

And  it  passes  through  Z,  because  BLP  is  a  right-angle. 

.*.  the  circle  circumscribing  BEF  passes  through  P  and  L. 

Similarly  it  passes  through  Q,  M;  By  and  ilT. 

Hence  the  nvne-points  BEF,  PQE,  LMN  lie  on  a  circle. 
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199.  Prop.  XI.  The  gravity  centre  trisects  and  the  nine- 
points  centre  bisects  the  line  joining  the  circumcentre  and  ortho-^ 
centre. 


Let  T  the  middle  point  of  DP  be  the  nine-points  centre. 

(1)  Produce  OT  to  S.    Let  TS  =  TO.     S  shall  be  the  circum- 
centre. 

Join  SD.    Then  the  triangles  STD,  OTP  having  two  sides 
and  an  included  angle  at  T  equal,  are  equal  in  all  respects. 
.'.  SD  is  parallel  to  OP  and  .'.  at  right-angles  to  BC* 
Similarly  SB,  SF  are  at  right-angles  to  ACy  AB. 
.*.  S  is  the  circwmcentre, 

(2)  Join  AD  cutting  ST  va  G.     Q  shall  be  the  gravity  centre. 
For  the  triangles  SGD^  OGA  are  similar,  and 

AO  =  2.PO  =  2.SD,   :.AG=:2.GD. 
.*.  G  is  the  gravity  centre. 

Also  GO  =  2.  GSy   .'.  G  trisects  the  distance  SO. 
Cor.  I.     The  radius  of  n.p.c.  =  ^  that  of  the  circumcircle. 

The  angle  DPL,  which  is  the  angle  in  the  segment 
ints  circle  opposite  DL,  is  equal  to  SAL;  and  is 
rop.  VII.,  double  of  the  angle  between  the  bisector 
erpendicular  to  BC. 
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200.     Prop.  XII.     The  nine-points  circle  touches  the  inscribed 
circle. 


Let  D  bisect  BCy  AIH  bisect  -4,  and  let  IX  and  -4Z  be  per- 
pendiculars upon  BC. 

Draw  HX'  to  touch  the  incircle  at  X\  Through  D  draw 
DX'  W  to  cut  the  incircle  in  W.     Join  WL. 

Then  (by  Prop.  YIIL,  Cor.),  DH .  DL  =  DX\ 

.'.  DH.DL^DX' .DW  or  DH  :  DX' =  DW  :  DL. 

/.  the  triangles  DWL,  DHX'  are  similar. 

.-.  the  angle  DWL=^  BEX' ^  XIX'  =  2 .  HIX=  (by  Prop.  XI., 
Cor.  II.)  angle  in  the  segment  of  nine-points  circle  opposite  DL. 

.'.  (1)  W  is  on  the  nine-points  circle. 

Also  the  tangent  at  TT  to  the  nine-points  circle  makes  with 
WX'  an  angle  equal  to  BLW  =  DX'H  =  anglQ  in  the  segment  of 
the  incircle  opposite  X'W. 

.•,  (2)  the  tangents  at  FT  to  the  incircle  and  to  the  nine-points. 
circle  coincide. 

.*.  the  incircle  cmd  the  nine-points  circle  toibch  at  W, 
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201.  In  the  same  way  it  may  be  shown  that  the  nine-points 
circle  touches  each  of  the  escribed  circles. 

For  since  BX^  =  CX,  and  BD  =  CD,  ,'.  the  remainder 

BX^  =  BX.     :.  DX^^  =  DH.  DL. 
Moreover  the  escribed  centre  /j  is  on  AH, 

Hence  if  the  tangent  through  H  is  drawn  to  the  escribed 
circle  touching  it  at  X^,  and  a  chord  is  drawn  through  DX^,  the 
other  end  of  the  chord  will  be  the  point  of  contact  with  the  nine- 
points  circle. 

Now  H  being  the  centre  of  similitude  of  the  inscribed  and 
escribed  circles,  the  tangent  through  H  to  either  circle  is  a 
common  tangent.     Hence  we  see  that 

If  the  fourth  common  tangent  to  the  inscribed  and  an  escribed 
circle  be  drawn,  and  through  the  points  of  contact  chords  of  these 
circles  be  drawn  to  pass  through  the  middle  point  of  the  side, 
the  other  extremities  of  the  chords  will  be  the  points  of  contact 
with  the  nine-points  circle. 

The  Lem^oine  Circle, 

202.  Prop.  XIII.  T/ie  parallels  to  the  sides  drawn  through 
the  centre  of  the  cosine  circle  cut  the  sides  in  six  points  which  lie  on 
a  circle. 

Construction,  Let  V  be  the  middle  point  of  KS;  and  a  the 
middle  point  of  AX,  Through  a  draw  A^A^  antiparallel  to  BC, 
Join  Fa,  VA^, 

Then  •/   V  and  a  are  the  middle  points  of  SK  and  AXy 
.'.   Va  is  parallel  to  SA  and  is  half  SA, 

But  SA  is  perpendicular  to  the  antiparallels  to  BC  and  is 
equal  to  the  circumradius. 

.'.  Va  is  perpendicular  to  A^A^  and  equal  to  half  the  circum- 
radius. 

Again,  drawing  the  antiparallel  to  BC  from  X  to  AB,  we 
have  a  line  parallel  to  A^  and  equal  to  the  cosine-radius. 
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/.  -igtt  is  half  the  cosine-radius. 

.'.   YA^  =  (half  circumradius)*  +  (half  cosine-radius)^. 

/.if  -Bi^a,  G-f}^  are  similarly  drawn,  then 

YA^^  YA,=  YB,=  VB^=^YC^=YC^. 

.'.  the  circle  with  centre  Y  and  radius  YA^  passes  through 
AiA  2B1B2C1C2 . 

Also,  since  AK,  A^A^  bisect  one  another,  A^AA^K  is  a  paral- 
lelogram. 

.'.  -ffiCg,  GxA^,  A1B2  are  parallels  through  K  to  the  sides. 

This  circle  is  unique,  as  regards  the  triangle,  in  possessing  the 
property  of  cutting  the  sides  in  three  concurreTU  chorda  pa/rallel  to 
the  sides.     It  is  called  the  Lemoine  circle. 

203.  If,  instead  of  bisecting  SK  and  AK^  we  divide  aS'^  and 
AK  in  any  the  same  ratio  at  two  new  points  Y  and  a,  and  if  the 
construction  of  the  last  article  be  made,  then,  by  the  same  reason- 
ing, the  six  new  points  AiA^BiB^GiC^  will  lie  on  a  circle. 
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If,  further,  JT^,  JTj,  K^  are  taken  on  AK^  BK,  GK  at  distcuices 
from  -4,  B,  C  equal  to  twice  -4a,  BPy  Cy  respectively,  then  the 
iigures  A^AA^^,  B^BB^j,,  G^GC^^  will  be  parallelograms.  And 
because  Z^,  Z^,  K^  divide  KA,  KB,  KG  in  the  same  ratio,  there- 
fore the  lines  K^^K^  ^e^oi  ^a^h^  are  parallel  respectively  to 
BC,  GA,  AB. 

Hence  we  have  the  proposition : 

Three  parallels  to  the  sides,  drawn  so  as  to  cut  one  another  in 
three  points  K^,  K^,  K,,  on  the  lines  KA,  KB,  KC,  vnll  ciU  the 
sides  m  six  points  lying  on  a  circle. 

The  circles  so  described  are  called  Tticker^s  Circles.  They  are 
unique  in  cutting  the  sides  in  six  points,  which,  being  joined  in 
pairs,  form  three  chords  parallel  to  the  sides. 

Observe  that  the  triangles  A^B^G^  A^BjO^  are  similar  to 
ABG.     For  i  B^A^G^^^  l  B^^A^G^^A]  and  so  on. 

All  Tucker's  circles  have  their  centres  in  SK. 

In  particular ; 

Taking  the  centre  at  K,  we  have  the  cosine  circle. 

Taking  the  centre  at  S,  we  have  the  drcumcircle. 

Taking  the  centre  at  the  middle  point  of  SK,  we  have  Lemoine's 
circle. 

The  Brocard  Points  and  the  Brocard  Angle, 

204.  Prop.  XIV.  To  draw  from  the  vertices  of  a  triangle 
three  lines  intersecting  in  a  point,  which  shall  subtevid  eqtial  angles 
ut  the  other  vertices. 

On  AB,  BG,  GA  describe  segments  of  circles  containing  angles 
^i^iioi  frt   A'    w    fi'  /fVio  supplements  of  A,  B,  G)  respectively. 

b  in  one  point,  Q.  say,  because  the  angles 
1.1  to  four  right  angles, 
mgle  at  O  of  the  triangle  BQG  =  B, 
JBil  and  BGQ  are  together  equal  to  B. 
re  equal. 
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Thus,  the  three  cmglea  ABQ,  BCQ,  CAQ  are  equal (1). 

Again  on  CA^  AB^  EG  describe  segments  of  circles  containing 
angles  equal  to  A\  B\  C*  respectively,  cutting  in  O',  (Fig.  2.) 
Then,  as  before, 

the  three  amjglee  ACQ',  BAQ\  CBQ'  are  equal (2). 

If  possible,  let  the  angles  of  (1)  and  of  (2)  be  unequal. 

Suppose  those  of  (1)  are  the  greater. 

Then  from  the  triangles  AQ,B,  AQ!G,  containing  the  angle  A\ 

AQ,  :  Btl^Aa  :  CO'. 
Similarly  BQ  :  CQ,:>BQ!  :  Aa,  and  CO  :  ^O  >  CO'  :  BQ!. 

But    compounding    the    last   two   disproportions,   we   have 
JStl  :  Atl  >  GO!  :  A0,\  which  contradicts  the  first  disproportion. 
/•  the  six  angles  of  (1)  and  (2)  are  equal 

The  value,  co  say,  of  each  of  these  angles  is  called  the  Broca/rd 
Angle :  and  the  points  1),  O',  the  Broca/rd  Points,  These  points 
are  obviously  anticentres. 

CoE.  Turning  the  above  disproportions  into  proportions,  we 
see  that  the  following  pairs  of  triangles  are  svmilar,  viz. : — 

AQB  and  AQ^G ;  BQC  and  BQ'A  ;  GQA  and  GQ'B. 
Also  since  AB  :  AC1  =  AC  :  AQf,  .\  the  sides  about  the  equal 
angles  BAQ,\  GAQ  of  the  triangles  AQ!B,  AQG  are  reciprocally 
proportional : 

Thus  the  following  pairs  of  triangles  are  equ^,  viz.: — 
ACl'B  and  AQG ;  BQ'G  and  BQA  ;  GQ'A  and  GQB. 
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The  Brocard  Circle, 

205,  Prop.  XV.  ITie  Brocard  Faints,  and  three  intersectiong 
of  the  BroccMrd  Lines  lie  on  the  circle  whose  diameter  is  the  line 
joining  the  centres  of  the  Circumcircle  a/nd  the  Cosine  Circle* 


b  in  i>';  CQ\  AQ  cut  in  IT',  AQ',  BQ  cut  in  F* 
V  being  each  the  supplement  of  -4,  the  angle 
^.F'  is  its  supplement,  /.  a  circle  goes  round 
a  circle  goes  round  D'Q'JS'il. 
rcle  of  D'H'F'  passes  through  O,  O'. (1). 
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Again,  •/  the  angles  BCil,  CBQ!  are  equal, 

/.  the  perpendicular  from  D'  on  BC  bisects  BC  (in  i>,  say). 

/.  the  perpendiculars  from  2>',  ^,  F'  on  the  sides  cut  in  S 
the  circumcentre  of  ABC, 

And  since  the  angle  lySW  (between  the  perpendiculars  on 
BG,  CA)  =  a,  and  that  i>'0'i^"  =  the  supplement  of  C, 
/.  S  lies  on  the  circle (2). 

Lastly  let  the  diameter  through  S  of  this  circle  cut  it  in  K, 

Then  SD'K,  SE'K,  SF'K  are  right-angles. 

/.  lyK,  E'K,  F'Kbxq  parallels  to  BO,  CA,  AB, 

.'.  jyD,  F'F,  F'F  are  equal  to  the  perpendiculars  from  K  on 

the  sides. 

But  •/  the  angles  I)BI)\  EOE,  FAF'  are  equal, 

/.  the  triangles  BDiy,  GEE,  AFF'  are  similar; 

/.  DD'  :  EE'  :  Fr  =  BD  :  CE  :  AF=BG  :  GA  :  AB, 

.*.  (Prop.  VI.  Cor.)  K  is  the  centre  of  the  cosine  circle  ...(3). 

Cor.  I.  Since  SK  is  a  diameter  of  the  Brocard  Circle,  the 
Lemoine  and  Brocard  Circles  are  concentric. 

Cor.  II.  Since  KD\  KE\  KF'  are  parallels  to  the  sides, 
these  meet  the  sides  on  the  Lemoine  Circla 

Cor.  III.  Since  KU  is  parallel  to  BC,  ,\  jlKD'O,'  =  i  GBQ!  = 
the  Brocard  angle.  Similarly  ^i^'12  =  the  Brocard  angle  .'. 
JK),  KO!  subtend  equal  angles  in  the  Brocard  circle,  and  1212'  is 
bisected  at  right-cmgles  by  SK. 

Cor.  IV.     The  triangle  D'MF'  is  similar  to  ABC, 

General  Property  of  Anticentres, 

206.  Prop.  XVI.  If  three  lines  from  the  vertices  of  a  triangle 
meet  in  a  point,  their  antipa/rallels  from,  the  vertices  with  respect  to 
the  vertical  cmgles  wUl  meet  in  a  point;  and  the  feet  of  the  perpendi- 
cula/rs  from  the  two  points  of  concurrence  on  the  sides  will  lie  on  a 
circle  whose  centre  is  the  point  midway  bettveen  the  ttuo  points  of 
eoncu/rrence, 

J.  T.  10 
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Let  AO^  AG'  be  two  antiparallels  with  respect  to  -4,  so  that 
aBAO=  I  CAO\  On  AB  drop  the  perpendiculars  OZ,  0'Z'\ 
and  on  -4(7,  the  perpendiculars  OF,  0'Y\ 

Then,  since  a  circle  goes  round  both  AZOY  b^rA  AZ'O'Y', 

:.  I  ZYO=  I  ZAO  =  L  TAG'  =  l  TZ'ff, 
And  the  angles  at  0,  0'  are  both  equal  to  the  supplement  of  A. 
.*.  the  a's  OZY,  O'Y'Z'  are  similar. 

.-.  OZ,0'Z'  =  OY,0'Y\ 

Similarly  if  BO^  BCf  are  antiparallels  with  respect  to  B,  and 
OX,  O'X'  perpendiculars  on  BC,  OX .  O'X'  =  OZ .  0'Z\ 
:,  OX.O'X'  =  OY.O'r. 
.',  the  a's  OXY,  O'Y'X'  are  similar. 

.-.   L  XGO  =  I  XYO  =  L  Y'X'O'  =  L  Y'QO\ 
.*.  0(7,  O'G  are  antipa/rcdleU  tuith  respect  to  C. 

Also,  if  I'  is  the  middle  point  of  00\  because  OX,  O'X'  are 
perpendiculars  on  BC, 

:.  TX^=OT^+OX.OX'. 
.',  TX=  TX'  =  TY=  TY'  =  TZ=  TZ\ 
.*.  the  points  XX'YY'ZZ'  lie  on  a  circle  whose  centre  is  T, 

In  particular  taking  0  and  0'  to  be  the  orthocentre  and  cir- 
cumcentre,  we  have  the  nine-points  circle.  Similar  propositions 
hold  for  the  gravity  centre  and  cosine  centre,  and  for  the  two 
Brocard  Points. 


Digitized  by  VjOOQIC 


EXAMPLES    IX.  147 


Examples  IX. 

[The  following  are  easy  examples,  which  may  be  regarded  as  of  the 
nature  of  book- work.] 

1.  If  BG^  BC  be  antiparallel  with  respect  to  the  angle  at  A^ 
ABC  and  ABC  are  similar  triangles. 

2.  If  -4,  B^  (7,  D  be  four  points  in  any  order  on  the  circum- 
ference of  a  circle,  AB,  CD  shall  be  antiparallel  with  respect  to 
the  angle  between  AC  and  BD, 

3.  If  the  bisector  of  A  cuts  BC  in  jET,  the  antiparallel  of  BC 
(with  respect  to  ^)  through  H  will  cut  off  from  AB  and  AC  parts 
equal  to  AC  and  AB  respectively. 

4.  The  tangent  to  the  inscribed  circle  from  either  vertex  of 
the  triangle  is  equal  to  half  the  excess  of  the  sum  of  the  sides 
through  the  vertex  over  the  base. 

5.  The  tangent  to  the  escribed  circle  from  the  opposite  vertex 
is  equal  to  half  the  sum  of  the  sides  of  the  triangle. 

6.  The  external  common  tangent  of  the  inscribed  and  escribed 
circles  is  equal  to  the  side  of  the  triangle,  to  which  the  escribed 
circle  is  exterior. 

7.  The  internal  common  tangent  of  the  inscribed  and  escribed 
<jircles  is  equal  to  the  difference  between  the  two  sides  to  which 
the  escribed  circle  is  interior. 

8.  The  fourth  common  tangent  to  the  inscribed  and  escribed 
■circles  forms  with  the  two  sides  a  triangle  equal  in  all  respects  to 
the  primitive  triangle. 

9.  The  distance  between  the  middle  point  of  a  side  and  its 
point  of  contact  with  the  inscribed  circle  is  equal  to  half  the 
difference  between  the  two  other  sides. 

10.  If  the  sum  of  two  opposite  sides  of  a  quadrilateral  is 
equal  to  the  sum  of  the  two  other  opposite  sides,  a  circle  may  be 
inscribed  in  the  quadrilateral. 

10—2 
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11.  The  angle  which  each  side  subtends  at  the  incentre  ex- 
ceeds half  the  opposite  vertical  angle  by  a  right-angle ;  and  that 
which  each  side  subtends  at  an  ecentre  is  the  complement  of  half 
the  opposite  angle. 

12.  The  incentre  is  the  orthocentre  of  the  triangle  formed 
by  the  ecentres. 

13.  The  lines  joining  the  angle  of  a  triangle  to  the  extremi- 
ties of  that  diameter  of  the  circumcircle  which  bisects  the  base 
are  the  internal  and  external  bisectors  of  the  angle. 

14.  The  distance  between  the  centres  of  the  inscribed  and 
either  escribed  circle  is  bisected  by  the  circumcircle. 

15.  The  rectangle  of  the  segments  of  any  chord  of  the  circum- 
circle drawn  through  the  centre  of  an  escribed  circle  is  equal  to 
twice  the  rectangle  of  their  radiL 

16.  The  feet  of  the  perpendiculars  on  the  sides  from  any 
point  on  the  circumcircle  lie  on  a  straight  line. 

17.  The  lines  joining  the  vertex  to  the  circumcentre  and 
orthocentre  are  inclined  at  an  angle  equal  to  the  difference  be- 
tween the  base  angles. 

18.  If  OZ,  the  perpendicular  from  the  orthocentre  on  the 
side  BGy  is  produced  to  meet  the  circumcircle  in  0',  OL  =  O'L, 

19.  The  angles  of  the  Pedal  triangle  (i.e.  the  triangle  formed 
by  joining  the  feet  of  the  perpendiculars  from  the  opposite  angles) 
are  supplementary  respectively  to  the  doubles  of  those  of  the 
primitive  triangle. 

20.  If  a  triangle  is  formed  whose  sides  are,  with  respect  to 
the  angles  of  ABC,  antiparallels  to  the  sides;  and  another  formed 
from  this  in  the  same  way,  and  so  on,  the  angles  of  the  n*^  triangle 
so  formed  wiU  be  60° -H  (- 2)»  (^  -  60°),  60°-».(-2)«(^~60°), 
60°-h(-2)~(C-60°). 

21.  The  angle  which  each  side  subtends  at  the  orthocentre 
is  the  supplement  of  the  opposite  vertical  angle. 

22.  If,  in  a  given  triangle,  another  triangle  has  to  be  in- 
scribed whose  sides  shall  be  parallel  respectively  to  those  of  the 
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given  triangle,  then  the  vertices  of  the  inscribed  triangle  must  be 
the  middle  points  of  the  sides  of  the  given  triangle. 

23.  If,  in  a  given  triangle,  another  triangle  has  to  be  in- 
scribed whose  sides  shall  be  antiparallel  respectively  to  those  of 
the  given  triangle,  then  the  vertices  of  the  inscribed  triangle 
must  be  the  feet  of  the  perpendiculars  on  the  sides  of  the  given 
triangle. 

24.  The  centre  of  gravity  of  the  triangle  BEF  is  the  same 
as  that  of  ABC^  and  its  orthocentre  is  the  circumcentre  of  ABC, 

25.  If  the  middle  points  of  the  sides  of  a  triangle  be  joined, 
and  the  middle  points  of  the  sides  of  the  triangle  so  formed  be 
joined,  and  so  on;  then  all  the  triangles  so  formed  will  have  the 
same  centre  of  gravity,  and  the  circumcentre  of  each  will  be  the 
orthocentre  of  the  next. 

26.  The  three  triangles  into  which  the  centre  of  gravity 
divides  a  triangle  are  each  one-third  of  the  triangle. 

27.  The  triangles  cut  off  by  joining  the  middle  points  of  the 
sides  are  each  one  quarter  of  the  primitive  triangle. 

28.  The  lines  joining  the  middle  points  of  the  sides  with  the 
middle  points  of  the  perpendiculars  from  the  opposite  angles 
intersect  at  the  cosine-centre. 

29.  The  lines  joining  the  vertices  of  a  triangle  to  its  points 
of  contact  with  the  inscribed  circle  intersect  at  the  cosine-centre 
of  the  triangle  formed  by  those  points  of  contact. 

30.  The  triangles  into  which  the  cosine-centre  divides  a 
triangle  are  to  one  another  as  the  squares  on  the  sides. 

31.  The  line  joining  the  vertex  of  the  triangle  to  the  cosine- 
centre  divides  the  base  into  segments  which  are  to  one  another 
as  the  squares  on  the  other  sides. 

32.  The  radius  of  the  cosine-circle  is  to  that  of  the  circum- 
circle  as  the  perpendicular  from  the  cosine-centre  on  either  side 
is  to  half  that  side. 
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33.  The  distance  of  a  vertex  from  the  cosine-centre  is  to  its 
distance  from  the  middle  point  of  the  opposite  side  as  the  cosine- 
diameter  is  to  the  opposite  side. 

34.  The  cosine-centre  is  the  centre  of  gravity  of  the  triangle 
formed  by  the  feet  of  the  perpendiculars  from  it  upon  the  sides. 

35.  The  line  joining  the  circumcentre  of  the  three  ecentres 
to  the  incentre  of  a  triangle  is  bisected  by  the  circumcentre. 

36.  If  C  be  taken  on  AB  so  that  AG'  =  AC,  and  if  the 
bisector  of  A  cut  CC  in  D'  and  BC  in  ZT,  then  DD'  is  the  mean 
proportional  between  DH  and  DL, 

Show  how,  from  the  last  example,  it  follows  that  the  nine- 
points  circle  and  inscribed  circle  touch. 

37.  If  -fiiCa,  Ci-ia,  A^B^  be  any  three  diameters  of  a  circle 
and  a  triangle  be  formed  by  joining  the  extremities  A^A^^  B^B^y 
C1C2,  then  the  circle  is  the  cosine-circle  of  the  triangle  so  formed. 

38.  Show  that,  by  the  method  of  the  last  example,  eight  dif- 
ferent triangles  may  be  described  with  the  same  three  diameters : 
and  that,  taking  any  two  of  these  triangles,  either  all  the  sides  of 
the  one  are  parallel  or  one  is  parallel  and  the  other  two  perpen- 
dicular to  the  sides  of  the  other. 

39.  In  Lemoine's  circle  the  three  chords  of  intersection 
opposite  to  the  three  parallels  to  the  sides  are  antiparallels  to  the 
sides  and  each  is  equal  to  the  cosine-radius. 

40.  Each  of  the  six  triangles  into  which  the  Lemoine  Hexa- 
gon is  divided  by  joining  its  vertices  to  the  cosine-centre  is  similar 
to  the  primitive  triangle. 

41.  The  three  segments  into  which  the  Lemoine  circle  cuts 

other  as  the  squares  on  the  three  sides, 
hose  intersection  gives  one  of  the  Brocard 
as  passing  through  one  vertex  and  touch- 
b  one  of  its  extremities. 

a,  )3,  y  be  taken  on  the  sides  BG,  CA,  AB 
umcircles  of  Afiy,  Bya,  Cafi  will  cut  in  a 
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44.  Let  Q  be  the  Brocard  Point  at  which  AC  subtends  the 
supplement  of  A;  and  let  a,  /S,  7  be  such  points  taken  in  BC, 
CA,  AB  that  the  circumcircles  of  APy,  Bya,  Cafi  cut  in  12*. 
Then  (1)  a)8y  is  similar  to  BOA,  (2)  Q  is  one  of  the  Brocard 
Points  of  a^Sy.  (3)  The  Brocard  angle  of  a)8y  is  equal  to  that  of 
BCA.  (4)  The  angles  BQa,  CQ^,  AQy  are  equal  (being  the  angles 
by  which  the  figure  BCA  would  have  to  rotate  round  Q  in  order 
to  take  up  the  position  of  the  similar  figure  a)8y). 

45.  The  cosine-centre  is  a  Brocard  Point  of  each  of  the 
triangles,  similar  to  the  primitive  triangle,  in  which  the  Lemoine 
Circle  cuts  the  sides : — the  other  Brocard  Points  of  these 
triangles  being  the  Brocard  Points  of  the  primitive  triangle. 

46.  li  X,  T  are  the  feet  of  the  perpendiculars  from  0  on 
AB,  AC;  then  XT  is  perpendicular  to  the  antiparallel  of  -40 
with  respect  to  BAC. 

47.  The  centre  of  the  circle  which  passes  through  the  feet  of 
the  perpendiculars  from  the  Brocard  Points  on  the  sides  is  the 
point  of  intersection  of  the  line  joining  the  Brocard  Points  with 
the  line  joining  the  circumcentre  and  cosine-centre. 

48.  The  Brocard  Circle  passes  through  the  middle  points  of 
the  three  chords  of  the  circumcircle  which  join  the  cosine-centre 
to  the  vertices. 

*  Thus:  take  a  anywhere  in  BC,  and  let  the  circles  OBa,  OCa  cut  AB^ 
AC  respectively  in  7,  j8. 
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CHAPTER  X, 

TRIGONOMETRICAL  FORMULAE  FOR  CIRCLES  AND 
RECTILINEAL  FIGURES. 

§  1.     Circles  and  Triangles. 

207.  Uxpressions  for  Hie  area  (S)  of  a  triangle. 

By  Art.  117  the  area  of  a  triangle  =  Aa^  the  product  of  two 
side8  and  the  sine  of  the  non-ohtvse  angle  included  by  them. 

Now  since  the  sine  of  an  angle  is  equal  to  the  sine  of  its  sup- 
plement (Art.  137),  the  sine  of  the  internal  angle  may  be  always 
used  in  this  expression. 

Thus :  given  two  sides  (a,  b)  and  the  included  angle  ((7), 

S=  area  of  triangle  =  ^a6 sin C (1). 

-^  c  sin -4        -  -      csin^ 

Now  a  =  — ; — 77-  and  o  =  — — 77  , 

sin  C  sin  c7 

.'.  substituting  in  (1), 

cr-  i!x  •       1       c^sinilsin  B 

S  =  area  of  tnangle  =  — ^—. — ^ — (2). 

This  form  gives  the  area  in  terms  of  the  angles  and  one  side. 
Again,  by  Arts.  150,  152,  (1)  becomes 

S  =  area  of  triangle  =  J{8  (s-a){8-b){s-c)} (3). 

This  form  gives  the  area  in  terms  of  three  sides. 

208.  Expressions  for  the  radius  (r)  of  the  inscribed  circle. 
Bisect  the  angles  at  B  and  G  by  BI  and  CI, 

Draw  perpendiculars  /X,  /F,  IZ  on  the  sides. 

Then  IX  =  IY=^  IZ=  r.     Now 

a  of  A  BIG  =  \BC.IX=\a.r, 
a  of  A  CIA  =  \GA,IT=:\b,r, 
a  of  A  AIB  =  \AB,IZ=\c,r, 
a  of  A  ABG  =  J  (a  +  6  +  c)  r  =  »  .  r, 
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B  X  C 

•••-7" <!)• 

Now  AT=AZ',  BZ==BX;  CX=GY. 

/.  ^F+^X+(7Z  =  J(a  +  6  +  c)  =  «. 
.-.  AY  or  AZ=8-a;  BZ  or  BX  =  8-b',  CX  or  CT^s-c. 

:.  r  =  /r=iiFtan/4r=(«-a)tani^ (2). 

Or  again : 

r  =  IX  =  IC  sm  ICX=  — -. — ^tftv—  •  sm  ICX 

_  a  sin  J  ^  sin  J  C  _  a  sin  J -5  sin  J  0  .^v 

"    sin|(^  +  C)     ~        7o7p        ^  ^' 

209.     Eocpreaaiona  for  the  radius  (rj)  of  the  escribed  circle. 
Bisect  the  exterior  angles  at  B  and  C  by  BI^^  CI^, 
Draw  the  perpendiculars  /i-^i,  /iFi,  I^Z^  on  the  sides. 
Then  I^X^  =  /i  ^i  =  hZ^  =  n.     Then 

area  of  a  BIiC  =  ^BC .  IiXi  =  \a .  r^, 

area  of  a  GI^A  =  \cA,  I^Y^  =  ^h  .  r^, 

area  of  a  AIiB  =  ^AB.  IjZi  =  ^c.ri, 

.'.  (subtracting  BI^C  from  C/jil  +  AI^B), 

area  of  Aii^C  =  J(6  +  c-a)ri  =  («-a)ri, 

.•.n=-^ (1). 

Now  iiri  =  il^i;  BZ^=BXi;  CX^^CY^. 

:.  AZ^^AB-^BX^  and  AY^:=AG-^GX^. 
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A 


/.  A  Fp  or  AZ^  =  J  (a  +  6  +  c)  =  fi, 
BX^  or  BZ^^s-c'y  CX,  or  CT^  =  8-h, 

.',  rj  = -4  Fj  tan /i-4  Fi  =  s  tan  J  J 

=  BX^  cot  BI^X^  =  (s  -  c)  cot  I B, 

___      BCsinBCIi  p.  ^ 

_  acosj^B  cos^C 
cosJ-4 


•(2) 


.(3). 
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Expressions  for  the  Radius  (E)  of  the  circumscribing 


Through  B  draw  the  diameter  BA'  of  the  circumscribing  circle. 
Join  A'G. 

Then  the  angle  BCA'  in  a  semicircle  is  a  right-angle.     And 
the  angle  BA!0^  which  is  in  the  same  or  the  opposite  segment  to 
BAC  is  either  equal  or  supplementary  to  A. 
.*.  sin  J5il'C  =  sin -4. 


BC 
Now  sin  BA'G  =570 


^^^  =  25- 


.(1). 


sin-4  ~  sin  j?~  sin  C 

.*.   c?,  which  was  used  in  Art.  145  for  the  value  of  each  of 
these  fractions,  is  the  diameter  of  the  circumscribing  circle. 


Now 


sinil  = 


"IS 


E  = 


abc 


.(2). 


be'        "  4>S' 

The  formulae  (1)  may  be  also  derived  by  using  the  figure  of 
the  circumscribing  circle  in  the  last  chapter. 

CoR.  The  distances  of  S  from  the  sides  of  ABC  are  B  cos  A, 
RcosB,  Bco&C,  If  -4  is  obtuse,  cos  A  is  negative,  and  the 
arithmetic  value  of  the  distance  of  S  from  BC  is  --Rcos-4, 
S  being  on  the  side  of  BC  remote  from  A, 

It  will  be  found  convenient  to  express  distances  in  terms  of 
B  and  ratios  of  the  angles. 
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211.     To  express  r  and  Vi  in  terms  of  B. 

Sin -4  ^ 

=  4:E  sin  ^A  sin  J  B  sin  ^  C, 


asiniJ9smi(7       2a       .    ,    .    .    ,  «  •    i /> 

r  = —TT-^—  =  -: — 7  .  sin  iil  sm  A  B  sm  iC 

cosjii  sinil  -*  ^  ^ 


=  4i?  sin  ^il  cos  ^B  cos  ^(7. 

212.     The   distances  of  the  orthocentre  from  the  sides   and 
vertices  of  the  triangle. 
See  fig.,  Art.  191. 

A0  =  AM  sec  0AM  =  AB  cos  A  cosec  C = -; — tv  cos  A-2R  cos  A. 

sm  C7 


f^ 


If  il  is  obtuse,  ^10  is  arithmetically  -  2E  cos  A,  ff  being  on 
the  side  of  A  remote  from  BC. 

OL  =  BLt&n LBO  =AB cos B cotO  =  2E cos B cosC,  li  B  or 
G  is  obtuse,  OL  is  arithmetically  -  2E  cos  B  cos  (7. 

CoR.     The  distances  of  0  from  the  sides  are  inversely  as  those 

of  aS". 

213.  The  distances  of  the  centre  of  gravity  ^rom  the  sides  and 
vertices  of  the  triangle. 

See  fig..  Art.  192. 

Since  GD  -  ^AD,  ,\  the  distance  of  Gfrom  BG 

=  |ilZ  =  i6sin(7=§.-  =  |i2sinJ5sinC (1). 

a 

Also,  producing  AB  to  X',  so  that  A'B-AB,  ABA'G  is  a 
parallelogram,  and  the  angle  ABA'  is  the  supplement  of  A  \ 

.-.  44i>2^.1it'2  =  62  +  c2  +  26ccos.l (2), 

=  26«+2c2-a2 (3). 

^i^%AB^\J{2h^^2<?-a^) (4). 

jes  of  G  from  the  sides  are  inversely  as  the 
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214.  Expressions  for  the  radius  (p)  of  tlte  Cosine-Circle ;  for 
the  dista/nces  of  its  centre  from  the  sides,  and  for  its  intercepts  on  the 
sides. 

See  fig.,  Art.  193. 

Draw  KX,  KY,  KZ  perpendiculars  on  the  sides. 

Then  •/  the  antiparallels  through  K,  which  are  diameters  of 
the  cosine-circle,  cut  BC  at  an  inclination  A, 

.*.  the  intercepts  on  the  sides  are,  respectively, 
2pcos-4,  2/[>cosJ9,  2pcos(7, 
and  are  .'.  proportional  to  the  cosines  of  the  angles. 

[Hence  the  name  of  the  circle.] 

And  the  perpendiculars  on  the  sides  are,  respectively, 

p  sin  ii,  p  sin  B,  p  sin  (7, 

.-.  KX  :  KY  X  KZ=8mA  :  sinJ5  :  sinC 

=  a  :  6  :  c (1). 

If  now  Xy  y,  z  he  the  perpendiculars  on  the  sides  from  any 
point  within  the  triangle,  it  follows,  as  in  Art.  208,  that 

oca  +  y6  +  «c  =  2  .  (area  of  triangle)  =  2S, 

KXKYKZ          2S 
"    a   "    b    "    c    'a'  +  b^  +  c' ^  ^* 

This  gives  the  distances  of  K  from  the  sides. 

••  ^"sin^l-sinifa^  +  ft'  +  c^     a^  +  ft^  +  c^ ^^ 

a^  +  62  +  c2 ^*^- 

a^  +  l^-hc^     26c  cos  il  +  2ca  cos  B  +  2ab  cos  C 
Now     — i5— = ^ 

=  cot  ii  +  cot  B  +  cot  C 
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215.     To  find  trigonometrically  the  'Rvocdi.Yd  properties, 
A  A 


Let  CO,  -412,  BQ,  subtend  equal  angles  (o.at  A,  B,  C  respec- 
tively. Then  clearly  the  angles  AQB,  BQ,C ,  CQA  must  be  the 
supplements  of  -4,  jB,  (7. 

^,  Ail  c  ,         AQ.  h 

Thus  -. —  =   . — T  and 


sin  a>     sin  A          sin  (C  —  a>)      sin  (7 ' 
sin  (C  -  0))  _  c     sin  G  __      sin^  C      _  sin  C  sin  (-4  +  B) 
sin  0)           6  '  sin  A      sin  .4  sin  B          sin  il  sin  B       ' 
.*.  cot  a>=:cot-4  +  cot  jB  +  cot  (7 (1). 

If  again  Bil',  CQ,\  AQ!  subtend  equal  angles  w'  at  A,  B,  G 
respectively,  the  same  equation  (1)  will  give  a>'. 

.-.  o)-a>' (2). 

If  OX,  OF,  QZ  be  perpendiculars  on  the  sides,  since  circles 

go  round  AYZQ,  BZXQ,  GXYQ,  it  follows  that  X7Z  is  similar 

to  GAB,  and  has  O  and  a>  for  Brocard  point  and  Brocard  angle 

respectively.     And  since  QX  :  QG  =  sin  w,  .*.  sin  o)  is  the  ratio 

'      "  ^^^^  to  GAB. 

QX=  ilG  sm  o)  =  —. — y=- . 
sm  G 

Bndicular  to  BG,  Q'X'  =  ?_E^ 
sin  ^ 

r  =  or.  O'F  =  QZ.  Q'Z  =  472^  sin*  (0. 

of  circle  -TX'  YT  ZZJ  -  4^  sin*  <o. 

w  (1  —  4  sin^  iti)  =  B^  sin^  o)  (cos^  w  ■-  3  sin*  a>). 

rO  =  ^sin2a)  7(l-.3tan2o))  (3). 
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216.  Since  BQ'  and  CO  are  inclined  to  £G  at  equal  angles 
<u,  therefore  if  their  point  of  intersection  D'  is  joined  to  I) 
(the  middle  point  of  jBC),  we  have 

Aa        ib        4c 

Comparing  this  with  Art.  215  (1),  and  Ai*t.  214  (5),  we  have 
KX  =  DB',  KY  =  EE\  KZ  =  FF, 
and  KX     KY     KZ      p     ^ 

Thus  p- R tan  w. 

Cor.    (Lemoine-Radius)^= (^  circumradius)^ + (^  cosine-radius)^. 
.*.  Lemoine-Radius  =  ^R  sec  co. 

.'.  the  sides  of  A^B^G^  and  of  AJBjO^  (where  the  Lemoine 
circle  cuts  ABC)  are  to  those  of  ABC  in  the  ratio  ^  sec  co  to  1. 

217.  The  distance  between  the  Circumcentre  and  Incentre, 

By  Prop.  IX.  in  the  last  chapter,  the  rectangle  of  the 
segments  of  a/ny  chord  of  the  circumcircle  drawn  through  the 
incentre  =  2,Rr, 

Draw   through  I  the  diameter  DSIE  of  the   circumcircle. 

Then  DI.IE-¥  SP  =  BS^, 

SP  =  I)S^-DI.IE  =  R'-  2Rr, 

Similarly  SI^""  =  R^  +  2Rr^. 

218.  The  distance  between  the  Circumcentre  and  Orthocentre, 
SO^  =  SA^  +  OA^  -  2SA .  OA  cos  SAO, 

=  R'  +  4:R'cos^A-'4R'cosA  cos  {C -- B) 
=  R^-^R^cosA  {cos{C  +  B)  +  cos{C-'B)} 
=  i?^(i  «8  cos  A  cos  B  cos  C). 

Cor.     Since  the  Nine-Points  Centre  T  bisects  SO, 
.'.  ST^  =  T^{l-ScosA  cos  5  cos  (7), 
where  t  =  nine-points  radius  =  ^R, 
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219.     The  distance  between  the  nine-povrUs  centre  and  incentre. 

Drop  perpendiculars  from  T  on  BC,  and  from  /  on   this 
perpendicular.     Let  AI  cut  the  circumcircle  in  U. 


Then,  by  Prop.  IX.  of  last  Chapter,  UI,IA^  2Br  =  4:rr; 
and  by  Prop.  XI,  Cor.  II,   i  BFL  =  2 .  z  VIX^  26  say. 

.-.  TP  =  (t  cos  26  -  ry  +  (t  sin  26  -  DXf 

=  T2  +  r»-2Tr  cos  2^-i)X(2T  sm  2e-i>Z) 
=  T»  +  r>-2Trcos2^-i>X.XZ 
=  T*  +  r»-2Tr  cos  2^-277. /4  sm^^ 
=  1^  +  7^-2x7-; 
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Cob.    1.     This  is  another  proof  that  the  nine-points  circle 
touches  the  incircle. 

CoR.  2.     If  we  write  I^  for  /,  rj  for  r,  and  +  for  —  in  the 
above  we  have  the  similar  proposition  for  the  escribed  circle. 

220.     The  diskmce  between  the  Gircvmcefnire  a/nd  the  Cosine- 
centre. 


Join   AK,     Through  K  draw   )8y  antiparallel  to  BG.     Join 
SA  cutting  Py  at  right-angles  in  A. 

Then  the  triangle  A^y  is  similar  to  ABC ;  so  that 
A\AK_  )8y  _  2p 
AL~  AD"  BG~  a' 

Thus  SK^^SA^^KA^  --WA.XA 

=^B'-\-^.AJ}'-2R.^.LA 
or  a 

:=:i?»4.  ^(26»  +  2c2-a2- 2a»- 26^-.  2c% 

[for4iii>2=26«+2c2-a«, 
a.LA=2S, 
^Ii.S  =  {a^  +  I^  +  (^)pl 
:.  AS'ir»  =  i?2-3p2  =  i?2(l-3tan2a>). 
J.  T.  11 
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Cor.  1.     Square  on  diameter  of  Brocard  Circle  =  -R*  -  3p\ 

Cor.  2.     Since  QK  and  Q'K  subtend  angles  equal  to  cd  in  the 
Brocard  Circle, 

.-.  QK=Q'K  =  SK  sin  o)  =  5  sino)  ^(1  -  3  tan« co), 
and  QS  =  Q'S  =  SKcosu)=R  ^(cos'co-S  sin'o)), 
and  OO'  =  .S'A"  sin  2<i)  =  ^  sin  2(d  ^(1  -  3  tan»o)). 

This  last  result  was  reached  in  Art.  215. 


§  2.     Areas  of  Quadrilaterals. 


221.     Area  of  a  parallelogram. 

Let  ABGD  be  a  parallelogram. 
Draw  AF,  BE  perpendicular  to  CD. 

Then  ABCD  =  ABEF  ^AB.BE 
^AB,  BG  sin  BGE,  .*.  the  'pa/ralleUh 
gramh  is  measured  by  the  product  of 
two  adjacent  sides  amd  the  sine  of  their 
inclination. 


222.     Area  of  a  trapezium  (i.e.  a  quadrilateral  with  one  pair 
of  opposite  sides  parallel). 

Let  ABCD  be  a  quadrilateral  in  which  AB,  CD  are  parallel. 
Then 

ABOD=:  AABD-h  A  BCD 
=  ^  (AB  +  DC)   (perpendicular 
distance  between  AB  and  CD), 
=  ^  (sum  of  parallel  sides)  x  al- 

3  written 

D)  AD  sin  ADC  or  i  (AB  +  CD)  BC  sin  BCD. 
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•(1). 


223.     Area  of  a  quadrilaterdl  inscrihahle  in  a  circle. 

Let  ABGD  be  a  quadrilateraJ 
inscribable  in  a  circle;  so  that  the 
omglea  at  A  amd  G  a/re  sfwpplemerUanry, 

.'.  sin  il  =  sin  0 

And  cos  -4  =  -  cos  C, 

Let  AB=^a)  BC  =  b;  GD^c\ 
I)A  =  d;  and  a  +  6  +  c  +  c?=2«. 

Then  ABGD  =  AA£D  + ABGD 
=  \AB.AD  sin  A-^\BG .GD  sin  G 

=  \  {ad  +  6c)  sin  -4 

Now  from  i^ABD,  BD^  =  a^ -^  <P'-2ad  cos  A  ^ 

And  from  aBGD,  BD^  =  b^ +  c^+ 2bc  cos  A; 

/.  62  +  c^  +  26ccos^  =  a2  +  (^-2ad:cos^ 

ie.  2{ad-^bc)  cos  A^a^-hcP-b^-c^, 

And  2{ad  +  bc)l  =  2ad+2bc. 

/.  adding  and  subtracting 

2{ad'\-  be)  (1  +cos^)  =  (a  +  (i)»-(6  -c)3, 
2  (a^  +  6c)  ( 1  -  cos  .4 )  =  (6  +  cf  -  (a  -  d)\ 

/.  multiplying 
4{ad'¥bcyBiD^A 

=  (a  +  c?  +  6  -  c)  (a  +  c?  -  6  +  c)  (6  +  c  +  a  -  c?)  (6  +  c  -  a  +  c?), 

/.  dividing  by  16  and  taking  the  square  root 

Quadrilateral  ^iBCi>  =  V{(«- a)  («- 6)  («-c)(«-c?)} (2). 


11—2 
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224.     The  ofrea  of  a/ay  quadrilateral  (in  terms  of  its  sides  and 
diagonals). 


JjetQ^&re&oiABGD. 

AB^a,  BG  =  b,CD^c,  DA  =  d,AC  =  e,  BD=/, 
Let  AG,  BD  cut  in  0.     Then 
Q  =  AOB-¥  BOG  +  GOD  +  DOA 
^iiAO.OBBmAOB-k-BO.OC  amBOG 

+  GO.OD  sin  GOD  +  DO.OA  sin  DOA) 
=  ^AG.BD  sin  AOB  =  ^e/&iD.  AOB  (1). 

Now  a»  =  AG""  +  J502 -  2A0 .  BO  cos  AOB, 

b^  =  Ba'  +  GO^  -  2B0 .  GO  cos  BOG, 
^^GO^^DG^^  WO .  DO  cos  (70Z>, 
d^^DO'^AG^-'IDO.AOQmDOA. 

/,  b^-a^'\'d^-c'^2{A0.0B  +  B0.0G 

+  G0.0D'^D0. VA)  cos  AOB 
=  2e/ cos  AOB. 

:.  2e/(l  +  cosilO^)==26/+6»  +  cP-a2_(r', 
2e/(l  -  cos  ilOJ5)  =  2e/+  a»  +  c^  -  6^  -  e^, 
.-.  16Q»={2(/+62  +  (^-a«-c^)(2(5/+a«  +  c2-6'-(^2)^^  (2). 

Cor.  1.     Since  in  a  circle  ef=ac  +  bd,  (Euc.  VI.  D)  therefore 
his  equation  reduces  to  the  formula  (2)  of  the  preceding  article. 

Cor.  2.     If  a  circle  is  inscribable  in  the  Quadrilateral, 
a-hc  =  b  +  d, 
-'-  Q  =  i  x/{«/+  bd^ac)  (6/-  bd-^ac)}. 
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225.     The  area  of  am,y  qv/idrilateral :  (in  terms  of  its  sides 
and  the  sum  of  its  opposite  angles.) 


Iiet  A-^0=2e,  so  that  J5  +  Z)  =  2(ir-^).     Then 

Q^t.ABD  +  A  BCD  =  |a(f  sinil  +  \hc  sin  C. (1). 

Now      ^i>»=a2  +  (^-2acfcos^  =  62  +  c"-26ccosC. 
.-.  a^-6^  +  cF*-c2  =  2ad:cosi4-26ccos(7. 
S.  {a?  -  6^  +  rf'  -  c^)^  =  4a^c^  cos^  ^  -  "^ahcd  cos  ^1  cos  C  +  46V  cos^  C, 
and  1 6Q^  =  4a2c^2  sin^  A  +  8a5cc?  sin  il  sin  (7  +  46V  sin^  (7. 

.-.  16^  +  (a«-6»  +  c««-c*)^=4a?eP-8a6c(£cos(^  +  (7)  +  46V. 

/.  16e'=4(acf+6c)2-(a2-62^(;3-c*)2-16a6c(^eos3^ 

=  (2a(£+26c  +  a2_52^.^_^)(2a^^26c-a2  +  52_^^.^2) 

-IGoftcc^cos^^. 
/.  ^  =  («-«)(« -6) («-c)(«-(;?)-a6cc^cos3tf (2). 

CoR.  1.     If  C  is  inscribable  in  a  circle,  2^  =  ir,  0-\v  and 
cos  ^  =  0.     Hence  Q  =  ^{(«  -  a)  («  -  h)  (s  -  c)  («  -  c?)}. 

Cor.  2.     If  a  circle  is  inscribable  in  Q, 

8  —  a  =  c,  s  —  b  =^ dy  8'-c=^ay  8 -^ d^h. 
.'.  Q  =  J{ahcd).Bme, 

Cob.  3.     A  quadrilateral  of  given  sides  has  its  maximum  area 
when  it  is  inscribable  in  a  circle. 
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§  3.    Rboular  Polygons. 
226.     FormuUBfor  cmy  'polygon  circumscribing  a  circle. 


Let  AB  he  a,  side  of  a  polygon  circumscribing  a  circle  whose 
centre  is  0. 

Let  8  =  ^  sum  of  sides  of  polygon. 

r  =  radius  of  inscribed  circle. 
S = area  of  polygon. 

Draw  OX-r  perpendicular  to  AB, 
Then  ta^AOB  ^\OX.AB. 

.'.  area  of  polygon  =  \  (radius  x  perimeter) 

S 


i.e.  S  =  8,r  and  r  =  - 

8 


Also 


riv    r\A   *    ^     ABB\n\Asm\B 
2  sm^{A+B) 


.(1). 

.(2). 


Thus  the  radius  is  determined  by  one  side  <md  the  adjctcefit 
angles, 

227.     The  perimeter  mid  (vrea  of  a  regula/r  polygon  in  terms  of 
the  radius  qf  the  inscribed  circle. 

Take  the  £gure  of  last  article. 
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REGULAR  POLYGONS, 
Then  the  polygon  being  regular,  and  containing  n  sides,  (6ay) 
nziipj?  =  4  right^ngles,   /.   LAOB^^^irjn, 

IT 

/.  8  =  \n,  AB  =  n.  AX=nrtsiii  - (1). 

^=r.«  =  nr«  tan- (2). 

•    228.     The  perimeter  and  area  of  a  regular  polygon  in  terms  of 
the  radius  of  the  circumscribing  circle. 


Let  AB  be  a  side  of  a  regular  polygon  of  n  sides.  Let  the 
centre  of  the  circumscribing  circle  be  0.  Draw  OX  perpendicu- 
lar to  AB. 


Then,  as  in  last  article,  i  AOB  »  2ir/n. 
.'.  8—in.AB  =  n.AX=nRm\. 


.(1). 


^=w.AilO^=n.^Z.OX=wi?'sin-cos- (2). 

n       n         ^  ' 
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Examples  X. 

[The  following  notation  is  employed: — area  of  ABC—^;  inradius 
— r;  circnmradiusB/S ;  cosine-racuusap ;  eradii=ri,  r^,  r^\  ex-cosine 
radii sspi,  Ps)  Pz'y  half-sum  of  sides=«;  and  points  are  lettered  as  in  the 
last  chapter.] 

Prove  the  following  statements. 

1.  A«  =  a5c  cos  \Aco&\Bco&  \G. 

2.  A  («- a)  =  a5c  cos  ^il  sin  I ^  sin  |(7. 

3.  A(a-h6)=a6ccosJCcosi(il-J?). 

4.  A(a-6)  =  a^sin|(7sinJ(^-iB). 

5.  4A  =  a»sin2^-i-6*sin2ii. 

6.  2Asin(il-J?)  =  (a«-6»)siniisinA 

7.  16A«=(a»  +  6«  +  c»)«-2(a*  +  6*  +  c*). 

8.  a^  =  4i?A  =  4«-i?  =  p(a«-h6a  +  c»). 

9.  A  =  i?r(sinii  +  sin  J? -h  sin  C). 

10.  r»  =  AtanJiitan|iBtan|C. 

11.  «  =  4^  cos  1-4  cos  J  J5  cos  ^(7. 

12.  a6cr=4i?(«-a)(«-6)(«-c). 

13.  2r  +  2i?  =  a  cot  il  +  6  cot  5  +  c  cot  C. 

14.  42?  sin  i4  sin  jB  sin  (7  =  a  cos  ii  +  6  cos  J?  +  c  cos  C 

15.  A=2i?'siniisin^sin(7. 

16.  2A  =  p(asin-4-i-6sinJ5-i-csin(7). 

-^      p         siniisin^sinC 

17.  "s  =  -z 2 =5 7:  =  tan  0). 

M     1  -h  cos  A  cos  B  cos  C 

18.  cot  0)  =  cosec  A  cosec  B  cosec  (7  +  cot  4  cot  J?  cot  C 

19.  cosec*  0)  =  cosec^  A  -h  cosec^  B  +  cosec*  C 

oA   1   2  2  2   A    «« 

20.  -+-+r +-=  d:;5=  lpT■• 
p   a  6   c  ^r*  ^A 

91    i    1-i    i    i 
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23.  «+A+4=l. 
DC     ca     oo     p 

24.  rr^r^r^  =  ^,  25.     rgrg  +  rjr  ^  +  rjrg  =  «^. 

26.  i. 1.1  =  1. 
n     ra     rs     r 

27.  ri  +  ra  +  rj  -  r  =  4J?. 

28.  !i  +  !l  +  il=l-i- 
5c     ca     a6     r      22?* 

29.  ^  =  tan»4. 

31.  1  +  1.1=1. 
Pi     f>2     Pa     P 

32.  ±.J-.±=i. 
P2P8      PsPi     PiPa      2^ 

33.  PaPa  +  PsPi  +  PiPa 

=  3jR2  +  ^  (cosM  +  008^^5  +  cos^  (7)  sec  ^  sec  J?  sec  C. 

1         1         1        16c  +  ca  +  a6 

34.  —  +  —  +  —  +3  = ^2 . 

35.  4r(ri+r2  +  r3)  =  26c+2ca  +  2a6-a2~62~c2. 

^2  ■'■^8    ^8  +  n    n  +  ^2    n/(^2^8  +  nn  +  n^2)  * 

37.  V(ari)  +  ^(6^3)  +  ^(cr,)  -  ^(a^c/r) 

=  8  ^  {Rs)  sin  (45"  -  \A)  sin  (45°  -  :J .B)  sin  (45°  -  \G). 

38.  2rp(ri  +  ra  +  rg)  =  2ps^-ahc. 

=  2a^  f  -  -  -  V  25^  f -  -  -  V  2c^  f-  -  -V 
\p2     P8/  \P8     Pi/  Vpi     Pa/ 
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40.  ri  cot  ^A=r^cot^B  =  r^cot^G  =  r  cot  ^Acot^B cot  J (7. 

41.  pi  cot  il  =  p3  cot  ^  = /O3  cot  (7  =  f>  cot  0). 

42.  Pa  +  /58=  J«t  sec  -5  sec  C. 

43.  r,  +  r8  =  acot  1-4. 


44. 
45. 


r  2cosil  2cosj8  2cosC 


p  ~  cot  J5  +  cot  ^0     cot  J(7  +  cot  ^A     cot  J^  +  cot  ^B 
__  a  sin  A-\-h  sin  -5  +  c  sin  (7 


In  no  triangle  is  r  greater  than  -^ ,  nor  p  greater  than 


46. 

73' 

47.  Given  the  inradius  r,  the  circumradius  i?,  and  the  area 
A  of  a  triangle,  show  that  its  sides  are  the  roots  of  the  equation 

aj»-  2iB»A/r  +  « (r«  +  4ri?  +  A^/r^)  =  4Ai?. 

48.  Given  the  half-sum  of  sides  «,  the  half-sum  of  squares  on 
sides  a^,  and  the  area  A  of  a  triangle,  show  that  the  radii  of  its 
escribed  circles  are  the  roots  of  the  equation 

aj»/«  4- a»  =  iB»  («» -  cr^)/A  +  A. 

49.  If  the  sides  of  a  triangle  are  the  roots  of  the  equation 
a?  ■¥  px  =  qa? -^  Vy  its  cosine-radius  is  vl{(f  -  2p)  and  the  rectangle 
contained  by  its  inradius  and  circumradius  is  v/2q, 

50.  If  the  squares  on  the  sides  of  a  triangle  are  the  roota  of 
the  equation  a^+px=  qa?+  ^,  its  cosine-radius  is  v/q  and  its  cir- 
cumradius is  —n-. rr  . 

51.  In  an  equilateral  triangle,  the  incircle  coincides  with  the 
nine-points  circle,  the  cosine-circle  with  the  Lemoine  circle,  and 
the  centres  of  the  escribed  circles  with  those  of  the  ex-cosine 

circles.     Alsoi?  =  --^,  p  =  |,  ^=  2~?3' ^^^   2   ^'  ^""'  c«)=30*. 
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52.  In  a  right-angled  triangle,  the  diameter  of  the  circum- 
circle  is  the  hypothenuse  and  that  of  the  cosine-circle  is  the  per- 
pendicular from  the  right-angle  upon  the  hypothenuse.  Also,  if 
G  is  the  right-angle, 

2r+2i?  =  2r,-2J?  =  a-i-6, 

P1P2  =  -K^,  P9  =  ^  f 

2  tan  (0  =  sin  2A, 

53.  In  the  ambiguous  case,  given  6,  c,  B;  show  that  the  cir- 
camradii  of  the  two  triangles  are  equal;  the  ratio  of  their  areas 
is  1  :  m  where 

ic'm  cos«  5  =  (c*  -  62)  (1  +  m)\ 
and  the  distance  between  their  orthocentres  is 
2J{b^cot^B^c'co&^B), 
cos  A     cos  B     cos  (7  _  1 

i;r        1         1         1        1 
^^-     AL^m^CN^-r' 

56.      =-  -I-  -rr^  -I-  —^  -I-  2  =^ =  1. 

a*  0^  (f  abc 

57.  a.IA^  +  b.IB'-^c.IC  =  ab€, 

58.  //i  :  //a  :  //8  =  8inJ.l  :  sinJ5  :  sinJC. 

59.  II^.II^.II^=lQR'r. 

60.  If  AI,  BI,  CI  cut  the  sides  in  ffi,  iTj,  iT,, 

cos  ^A     cos  J-6     cos  J(7  _  1      1      1 
1ir7"^  'BffT'^'CHr"^^^^ <^' 

61.  ^02=i(5  +  9cotM)a*-(6»  +  c»). 

62.  II,^-^IJ,^^Ih^^I^^^  =  II,^^IJ,\ 

63.  il-X'»  =  («-a)«  +  -^6c. 

64.  lA.IB.  IC^^abc  tan  J^l  tan  |5  tan  ^C. 
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65.  70*  =  2H  -  4jR*  cos  A  cos  ^  cos  C;  hence,  from  the  known 
values  of  SO"  and  SP,  find  IT. 

66.  Of  the  triangle  LMN^  the  side  opposite  -4  is  a  cos  -4,  the 
half  sum  of  sides  is  22?  sin  ^  sin  ^  sin  (7,  the  area  is  2  A  cos  A  cos  B 
<50S  C,  the  inradius  is  2/?  cos  A  cos  -5  cos  C,  the  eradius  is  2i?  cos  A 
sin  j9  sin  (7. 

67.  Of  the  triangle  /i/s/s,  the  angle  is  90*  -  \A^  the  side  is 
a  cosec  ^4,  the  area  is  2i?«,  the  circumradius  is  27?,  the  inradius  is 

4i?  cos  \A  cos  J5  cos  J (7 
cos  ^-4  +  cos  \B  +  cos  ^(7  * 

68.  Of  the  triangle  XYZ^  the  side  is  2rcosJil,  the  area  is 
A  sin  I ii  sin  ^  j9  sin  ^C7. 

69.  Of  the  triangle  K^KJS:^,  the  angle  is  180<»-  2^1,  the  side 
is  J  a  sec  -5  sec  C,  the  half-sum  of  sides  is  R  tan  A  tan  B  tan  (7,  the 
area  is  J  A  sec  ^  sec  -5 sec  C,  the  circumradius  is  \RsqqA  sec  -ff 
sec  (7. 

70.  If  -4/,  ^/,  CI  cut  the  opposite  sides  in  H^H^^^ 
^H^H^H^  :  A45(7  =  2a6c  :  (6  +  c)  (c  +  a)  (a+ 6) 

iTa^a  :  SI^=^^6jLBG  :  (c  +  a)(a  +  6). 

71.  If  ilZ,  BK,  CK  cut  the  opposite  sides  in  D\  E\  F\ 

(1)  LD'WF'  :  Ail^C  =  W}?c^  :  {b^  +  <^){c^+  aJ")  (a*  +  ¥), 

(2)  yl2>'  :  AD  =  2hc  :  6«  +  c», 

(3)  ^Z  :  AD  =  2hc  :  a»  +  6^  +  c^, 

4Z>  BE  OF       _2B 

W     ^i>'sinil'^^^'sin^'^(7i^'sin(7       p  * 


,^,     ilZsinil     ^^sin5     CZsinC     p     . 

72.     If  -4,  -ff,  (7  are  the  angles  of  any  triangle,  find  the  angles 
of  the  triangle  whose  sides  are  proportional  to 

(1)     cos  iA,  cos  ^B,  cos  JC.       (2)     cos  ^A,  sin  J 5,  sin  J (7. 
(3)     sin  2A,  sin  2B,  sin  2C. 

Digitized  by  VjOOQIC 


EXAMPLES  X.  17S- 

73.  K  «',  /,  jB'  be  the  lengths  in  the  Pedal  Triangle  corre- 
sponding to  8,  r,  B  in  the  primitive  triangle,  then 

74.  The  radius  of  that  Tucker's  circle  whose  centre  is  mid- 
way between  the  Brocard  points  is  i?  sin  w. 

75.  If  the  sides  of  a  triangle  are  in  h.p.,  so  also  are  the  areas 
of  its  escribed  circles. 

76.  If  AL,  BM,  ON'  meet  the  circumcircle  in  A\  B",  C"  then 
cos  (^-  g)  _  cos (g-  ii)  _  cos (A-B)     2ABC 

AA'       "        BB       "       CC        "    abc    ' 

77.  If  tangents  to  the  incircle  be  drawn  so  as  to  cut  off  from 
the  comers  triangles  similar  to  ABC,  the  circumradii  of  these 
triangles  are  inversely  as  the  eradii  of  ABC, 

78.  If  2<^  be  the  angle  at  which  the  circumcircle  cuts  the 
ecircle,  cos  </>  =  J     /^ . 

79.  The  area  of  the  triangle  formed  by  the  points  of  contact 
of  either  of  the  four  circles  which  touch  the  three  sides  of  a 
triangle  is  to  the  area  of  the  given  triangle  as  the  circumradius 
of  the  former  is  to  the  circumdiameter  of  the  latter. 

80.  If  a,  6,  c  are  in  A.P.,  then  2r,  IB,  R  are  in  g.p, 

81.  If  SI  cuts  the  incircle  in  U  and  F,  then  the  product  of 
the  rectangles  of  the  segments  of  any  chords  of  the  circumcircle 
through  (7  and  F=r'(r  +  4i?). 

82.  The  square  on  the  inradius  of  the  triangle  whose  sides 
are  6  +  c,  c  +  a,  a  +  6  is  equal  to  2Rr, 

83.  The  perpendicular  from  G  on  BC  cuts  it  in  the  ratio 

84.  The  perpendicular  from  K  on  BC  cuts  it  in  the  ratio 

a«  +  3(r'-6^  :  a«  +  36^-c^. 
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85.  Of  the  triangle  formed  by  the  feet  of  the  perpendiculars 

def 
from  G  on  the  sides,  the  circumradius  is  § .  — j  and  the  area  is 

A* 
^-j-  ,  where  c?,  e,  /  are  the  distances  of  the  vertices  from  the  mid- 

die  points  of  the  opposite  sides,  and  2<t^  =  a^  +  6^  +  c^. 

86.  Of  the  triangle  formed  by  the  feet  of  the  perpendiculars 

def 
from  K  on  the  sides,  the  circumradius  is  f .  — ^  ,  and  the  area  is 

3A» 

87.  Of  the  triangle  formed  by  the  feet  of  the  perpendiculars 

3A' 
from  Zi  on  the  sides  the  area  is  j-^ ^r^ ;  and  the  intercepts  on 

the  sides  by  the  ex-cosine  circle  (centre  K^  are  to  one  another  as 
<50s  -4,  cos  B^  cos  C 

88.  If  AS,  BS,  OS  cut  the  sides  in  Z',  M\  N\  then 

(1)     ll^l+cot^cotC,       (2)    ^,  +  ^-.^=1, 

(3)    M'M'N'  :  a^BG 

=  2  cos  -4  cos  BcosG  :  cos  (A  -  B)  cos  {A  -  C)  cos  {B  —  C), 

89.  Show  that 

(1)  DK  passes  through  the  middle  point  \oi  AL, 

(2)  KK  :  DK=hcQO^A  :  a\ 

(3)  SK  cuts  LA  in  the  ratio  cos  (180®  -2A)  :  1. 

(4)  SK  passes  through  the  orthocentre  of  LMN, 

(5)  If  0'  is  the  orthocentre  of  LMN,  SO  :  ASrZ=  A  :  Rp. 

90.  The  triangles  formed  by  the  feet  of  the  perpendiculars 
from  the  two  Brocard  points  are  each  similar  to  ABG,  their  sides 
being  reduced  in  the  ratio  of  the  sine  of  the  Brocard  angle. 

91.  The  tangents  from  A,  B,  G  to  the  nine-points  circle  are 
as  ^^(cot  A),  ^(cot  B),  J{cot  G) ;  and  those  to  the  cosine  circle  are 
as  cosec  A  J{cotA),  cosec  B  J{cot  B),  cosec  G  ,y(cot  C). 
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92.  If  AQ  cut  the  Brocard  Circle  in  IT,  A^  ,  AF  =  ^ . 

a 

Hence  the  tangents  from  A,  B,  G  to  the  Brocard  circle  are  in- 
versely as  a,  6,  c. 

93.  0)  is  never  greater  than  30**. 

94.  The  circumradii  of  the  triangles  into  which  either  Bro- 
card point  divides  the  primitive  triangle  are  each  equal  to  a  half 
the  product  of  a  side  into  the  cosecant  of  an  adjacent  angle. 
Hence  the  product  of  the  three  circumradii  =  jB*. 

95.  The  area  of  the  triangle  which  contains  the  angle  m  at 
the  vertex  ^  is  A  sin^  <a  cosec*  A, 

96.  cot  ABK  +  cot  BCK  +  cot  OAK 

=  cot  AGK+  cot  GBK+  cot  BAK  =  3  cot  co. 

97.  A  K  cuts  BG  in  the  ratio  c^  :  b^.     Hence 

(1)  The  Lemoine  Circle  cuts  BG  in  the  ratio  c^  :  a*  :  h\ 

(2)  The  intercepts  on  the  three  sides  by  the  Lemoine  Circle 
are  as  a'  :  6'  :  c^. 

[From  this  last  property  the  Lemoine  Circle  is  called  the 
Triplicate  Ratio  circle.] 

98.  The  cosine-circle  cuts  BG  in  the  ratio  cot  jB  :  cot  -4  :  cot  G. 

99.  The  perimeter  and  area  of  the  hexagon  in  which  the 
cosine  circle  cuts  the  sides  are  4(E+r)  tan  oi,  and  2 A  tan^  to 
respectively. 

100.  If  Pyi  -ya',  a^  be  the  antiparallels  to  the  sides  through  JT, 
the  square  on  the  cosine-diameter  =  Ba  .  Ga  =  GP^ .  -4/3  =  Ay' .  By. 

101.  Of  the  Lemoine  Hexagon,  the  perimeter  is 

— ^T6^T7— ^  the  area  is        (^TW^T^^ '  > 

the  sides  are  as 

sin  (-4  -  0))  :  sin  CD  :  sin  {B-(o)  :  sin  u)  :  sin  (C—m)  :  sin  u). 

102.  The  inradii  of  X^Y^Z^^  X^T^^^  X^T^Z^,  are  to  one 
another  inversely  as  1  -  tan  J -4,  1  -  tan  ^jB,  1  -  tan  JC. 
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103.  Through  Ay  B,  G  the  lines  A^B^,  BjCi,  C^A^  are  drawn 
perpendicular  respectively  to  the  sides  AB,  BC,  CA  of  ABCi 
show  that  the  circumradius  of  A^B^G^  is  to  that  of  ABG  as 

sin' A  +  sin* B  +  sin* Cisto  2sin-4sini?sinC. 

104.  If  the  ii-escribed  circle  is  equal  to  the  circumcircle, 
cos  -4  =  cos  jB  +  cos  C. 

105.  As  any  point  P  moves  on  the  circumcircle,  the  quantity 
AF* .  ^SG  +  BP^ .  ACSA  +  GP^ .  ^ASB  remains  constant. 

106.  If  from  the  primitive  triangle  a  tangent  to  the  incircle 

parallel  to  BG  cut  off  a  new  triangle^  and  from  the  triangle  so 

formed  another  triangle  is  similarly  cut  off,  show  that  the  aggre- 

A«* 

fi»te  areas  of  all  the  triangles  is  —77 ;  . 

®  *  a{b  +  c) 

107.  If  IS  =  10,  one  of  the  angles  of  the  triangle  is  60^ 

108.  The  distance  between  two  points  is  a,  their  distances 
from  a  given  straight  line  are  5  and  c.  Of  all  the  triangles  that 
can  be  described  having  the  same  base  a  and  vertex  lying  in  the 
given  straight  line,  the  area  of  that  which  has  the  greatest  verti- 
cal angle  is  iaj{hc)» 

109.  If  Si  be  taken  on  AS,  so  that  SSi  is  cut  by  BG  in  the 
same  ratio  as  it  is  cut  at  A,  then 

(1)  ASi  =i?i  (say)  =  Bt&nBt&aG. 

(2)  SSi  =  BcoBABecB  sec  G. 

(3)  S^si  S^fSi,  S1S2  pass  through  A,  B,  G  respectively. 

(4)  The  perpendiculars ^rom  aS^i  upon  the  sides  are  as  those 
from  S. 

(5)  The  intercepts  on  the  sides  by  the  circle  with  centre 
Si  and  radius  Ri  are  to  one  another  as  the  sides. 

(6)  The  tangents  to  this  circle  where  it  cuts  the  sides  are 
antiparallels  to  the  sides. 

Ml  jffg  -^8  -^ 
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110.  If  Xy  y,  z  are  the  perpendiculars  from  any  point  upon 
the  sides  of  ABC,  then 

(1)  If  the  point  is  within  the  triangle, 

ax-^hy-k-cz-  2A. 

(2)  If  the  point  is  within  the  space  formed  by  producing 
AB  and  AG, 

by  +  cZ''ax  =  2A. 

(3)  If  the  point  is  within  the  space  formed  by  producing 
BA  and  CA, 

ax^by—cz  =  2  A. 

111.  Show  that  four  points  may  be  found  so  that  x  :  y  :  z 
is  in  any  given  ratio ;  and  that  the  line  joining  any  two  out  of 
the  four  points  passes  through  a  vertex  of  the  triangle  and  is  cut 
at  the  vertex  in  the  same  ratio  as  by  the  opposite  side. 

112.  If  J,  Jif  J2,  Js  be  the  four  points  in  the  last  example, 
viz.  such  that  AJJi,  J^AJ^,  &c.,  are  straight  lines,  and  if  through 
J  lines  E0'\  C'A",  A'B"  be  drawn  parallel  to  BC,  CA,  AB  re- 
spectively and  cutting  the  sides  in  the  hexagon  A'B'GA"B'C'\ 
then  A' A",  FB'\  C'C"  will  be  parallel  to  J^T^,  J^^,  J^J^  respec- 
tively. 

113.  In  the  last  example,  show  that  four  circles  with  centres 
/,  /j,  t/g*  «^8  ^^^  centres  of  similitude  A,  B,  0  may  be  described 
all  of  which  will  cut  the  sides  at  the  same  angles;  and  that  their 
radii  p,  p^,  pg?  Pz  '^l  t)e  such  that 

1111 

-_=_+_  4.-. . 

P         Pi         P2         Ps 

[Particular  cases  of  propositions  111,  112,  113  are  given  by 
//i/j/3,  KK^K^K^,  and  SS^S^^.     (Ex.  109.)J 

114.  If  «/  be  any  point,  ABC  Any  triangle,  and  if  a .  AJ^  =  X, 
b,BJ^=  r,  c.GJ^  =  Z,  and  abc=  T,  then 

=  2  cos  ^  ( r^  +  TX)  -h  2  cos  5  (ZX  +  ^F)  -h  2  cos  G  {XY  +  TZ). 
Hence  find  the  radius  of  the  circle  circumscribing  ABC. 
J.  T.  12 
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115.  The  distance  from  A  of  the  point  at  which  the  sides  of 
ABC  subtend  angles  a,  )8,  y  is 

2A  sin  a  +  J  (a*  -  6'  -  c')  cos  a 
<^{sin  a  sin  )8  sin  y  (4A  -  a*  cot  a  -  6*  cot  )8  -  c*  cot  y)} ' 

116.  If  05,  y,  »  be  perpendiculars  from  any  point  upon  the 
sides  of  a  triangle,  («*  +  y*  +  «^)  (a*  +  6*  +  c*)  is  never  less  than  4 A*, 
and  has  its  minimum  value  at  K, 

117.  If  through  any  point  P  within  a  triangle  AP,  BP,  CP 
cut  the  sides  in  A\  F,  C\  then 

BC\GA'.AB^OB^.BA\  AG'. 

Also  if  BA'  :  CA' =  n  :  m  and  C^  :  ABf  =  1  :  n,  then 

^A'BG'  :  ^ABG  =  2lmn  :  (m  +  n)  (n  +  Q  (Z  +  m). 

And  -4P*=7i r-, .  -; — 7^-^; — ,  where  a,  B,  y  are  the 

{l  +  m-^n)l    sin  )8  sm  y  »  #-»    / 

angles  subtended  by.  the  sides  at  P. 

118.  If  the  perimeter  of  the  triangle  formed  by  the  feet  of 
the  perpendiculars  from  any  point  P  on  the  sides  is  p,  then  the 
least  value  of  PA^  +  P&  +  PG'  is 

sin^ul  +  sin'^^  +  sin^a' 
and  for  this  least  value  PA  :  PB  :  PG  =  a  :  b  :  c, 

119.  The  area  of  the  triangle  formed  by  the  feet  of  the  per- 
pendiculars from  any  point  P  within  ABC  is  less  than  ^  the  area 
of  ABC  by 

i  {AP^ .  sin  2A  +  BP^ .  sin  25  +  GP^ .  sin  2(7). 

120.  Lines  B'C,  G'A\  A!B  are  drawn  parallel  to  the  sides 
BG^  CA,  AB  Sit  distances  aj,  y,  z  respectively;  find  the  area  of 
A'BC'. 

If  eight  triangles  be  so  formed  the  mean  of  their  perimeters 
is  equal  to  the  perimeter  of  ABC,  but  the  mean  of  their  areas 
exceeds  its  area  A  by 

4A 
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[In  the  following  examples  (121 — 124),  ABCB  is  a  quadri- 
lateral inscribable  in  a  circle.] 

121.  If  BA,  CD  be  produced  to  meet  in  0,  and  if  AO=Xy 
£>0  =  yy  show  that  x  and  y  are  given  by  the  equations 

«  =  -j(c  +  y);     y=^-^{a  +  x). 

Hence  find  the  area  of  ABGD  from  the  formulae  giving  the 
areas  of  OAD  and  OBG, 

122.  The  circumradius  of  ABGD  is 

1      /  Uah  +  cflQ  (ac  -f  db)  {ad  +  hc)\ 
iV   t(«-a)(s-6){«-c)(«-c^)J 

123.  If  J,  5,  (7,  i>  be  the  areas  of  the  triangles  whose  bases 
are  a,  6,  c,  c?  and  vertex  the  intersection  of  the  diagonals,  then 

A      _    B  C  D Q 

a^ ,  hd^  h^ ,  ca~  (^  .  db  ^  (P ,  ac  ~  {he  -¥  ad)  (ab  +  cd)' 

124.  If  BA,  GD  intersect  in  E  \  BG,  AD  in  F,  and  AG,  BD 
in  Gy  then 

area  EFG  :  area  ABGD  =  2abcd.  :  {d^  -^  6*)  (<?  -^  a''), 

125.  Find  the  ratio  of  the  perimeter  of  a  regular  polygon  to 
the  diameter  of  its  circumcircle  when  the  polygon  has  6,  8,  10, 
1 2,  20  sides.  Evaluate  the  surd  expressions  in  each  case  to  four 
decimal  places. 

126.  Show  that  the  square  described  about  a  circle  is  ^  of 
the  dodecagon  inscribed  in  the  circle. 

127.  If  R  and  r  be  the  radii  of  the  inscribed  and  circum- 
scribed circles  of  a  polygon  of  n  sides,  each  =  a, 


J2  +  r  =  -r  cot 


12—2 
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128.  The  area  of  an  irregular  polygon  of  an  even^iumber  of 
sides  described  about  a  circle  is  equal  to  the  radius  x  the  sum  of 
every  alternate  side. 

129.  If  a,  h,  Cy  dhe  the  sides  of  a  quadrilateral  circumscrib- 
ing a  circle,  and  if  jS,  y  be  the  angles  contained  by  a,  b  and  by 
c,  d  respectively, 

ah  sin*  ^P  =  cd  sin*  Jy. 

Hence  show  that  the  area  of  the  quadrilateral  is 
^{ahcd) .  sin  J  (^  +  y). 
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CHAPTER  XL 

INDICES  OR  LOGARITHMS ;  AND  MATHEMATICAL 

TABLES. 

Negative  SymhoU, 

If  a>c,  the  symbol  a-c  has  an  intelligible  meaning.  In  this  case 
we  may  easily  show  that 

I.  The  addition  of  a  -  c  (to  any  number  whatever)  is  equivalent  to 
the  addition  of  a  followed  by  the  subtraction  of  c.    Or,  in  symbols, 

^(a-c)=+a-c ....L 

II.  The  subtraction  of  a  -  c  (from  any  number  >  a)  is  equivalent  to 
the  subtraction  of  a  followed  by  the  addition  of  c.     Or,  in  symbols, 

-{a-c)=^  ''a-\-c   IL 

I.  and  II.  here  represent  equivalences  of  operation. 

But  if  a<c,  the  symbol  a-c  has  no  intelligible  meaning  by  itself. 
It  is  convenient,  however,  to  be  able  to  use  the  above  fundamental 
equivalences  in  all  cases  whatever. 

Putting,  then,  a=0;  (a-c)  becomes  (0~c).  Such  a  quantity  is 
called  a  negative  qtuintity.  It  may  be  written  for  brevity  -  c,  or  still 
better  c.  The  sign  -  is  here  called  a  sign  of  affection.  It  is  useful  to 
write  it  over  a  number  to  distinguish  it  from  the  sign  —  used  to  denote 
the  operation  of  subtraction. 
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Putting  a=0  on  the  n^A^-hand  side  of  I.  and  II.  (since  the  addition 
or  subtraction  of  0  has  no  effect),  the  right  hand  of  (I.)  becomes  —  c; 
that  of  II.  becomes  +  c.    Hence  (I.)  and  (II.)  become 

+c=-cand  -c=+c 
In  words : 

The  addition  or  subtraction  of  a  negative  symbol  is  interpreted  to 
mean  the  subtraction  or  addition  of  the  corresponding  positive. 

It  remains  to  interpret  multiplication  involving  a  n^ative  quantity. 

If  a> 6  and  oc?,  we  may  prove  that 

(a-b)(c-'d)=ac-'bc'-ad-hbd III. 

It  is  convenient  to  use  this  equation  for  all  cases.  Hence  if  a<6  or 
c<c?  we  so  interpret  multiplication  of  negatives  that  this  shall  always 
hold.    Thus 

Put  6=0  and  (f=0;  then  ac=ac-0-0+0=ac. 
Puta=Oandc?=0;  then  5c=0-6c-0+0=6c^ 
Put  6=0  and  c=0;  thena7=0-0-ac?+0  =  a5. 
Puta=0and  c=0;  then  J(7=0-0-0  +  6c?=6fl?. 

Thus  the  multiplication  of  a  negative  by  a  positive  is  negative  ;  and 
the  multiplication  of  a  negative  by  a  negative  is  positive. 


§  1.     Index  Notation. 

229.  If  m  is  any  positive  integer,  the  symbol  x^  is  used  to 
denote  xy^xxxy^ torn  factors. 

Here  x  is  called  the  Base]  m,  the  Index-,  and  x^,  the  w**"  Power 

of  03. 

An  m*^  Root  of  a  given  quantity  means  a  quantity  whose  m^ 
Power  is  equal  to  the  given  quantity. 

The  symbol  "^x  denotes  an  m^^  Root  of  x\  i.e.  {^x)"^  =  x, 

230.  To  determine  how  many  positive  or  negative  roots  a  given 
positive  or  negative  qv^antity  lias. 

The  rules  for  multiplying  positive  or  negative  quantities  are 

I.  The  product  of  positive  quantities  is  positive, 

II.  A  change  in  sign  of  one  factor  changes  the  sign  of  the 
product 
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Hence  a  product  containing  an  even  number  of  negative  fac- 
tors is  positive;  and  a  product  containing  an  odd  number  of 
negative  factors  is  negative. 

From  this  it  follows  conversely  that 

(1)  If  m  is  odd,  and  x  positive,  there  is  no  negative  m**^  root  of  x. 

(2)  If  m  is  odd,  and  x  negative,  there  is  no  positive  m***  root  of  x. 

(3)  If  m  is  even,  and  x  negative,  there  is  no  positive  and  there 
is  no  negative  m*^  root  of  x, 

(4)  There  cannot  be  two  different  m**^  roots  of  x  having  the 
same  sign.  For,  if  possible,  let  y  and  z  be  two  such  roots,  so  that 
;y'»  =  25»»  =  a.:  then 

y^-z'^'E:  (y - z)  (y"^-^ -h  zy"^-^  +  z^^-^ '^- +2;'»-^)  =  0. 

But,  by  the  rules  of  signs,  every  term  in  the  second  factor  has 
the  same  sign,  .*.  this  second  factor  cannot  be  zero.  .*.  y  ~  2J  =  0, 
i.e.  y  =  z.  Hence  the  two  roots  supposed  to  be  different  are  not 
different. 

Thus,  considering  positive  or  negative  values  of  ^x,  we  have 
the  following  results*: — 

If  m  is  odd,  and  x  positive,  ^x  can  have  only  one  value,  and 
this  positive. 

If  m  is  odd,  and  x  negative,  ^x  can  have  only  one  value,  and 
this  negative. 

If  m  is  even,  and  x  positive,  ^x  can  have  only  ttvo  values,  one 
positive  and  the  other  negative. 

If  m  is  even,  and  x  negative,  ^x  can  have  no  values,  positive 
or  negative. 

231.  The  symbol  ^x  may  be  used  for  the  present  to  denote 
the  positive  value  of  the  m*^  root  of  x,  if  x  is  positive ;  and  the 
negative  value  of  the  m^^  root  of  x,  if  x  is  negative  (and  m  odd). 

*  Whether  there  are  roots  which  are  neither  positive  nor  negative,  is  not 
here  discussed. 
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232.  The  method  of  finding  the  arithmetical  value  of  "^x, 
when  m  and  x  have  any  particular  values,  is  not  explained 
here. 

But  it  is  important  to  observe  that  its  value  cannot  be  exactly^ 
but  only  approximately,  determined  in  most  cases. 

A  number  which  cannot  be  arithmetically  expressed  by  a 
fraction  having  a  finite  integral  numerator  and  denominator  is 
called  an  Irrational  or  Incommensurable^  number. 

Thus,  4^2197  =  13  and  is,  therefore,  rational.  But  ^2=1-414  &c., 
cannot  be  exactly  evaluated,  and  is  therefore  irrational. 


Latoa  involving  the  same  indices  hut  different  bases, 

233.  The  power  [or  root]  of  a  product  [or  quotient]  of  two 
quantities  is  equal  to  the  product  [or  quotient]  of  the  correspond- 
ing powers  [or  roots]  of  the  two  quantities.     Thus 

(1)  {ajxy)"»  =  iB«xy"'; 

(2)  (x^yf'^ar^y'^', 

(3)  ';j/(a;x^)  =  »:yiBx:5/y; 

(4)  ^{x^y)  =  ^x^X/y^ 

For  (x  X  y)**  means  (a?  x  y)  x  (as  x  y)  x  . . .  to  m  factors 

=  (05  X  05  X  ...  to m  factors)  x(y  xyx  ...  to m factors) 
=  oc^xy^ (1). 

Similarly  {x -^  yf  =  x"^ -r- y^ (2). 

In  (1)  write  "^x  and  "^y  instead  of  x  and  y  respectively. 

Thus  f^a?  X  ^y)«  =  {^xy  X  (^y)«*  =  a?  X  y. 

.*.  taking  the  m*^  root  of  both  sides 

^xx^y=^{xxy) (3). 

Similarly  Xl^'^'^y^'Vi^^y) W 

*  That  is,  incommensurable  with  unity  as  explained  in  Art.  81. 
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Laws  involving  different  indices  hut  the  same  hdses. 

Law  I.  of*  X  «»  =  05^+* 

Law  11.  If  77»  is  greater  than  n,  af*  -f-  05*  -  x^'\ 
LawIIL  (aj«»)'»  =  a:»»x 

Law  IV.  If  m  is  divisible  by  w,      ^(a:**)  =  x^ 

234.  Law  L     «"»  x  jk*  =  a;"*+*. 
For                a?**  means  a;  x  a;  x  ...  to  m  factors; 

as*  means  xy^  x  y.  ...to  n  factors. 
.'.  aj^  X  aj*  =  (a5  X  a;  X  . . .  to  m  factors)  -K^x^xy^  ...  to  n  factors) 
=  xxxx  ...to(w  +  w)  factors 

235.  Law  II.     If  m  >  n,  a;"*  -^  a*  =  a;"*"*. 
For,  since  w  >  w,  m  —  n  is  positive, 
.'.in  Law  L,  writing  w  — 7i  instead  of  m,  we  have 

aj"*"*  X  aj*  =  ic^-»»+»  =  aj»». 
Dividing  both  sides  by  as*,  we  have 
aj**-*  =  a;'*-=-a^. 

236.  LawIIL     (x**)*  =  a;**^*. 
For  (as**)*  means  as**  x  as"*  x  ...  to  w  factors 

_  ^OT+m+...tontenn8  ][jy  J^^  J^ 

^  aj**^* 

237.  Law  IV.     If  m  is  divisible  by  n,  ^{x"^)  =  a;"*-*. 
For,  since  m  is  divisible  by  r«,  m  h-  w  is  an  integer. 
:.  in  Law  III.,  writing  m^n  instead  of  m,  we.  have 

Taking  the  w***  root  of  both  sides 
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238.  The  above  laws  may  be  thus  expressed : 

I.  MvUiplyvng  powers  is  performed  by  adding  indices. 

II.  Dividing  powers  is  performed  by  subtracting  indices. 

III.  Power-raising  of  a  power  is  performed  by  multiplying 
indices. 

IV.  Root-taking  of  a  power  is  performed  by  dividing  indices. 

Extension  of  Index  Notation, 

239.  Each  of  the  two  inverse  laws,  viz.,  II.  and  IV.,  are 
proved  under  a  condition.  This  condition  is  equivalent  to  the 
statement  that  the  index  on  the  right-hand  side  shall  be  positive 
(Law  II.)  and  integral  (Law  IV.).  Otherwise  the  right-hand 
side  would  be  meaningless,  for  we  have  only  defined  the  symbol 
a;*",  when  m  is  a  positive  integer. 

It  is  convenient,  however,  to  be  able  to  use  these  formulae  for 
any  case  whatever.  To  do  this  we  have  only  to  interpret  nega- 
tive or  fractional  indices  so  that  Laws  II.  and  IV.  shall  hold 
universally.     That  is,  for  all  positive  integral  values  of  m  and  n, 

aj*"-*  shall  equal  a^-r-aj*,  according  to  Law  II., 
and  af*"^*  shall  equal  ^(a;"*),  according  to  Law  IV. 

In  the  formula  of  Law  II.,  then 
First,  let  n  -  m,  then 

jpm-w  jiiiigt  equal  a;^  -=-  a^, 

i.e.  x^  must  equal  1 (1). 

Secondly,  let  m  =  0,  then 

a;*"**  must  equal  aj®  -^  a;**, 

i.e.  x"^  must  equal  — . .  (2). 

*  )rmula  of  Law  IV.,  let  m  be  not  divisible  by 

m 

aj»»  must  equal  J^{a^) (3). 
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240.  The  interpretations  (1),  (2),  (3)  of  the  last  article, 
-which  are  of  the  greatest  importance,  thus  enable'  us  to  use  the 
four  index  Laws  for  all  positive  integral  values  of  m  and  n.  It 
only  remains  to  show  that,  with  the  interpretation  of  negative 
and  fractional  indices  given  in  the  last  article,  the  same  laws 
Hold  for  all  values  of  m  and  n  whatever.  This  may  be  shown 
by  use  of  the  preceding  articles.     Thus,  e.g. 

O  £  "  +  — 

To  prove  ix^  X  x^  =  x^   <*. 
a*  means  ^af;   .*.  (x^f^xf";   .'.  (x^)^  =  af^  (Law  111.), 
.'.  x^  =  ^(af^y        Similarly  x^  =  ^(a^), 
,\  x~^xx^=  ^{af^)  X  w/(a:&c)  ^  m^^^  ^  ^)  by  Art.  233,  (3) 

=  X  ^    =X^  <*  . 

Example  1.    Write  down  a  series  of  powers  of  x  beginning  with 
^,  in  which  each  power  is  derived  from  the  preceding  by  dividing  by  x, 

a^      ^     .7^      ^     x^  ^     afi      \         ,      x-^      1 

-  =  ^2.     -=A'l;     -  =  l=.rO;     -=-=^-1;     —  =  -  =  ^-2; 
X  XX  XX  X  XT 

=-s=a:~^  &c. 

X       x^         ' 

Thus  we  see  that  negative  indices  simply  carry  out  the  rule  that  to 
dvmde  by  x  is  equivalent  to  svhtracting  1  from  the  index  of  x. 

Example  2.     Interpret  x^,  x^,  a^. 

(x^)^  must  equal  x^^^,  i.e.  x\  i.e.  x. 

.\  x^=^^x, 

{x^f  must  equal  x^^^,  i.e.  a^, 

Similarly  ar^i/x\ 
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§  2.     Logarithmic  Notation. 

241.  The  equations 

af»  =  P  and  aj  =  ^P 
are  two  diflferent  ways  of  stating  the  same  relation  between  x,  m, 
and  P.     In  the  first,  P  stands  by  itself ;  in  the  second,  x  stands 
by  itself.     There  is  a  third  way  of  expressing  this  same  relation, 
in  which  m  stands  by  itself.     Thus 

If  05*"  «  P,  m  is  called  the  logarithm  of  P  to  the  base  xy  and 
we  write  m  =  log^.  P  (the  base  being  written  below). 

Dep.  a  logarithm  of  a  given  number  to  any  base  is  the 
index  erf  that  power  of  the  base,  which  is  equal  to  the  given 
number. 

It  should  be  remembered,  then,  that  a  logarithm  is  simply  an 
index  made  to  stand  by  itself.  Hence  the  laws  of  hga/rithms  are 
simply  the  laws  of  indices  expressed  in  different  notation. 

The  equations 

ix^  =  P  and  m  =  loga,P 

have  the  same  meaning:  and  either  one  of  them  may  be  sid)stitiUea 
for  the  other. 

The  student  should  examine  the  truth  of  the  statement 
af^x^  =  P. 

Example  1.    What  is  the  logarithm  of  8  to  the  base  2  ? 

This  means  to  what  power  must  2  be  raised  to  give  8.  Now  2^=8; 
.*.  3  is  the  logarithm  of  8  to  the  base  2  ;  or  S^logg  8. 

Example  2.  Write  down  the  values  of  logg  81,  logjo  10000,  log^  64 

Since  3*=81,  .-.  4=:log3  81. 

Since  10*= 10000,  .-.  4=logio  10000. 

Since  43=64,  .'.  3=log4  64.    ' 

242.  In  using  the  relation  tS^—P  or  m-  loga.  /*,  we  shall 
assume  for  the  present  that  x  and  P  (i.e.  the  base  and  power)  are 
both  positivey  and  that  x  is  not  equal  to  1. 
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243.  To  show  that  there  is  ordy  one  positive  or  negative*  valvs 
of  the  logarithm  of  a  positive  power  to  a  positive  base  (not  eqtuil 
to  I). 

If  possible  let  m  and  n  be  two  different  logarithms  of  F  to 
the  base  x:  so  that 

Then,  dividing  by  a;",       af*-»  =  1. 

Now  m  and  n  being  positive  or  negative,  m-n  must  be  posi- 
tive, negative,  or  zero. 

But,  if  a;  is  not  equal  to  1,  no  positive  or  negative  power  of  x 
can  be  equal  to  1.     For 

If  oj  >  1,  positive  powers  of  x  are  >  1 ;  negative  powers  are  <  1. 

If  aj  <  1,  positive  powers  of  x  are  <  1 ;  negative  powers  are  >  1. 

.*.  m  —  71  must  be  zero.  .'.  m  =  n. 

i.e.  the  two  logarithms  supposed  to  be  different  are  not  dif- 
ferent. 

CoR.  In  the  same  manner  it  may  be  shown  that,  if  a3>l, 
the  logarithms  of  numbers  to  the  base  x  increase  as  the  numbers 
increase :  but,  if  aj  <  1,  the  logarithms  of  numbers  to  the  base  x 
decrease  as  the  numbers  increase. 

244.  In  order  to  prove  any  formula  involving  logarithms, 
the  student  has  simply  to  translate  from  the  logarithmic  language 
with  which  he  is  unfamiliar  into  the  index  language  with  which 
he  is  more  familiar. 

Thus  he  has  only  to  remember  that  the  two  equations 
05^  =  P  and  m  =  loga.P 
are  precisely  equivalent  statements  in  the  two  different  languages 
of  indices  and  of  logarithms. 

*  "Whether  there  are  logarithms  which  are  neither  positive  or  negative  is 
not  here  discussed. 
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246.     To  prove  loga,  1  =  0  and  log^ x=  I, 

(1)  Let  loga;  1  =  a;  this  means  a"  =  1. 

But  05^=1,  .*.  a  =  0.  Q.E.D. 

(2)  Let  loga.a5=  b;  this  means  ocf*  =  x. 

But  05^  =  oj,  .'.  6  =  1.  Q.E.D. 

Example,    Show  that  logx  -  =  -  log»  a. 

Let  log,  a=im ;  this  means  af^^a. 

But    •.•  a=a?"»,  .-.  -  =  •-==a7~"». 

a     or* 

.'.  log,-=  -m=  -logxa.  Q.  E.  D. 

a 


The  Logarithmic  Laws  involving  the  same  hose. 

246.  Law  I.  loga.  (m  x  n)  =  loga-  m  +  loga.  n. 
Law  II.  loga.  {'m-r-n)  =  loga.  ^  -  l<>ga;  ^• 
Law  III.  loga;  (^*)      =  ^^^  *'*)  ^  ^• 
Law  IV.  loga.  ( v^wi)    =  (loga.  ^)  -^  ^• 

These  laws  are  respectively  equivalent  to  those  of  Art.  238, 
but  expressed  in  the  language  of  logarithms. 

247.  To  prove  that 

loga.  (W  X  n)  =  logaj  m  +  loga;  ^-       I^^  I- 

loga;  (m  4-  7i)  =  loga;  m  -  loga;  W-     J^aw  II. 
Let  loga;  m  =  a ;  <Aw  msa/ns  of"  =  m. 
Let  loga;  ^  =  ^ ;  ^^^  mea^is  af*  =  n. 

,afxa^)  =  af-^^  by  Index  Law  I. 

.  af'^a^)  =  Q^-^  by  Index  Law  11. 

equations  in  logarithmic  language 

<  n)  =  a  +  6,  i.e.  loga.  ^*  +  loga-  w. 

-  7i)  =  a  -  6,  i.e.  log^;  m  -  loga-  n. 


Digitized  by  VjOOQIC 


LOGARITHMIC  NOTATION.  191 

248.  To  prove  that 

logjB  (w»*)  =  (logaj  m)xn.     Law  III. 
log*  ( sl^)  =  (log*  ^)  "^  ^-     La'''^  I^- 
Let  loga-  m  =  a :  ^m  mearw  aJ*  =  m. 
Now         w*  i.e.  (iB*)*,  =  ic"^**  by  Index  Law  III. 
And     l/m,  i.e.  ;iy(iK"),  =  a^*  by  Index  Law  IV. 
Expressing  these  equations  in  Logarithmic  language, 
log*  (w***)    =  a  X  w,  ie.  (loga,  m)  x  n. 
logoj  ( iiy^)  =  a  -^  ^  i.e.  (loga; «»)  -^  ^• 

249.  The  four  laws  just  proved  show  that  in  each  case  the 
operation  to  be  performed  upon  the  indices  or  logcMrithrm  is  arith- 
metically simpler  than  that  to  be  performed  on  the  potuers. 

Thus  for  multiplication  of  powers  we  substitute  addition  of 
logarithms; 

for  division  of  powers,  subtroAition  of  logarithms ; 

for  power-raising  of  powers,  multiplication  of  logarithms ; 

for  root-taking  of  powers,  division  of  logarithms. 

250.  In  this  simplification  of  arithmetical  operations  consists 
the  value  of  Logarithms.  Thus  tables  are  published  giving  the 
logarithms  of  numbers  to  the  base  10. 

Suppose  we  had  to  find  correctly  to  four  decimal  places  the 
product  3-4764  x  7*6819. 

From  the  tables  we  should  find  that 

logio  3-4764  =  -5411297  and  logjo  7-6819  =  -8854686. 
Now  (by  Law  I.) 
logic  (3-4764  X  7-6819)  =  log^o  3-4764  +  log^o  7-6819  =  1-4265983 
by  simple  addition  of  the  logarithms. 

Again  referring  to  the  tables,  we  should  find  that  1*4265983 
is  the  logarithm  of  26-7053. 

Hence  26-7053  is  the  required  product. 
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Logarithms  to  different  bases, 

251.  To  show  that  log^  a  x  log^  6=1. 

Let  logft a  =  x;  this  means  }f  =  a. 

Let  loga  h  =  y\  this  m^eans  a^  —  h. 

From  these  two  equations  eliminate  6,  by  raising  the  latter  to 
the  05***  power.     Thus 

a^=^h'  =  a\  .-.  xy^l, 

i.e.  logfttt  xloga6=  1. 

252.  To  show  that  log^  h  x  log^  c  =  log<,  c. 
Let  logj,  6  =  ic ;  <Aw  m6an«  a"  =  b.' 

Let  logft  c  =  y ;  <Ai«  m^a/ns  6"  =  c. 

From  these  two  equations  eliminate  6,  by  raising  the  former 
to  the  y^  power.     Thus 

tt*y  =  6y  =  c,  ,\xy  =  logaC, 

i.e.  loga  b  X  logs  c  =  loga  c. 

253.  To  transform  from  one  to  amother  system  of  logaHthms, 

By  the  last  article,  log.,  c  =  ,  ^"  ,  . 

loga  6 

Hence,  if  we  have  given  a  system  of  logarithms  to  the  base  a^ 
to  find  the  logarithm  of  any  number  c  to  a  new  base  6,  we  must 
divide  the  given  logarithm  of  c  in  that  system  by  the  logarithm 
of  the  new  base  in  that  system. 

of  any  number  in  the  given  system  has  to 
[uantity  log^,  6,  in  order  to  find  its  logarithm 

plier  , r  is  called  the   Modulus  of 

ie  a  to  base  b. 
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§  3.    Decimal  Notation  and  Decihal  Logarithms. 

254.  In  the  decimal  notation  we  express  any  number  by 
means  of  the  ten  digits,  0,  1,  2,  3,  4,  5,  6,  7,  8,  9  which,  when 
standing  alone,  stand  for  zero,  one,  two,  three,  &c.,  respectively. 
The  'decimal  point'  is  placed  after  a  digit,  when  it  is  necessary 
to  indicate  that  it  has  its  natvral  value.  When  digits  are  placed 
together,  their  value  depends  on  their  relative  position.  The 
'  units'  place '  being  immediately  before  the  *  decimal  point',  each 
removal  of  a  digit  to  the  left  raises  its  value  ten-fold;  and  hence 
each  removal  to  the  right  lotoers  its  value  ten-fold.  The  number 
of  removes  from  the  units'  place  indicates  the  power  of  ten  by 
which  the  digit  has  been  multiplied.  Digits  to  the  left  of  the 
units'  place  correspond  to  the  positive,  those  to  the  right  corre- 
spond to  the  negative  powers  of  ten.  The  units'  place— not  the 
decimal  point — thus  takes  the  central  position. 

Thus  98765-432  means 
9.10^ +8.10»  +  7.10»  + 6.10^ +  5.10^ +4.10-1 4- 3.10-»  +  2.10-». 

255.  In  denoting  any  number  in  this  way,  a  cypher,  which 
has  no  figures  on  one  side  of  it  except  cyphers,  is  called  Insignifi- 
ccmt.     The  other  figures  are  called  Significant, 

256.  Since  our  system  of  notation  has  ten  for  its' base,  it  is 
extremely  convenient  to  use  ten  for  the  base  of  our  logarithms. 
Thus,  writing  the  minus  sign  over  the  negative  logarithms, 

W=l,     .Mog,ol  =  0, 


1(P  =  10,  .MogiolO  =1, 
1(P=100,  .-.  logiolOO  =2, 
10«  =  1000,   .-.  logio  1000  =  3, 


10-1  =  0-1,       .Mog,oO-l      =T, 
10-«  =  0-01,     .MogioO-01    =2,  # 
10-»  =  0-001,   .Mogio0*001  =  3, 
and  so  on. 
Any  integral  power  of  10  is  expressed  by  a  unit  and  a  number 
of  zeros.     Its  logarithm  is  equal  to  the  nvmber  of  removes  of  the 
unit  from  the  wnits'  place,     [Or  if,  as  above,  we  fill  in  the  units' 
place  with  a  zero,  the  loga/rithm  of  any  integral  power  of  ten  is 
eqvAU  to  the  nwmber  of  zeros  by  which  that  power  is  expressed,'] 
The  logarithm  is  positive  or  negative,  according  as  the  removal  of 
the  unit  is  backwards  or  forwards, 

J.  T.  13 
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267.  The  logarithm  of  any  number,  which  is  not  an  integral 
power  of  10,  will  hejractional;  and,  if  expressed  in  decimal  nota- 
tion, will  contain  an  integral  and  a  decimal  part. 

The  method  of  calculating  the  value  of  logarithms  will  be  ex- 
plained in  a  later  chapter. 

The  logarithms  to  the  base  10  of  all  rational  numbers,  except 
those  expressed  by  unity  and  zeros,  are  irrational. 

Thus  the  logarithm  of  3  to  the  base  10  is  •4771213  correctly  to  7 
places  of  decimals. 

This  means  that  10-*77i2is=3  approximately, 
i.e.  that  104771213=310000000  approximately. 

The  student  is  not  recommended  to  test  the  truth  of  this  statement 
by  multiplying  3  by  itself  lOpoOjOOO  times. 

Negative  Logarithms. 

258.  Since  logio  1=0,  the  logarithms  of  all  numbers  less  than 
1  will  be  less  than  0,  i.e.  negative.     See  Art.  243,  Cor. 

A  negative  logarithm,  containing  an  integral  and  decimal 
part,  is  conveniently  expressed  in  a  form  in  which  the  integral 
part  alone  is  negative. 

Thus 

-  (3-12564)  =  -  3  -  -12564  =  -  4  -f- 1  -  -12564  =  -  4  +  -87436. 

This  is  written  4*87436 :  the  minus  sign  being  written  over 
the  integer  in  order  to  indicate  that  the  integer  alo^e  is  negative. 

,   259.     Dep.  1*     The  decimal  part,  ea^essed/ positively,  of  a 
logarithm  is  called  its  Mantissa.  / 

Dbp.  "2.  The  integral  part,  found  after  Expressing  the  man- 
tissa positively,  of  a  logarithm  is  called  its  Characteristic. 

Thus  the  logarithm  of  -00074879  is  -  3-12564.  But  the  mantissa 
of  this  logarithm  is  riot  -•12564,  nor  is  its  characteristic  —3.  We 
first  express  it  in  the  form  4*87436  in  which  the  mantissa  is  positive^ 
Thus  the  required  mantissa  is  *87436  and  the  characteristic  is  -  4. 

260.  The  special  convenience  of  using  10  as  the  base  of 
Logarithms  will  be  shown  when  we  have  proved  two  rules  relat- 
ing respectively  to  the  Gha/racteristic  and  Mantissa, 
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The  Rule  of  the  Characteristic. 

261.  The  characteristic  of  the  logarithm  to  the  base  10  of 
any  number  expressed  in  decimal  notation,  may  be  seen  by  in- 
spection from  the  position  of  the  first  significant  figure  with  rela- 
tion to  the  units'  place  in  the  given  number.     Thus : 

TJie  characteristic  is  eqvxd  to  the  number  of  removes  of  the  first 
significant  figv/re  from  the  units^  place: — being  positive  or  nega- 
tive according  as  the  removal  is  backwards  or  forwards. 

For,  let  s  be  the  first  significant  figure:  and  n  the  number  of 
its  removes  from  the  units'  place. 

Then  the  position  of  s  gives  it  the  value  s.lO**. 

Hence  the  given  number  is  >  10**  and  <  10**"^^. 

.'.  its  logarithm  to  base  10  > w  and  <n-hl. 

For,  by  Art.  243,  Cor.,  since  10  >  1,  the  logarithms  of 
numbers  to  the  base  10  increase  as  the  numbers  increase. 

But  the  mantissa  is  always  a  positive  quantity  <  1. 

Hence  the  characteristic  of  the  logarithm  is  n. 

Examples,  The  characteristic  of  the  logarithm  of  32572  is  -f  4  (the 
first  significant  figure  3  being /owr  places  to  the  left  of  the  imits'  place). 

For  32572  >  10000  and  <  100000 ;  i.e.  >  10*  but  <  10^. 

The  characteristic  of  the  logarithm  of  '00032572  is  -4  (the  figure 
3  being /cmr  places  to  the  right  of  the  imits'  place). 

For  -00032572  >  -0001  and  <  '001 ;  i.e.  >  10"*  but  <  10-3. 

The  characteristic  of  the  logarithm  of  325*72  is  +2  (the  figure  3 
being  two  places  to  the  left  of  the  imits'  place). 

For  325-72  >  100  but  <  1000,  i.e.  >  102  but  <  10^. 

The  Rule  of  the  MarUissa, 

262.  The  marvtissce  of  the  logarithms  of  two  numbers  a/re  the 
same,  if  the  numbers,  expressed  in  decimal  notation,  ha/ve  the  same 
series  of  significant  figures. 

For  such  numbers  differ  only  in  the  position  of  the  decimal 
point.  The  larger  is,  therefore,  obtained  from  the  smaller  by 
multiplying  it  by  some  positive  integral  power  of  10, 

13—2 
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Let  m  be  the  larger,  and  n  the  smaller  of  the  two  numbers. 

Then  m  =  lO**  x  n>  where  r  is  some  integer. 

.".  logio  w  =  logio  10''  +  logio  n  (Law  I.)  =  r  +  logio  n. 

Now,  since  the  mantissae  of  all  logarithms  are  written  positive, 
the  addition  of  the  integer  r  will  only  affect  the  characteristic. 

Hence 

the  mantissa  qflogiQ  m  =  the  mantissa  of  logio  n. 

Examples,  The  logarithm  of  1076-06  is  3*0314327  (the  characteristic 
being  seen  by  the  rule  of  the  characteristic). 

Now  107606  =  1076-06  x  100, 

.-.  log  107606=log  1075-06  + 2  =  6-0314327; 
and  1-07606  =  1076-06-r  1000, 

.-.  log  l*07606=log  107606 -3  = -0314327; 
and  -00107606=  1075-06+1000000, 

.-.  log  -00107506= log  1076-06-6  =  3-0314327. 

The  student  should  observe  that  each  of  the  above  characteristics 
follows  the  characteristic  rule. 

263.     The  two  rules  above  proved  make  it  unnecessary  to 
publish  in  the  tables  either 

(1)  The  cha/racteristic  of  the  logarithm  of  any  given  number, 
for  this  can  be  seen  by  inspection  of  the  given  number  :  or 

(2)  The  position  of  the  decimal  point  in  the  given  number, 
for  this  does  not  affect  the  mantissa  of  the  logarithm  which  is 
alone  tabulated. 

Hence  what  we  find  in  the  table  is  e.g. 

No  =  59543.  Log  =  7748307. 

This  means  that 
log  5-9543  =  -7748307  ;    _       log  595-43  =  2-7748307 ; 
log  -0059543  =  3-7748307,  &c.  &c. 

Hence  a  single  reference  in  the  table  gives  us  the  logarithms 
of  an  indefinite  number  of  numbers. 
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§  4.     The  Use  op  Mathematical  Tables. 

264.  To  explain  the  mode  of  operating  upon  nuvnhers  whose 
integral  part  is  negative  a/nd  decimal  part  positive. 

An  example  in  each  of  the  operations  of  addition,  subtraction, 
multiplication,  and  division  will  suffice. 
To         7-432196 
Add      5-943205 
From  lT-375401 
Take      5-943205 

J-432196  X  5 
33-160980 -f.  5 
7-432196 

Addition,     Add    the   decimal  parts  in  the  ordinary  way. 
When  we  reach  the  integral  parts  which  are  negative,  we  have 
+l-7-5  =  -ll. 

Subi/raction.     Subtract  the  decimal  parts  in  the  ordinary  way. 
When  we  reach  the  integral  parts  which  are  negative,  we  have 
-ll-(»5)-l=-7. 

MvZtipUcation.  Multiply  the  decimal  part  in  the  ordinary 
way.  When  we  reach  the  integral  part  which  is  negative,  we 
have  (-7x5) +  2  =-35 +  2  =-33. 

Division,     Find  the  multiple  of  the  divisor  next  higlwr  (instead 
of  next  ^ower)  than  the  integral  part  of  the  dividend.     Thus 
-33 --5  =  (-35  +  2)- 5  =  -7 +(2-4-5). 
Then  proceed  as  in  ordinary  division. 

266.  To  explain  the  method^  when  the  logarithms  of  certain 
nrvwmhers  flw«  given,  of  finding  the  logarithms  of  other  numbers  con- 
nected with  those  given. 

[When  the  base  is  not  indicated,  it  is  understood  here  that 
the  base  is  10.] 

The  logarithms  of  different  numbers  to  the  same  base  are  con- 
nected by  the  laws  given  in  Art.  246. 
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It  is  always  necessary  to  resolve  a  given  number  into    ite 
factors  in  order  to  find  what  numbers  are  logarithmically  con- 
nected with  the  given  number. 
Thus: 
6  =  3x2;  150  =  3x2x5x5  =  3. 2. 5«;  1260  =  2^  3^  5  .  7. 
The  student  should  at  once  accustom  himself  to  resolve  any  num- 
ber in  this  way  into  its  prime  factors. 

Suppose  then  that  we  have  given  log  2  =  '3010300  and  log  3 
=  •4771213,  we  can  then  find  the  logarithm  of  any  number  of  tho 
form  2'».3^ 

For  example : — 

Log  6=log(3 X  2)=log  3+log2  (by  Law  I.) 
=  •3010300+ -4771213= -7781513, 
Iogl08=log(27x4)=log(33x22)=log33+log22 
=  3log3+21og2  (by  Law  IIL) 
=  1-4313639  +  -6020600  =  2-0334239, 
log i  =  log 2-1=  -log 2  (by  Law  1IL)_ 

=  -  -3010300=  - 1  +  -6989700  =  1*6989700, 

log  ~=  log  |5=log32-log26  (by  Law  XL) 

=  2  log  3  -  5  log  2  (by  Law  III.) 
=  -9542426  - 1-5051500  =1-4490926, 
log  (^6x4^12)=log4^6+log4^12  =  Jlog6+^logl2  (by  Law  IV.) 
-J(log3  +  log2)  +  i(log3  +  2log2) 
=  -1590404  +  -1003433  +  -0954242  +  -1204120 
=  -4752199. 

266.     The  factors  of  10 — the  base  itself  of  our  logarithms — 
are  2  and  5. 

Thus,  when  either  log  2  or  log  5  is  given,  we  may  find  the 
other:  for 

log  5  =  log  ( 1 0  ^  2)  =  log  1 0  -  log  2  =  1  -  log  2.  . 
log  2  =  log  ( 1 0  ^  5)  =  log  1 0  -  log  5  =  1  -  log  5 . 
It  is  important  to  remember  this. 

Example.    Given  log  2 = -3010300,  find  log  50. 

log  50=log  5 +log  10=log  10  -  log  2 +log  10 
= 2  log  10  -  -3010300  =  1-6989700. 
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The  Principles  of  Approximate  CalcukUions, 

267.  When  a  number  is  given  to  (say)  7  decimal  places,  it 
is  generally  understood  that  the  value  given  is  nearer  to  the  true 
value  than  any  other  number  containing  the  same  number  of 
decimal  places. 

Thus,  when  we  say  log  3  =  '4771213,  what  is  meant  is  that 
log  3  is  nearer  to  -4771213  than  to  -4771212  or  -4771214;  in 
other  words  it  lies  between  -47712125  and  -47712135. 

Hence,  the  error  involved  in  taking  a  number  calculated  to 
7  decimal  places  is  less  than  -00000005,  i.e.  less  than  J  of  10*^. 

When  we  calculate  a  number  by  adding  or  subtracting  such 
approximate  numbers  together,  we  add  together  the  possible 
errors. 

Hence  the  actual  error  in  the  resulting  sum  may  be  greater 
than  in  any  of  the  numbers  added  or  subtracted. 

For  example  log  3  is  really  a  very  little  greater  than  -47  7 1 2 1 25 ; 
hence  (on  examining  a  table  of  logarithms)  we  shall  find  that 
log  9,  i.e.  2  log  3,  is  (not  -9542426  but)  -9542425;  that  log  81, 
i.e.  4 log  3,  is  1-9084850;  that  log  729,  i.e.  6  log  3,  is  2-8627275; 
and  so  on.  Thus  the  error  involved  in  calculating  log  729  from 
log  3  is  increased  6  fold  and  is  about  3  x  10"^  instead  of  J  of 
lO-l     (See  Art.  34.) 

268.  It  is  sometimes  convenient  to  drop  the  last  figure  in  an 
approximately  calculated  number. 

In  such  a  case,  the  principle  explained  in  the  last  article 
shows  that  the  last  figure  retained  should  be  increased  by  unity, 
if  Hie  figv/re  dropped  is  greater  than  5,  or  if  the  figure  dropped  is 
equal  to  5  and  the  true  value  exceeds  the  given  value. 

Thus,  dropping  the  last  figure  of  4-321976,  we  have  4*32198 ;  for 
this  is  clearly  tiearer  to  the  true  value  than  4*32197.  Again,  dropping 
the  last  figure  of  4-321975,  we  should  write  4-32198  or  4-32197  according 
as  the  approximation  4-321975  is  leas  or  greater  than  the  true  value. 
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269.  The  student  is  advised  to  make  use  of  some  book  of 
Mathematical  Tables :  such  as  Chambers's. 

The  following  lists  of  corresponding  numbers  will  be  found  : 

(1)  The  marUisscB  of  logarithms ^  ecdculated  to  7  places  ofdeci- 
malsy  which  correspond  to  the  100,000  numbers  between  0  and 
100,000,  successively  increasing  by  unity, 

(2)  The  trigonometrical  ratios,  calciUated  to  7  places  of  deci- 
mals, which  correspond  to  the  5400  angles  between  0°  a/nd  90**, 
successively  increasing  by  1  minute, 

(3)  The  logarithms  {increased  by  10),  calculated  to  7  plaices 
of  decimals,  which  correspond  to  the  ratios  of  these  angles. 

270.  If  it  is  required  to  find  a  number  corresponding  to  any 
number  given  in  the  tables,  mere  reference  to  these  tables  is  suffi- 
cient. But  if  it  is  required  to  find  a  number  corresponding  to 
some  number  intermediate  between  tvx>  consecutive  nwmhers  in  the 
table,  we  must  *  interpolate'  according  to  the  following  rule;  the 
foundation  and  limits  of  which  will  be  explained  in  a  later  chapter. 

Rule  of  Proportional  Differences, 

271.  The  small  differences  between  the  values  of  one  varying 
quantity  are  approximately  proportional  to  the  small  differences 
between  the  corresponding  values  of  another  quantity  which 
varies  with  the  first. 

Thus,  if  L  and  N  are  the  values  corresponding  to  successive 
values  I  and  n  given  in  the  table,  and  if  we  have  to  find  the  value 
M  corresponding  to  m,  which  lies  between  I  and  n,  we  have  the 
equation 

M  —  L  _m  —  l 

Thus  the  difference  M-L,  which  has  to  be  added  to  the  given 
value  L  to  find  M, 

m  —  l 


n  —  I 


x(iV-X). 
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Example  1.    From  the  tables  we  find  that 

log  35746  =  4-5632153  and  log  36746=4-6632276. 

The  difference  of  these  logarithms  is  -0000122. 

To  find,  then,  log  36746-73,  we  have  by  above  rule 

log  35746-73  -  log  36745  ^  35746-73  -  35746 
log  36746 -log  36746    ""    36746-35746    ' 

.-.  log  35745-73  -  log  36746  =  ^  of  -0000122  =  -0000089, 

. •.  log  35745-73 =log  35745  +  '0000089 = 4-5532242. 

Example  2.  From  the  same  data  to  find  conversely  the  nimiber 
whose  logarithm  is  4-5532242,  i.e.  the  value  of  lO*-fi532242^ 

We  have 

104.6532242  _  104.6632163  ^  4-5532242  -  4-6532163 
104.6632276  _  104-6682163  -  4-5532275  -  4-5632153 ' 

...  lO*-6632242«35745==^^.73^ 
.-.  104-5632242=35745.73. 

This  process  of  interpolation  is  aided  by  the  introduction  of 
Subsidiary  Tables. 

Thus,  at  the  side  of  the  main  table,  a  column  headed  Diff. 
will  be  found. 

.  The  difference  of  the  logarithms,  corresponding  to  a  difference 
of  1  in  the  numbers,  at  any  particular  part  of  the  taUe^  is  here 
tabulated. 

And  below  this  difference  is  tabulated  the  differences  cor- 
responding to  1,  2,  3,  4,  5,  6,  7,  8,  9  tenths  respectively. 

Dividing  these  latter  differences  by  10,  we  have  those  corre- 
sponding to  1,  2,  3,  4,  5,  6,  7,  8,  9  hundredths  respectively. 

Thus  for  the  above  example,  we  have  tabulated 

Diff.  for  1  =  122 ;  for  7  tenths  =  85,  for  3  hundredths  =  3-7 

.-.  Diff.  for  -73  =  89  neariy. 
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272.     Examples  in  interpolation  may  be  written  in  the  follow- 
ing form : — 

Given  log  35745  and  log  35746  find  log  35745-73. 

From  log  35746  =  4-5532275 

Take  log 35745  =  45532153 

.'.  when  diff.  in  nos.  =  1,  then      122  =  diff.  in  logs, 
/.  when  diff.  in  nos.  =  -73,  then  -73  of  122  =  diff  in  logs. 
[Now  -73  of  122  =  -7  of  122  +  -03  of  122  =  85  +  4  =  89,] 
.'.  when  diff.  in  nos.  =  '73,  then         89  =  diff.  in  logs. 
Add  log  35745  =  4-5532153 

.-.  log  35745-73  =  4-5532242 

Conversely,  given  log  35745  and  log  35746,  find  the  number 
whose  logarithm  is  4*5532242. 

From  4-5532275  =  log  35746 
Take  4-5532153  =  log  35745 

.'.  when  diff.  in  logs=  122,  then         1  =diff.  in  nos. 

From  4-5532242  =  log  (required  number) 

Take  4-5532153  =  log  35745 

89 
.-.  when  diff.  in  logs  =  89,  then  y^  =  diff.  in  nos. 

r^^        89      85  +  4      „^-\ 
r^-122  =  -T22-=-^^J 

.'.  when  diff.  in  logs  =  89,  then  -73  =  diff.  in  nos. 
.-.  4-5532242  =  log  35745-73. 

273.     In  the  same  way  we  may  interpolate  in  the  tables  of 
the  ratios  of  angles,  and  of  the  logarithms  of  the  ratios. 

int  to  observe  that,  as  the  secondary  ratios 
jcant  vary  incongruently  with  the  angles, 
he  differences  of  their  logarithms  will  have 
e  corresponding  differences  of  the  angles. 

OS  30°  13' 2", 

08  30°  ly^  co8  30°13'-co8  30°13^2'' 

J  sons'   "    cos 30"  13' -cos  30^4'    * 
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By  the  principle  of  Proportional  Differences,  this  fraction 
^  30"  13^  2^^-30°  13^  _  r  ^  j^ 
30M4'-30"13'    "60" "■30* 
Now  cos  30°  13'  =  •8641284 

cos30°14'=- 


.-.  diff.  in  cos  for  1'  =-0001464 
.-.  diff.  in  cos  for  2"= -0000049 
.-.  cos  30"  13'  2" =-8641235. 
This  result  is  obtained  by  svhtracting  the  difference,  corresponding 
to  2",  from  cos  30"  13'. 

Or  we  might  add  the  difference,  corresponding  to  58",  to  cos  30°  14'. 

275.  One  half  of  the  ratios  of  angles  between  0  and  90°,  viz. 
all  the  sines  and  cosines  and  all  the  tangents  up  to  45°,  are  less 
than  1.     The  logarithms  of  these  ratios  are,  therefore,  negative. 

In  order  to  avoid  tabulating  so  many  negative  quantities,  10 
is  added  to  the  logarithms  of  all  ratios  in  the  tables.  In  this  way 
all  the  tabulated  logarithms  are  reduced  to  positive  numbers. 
[The  number  4,  instead  of  10,  would  answer  the  same  purpose: 
for  the  smallest  tabulated  logarithm,  viz.  log  sin  T,  is  greater  than 

-4.] 

The  symbol  L  is  used  to  denote  a  logarithm  increased  hy  10. 
Thus  L  sin  28"  37'  means  10  +  log  sin  28°  37' 

=  10  +  r-6802877=  9  -6802877. 

§  5.    Adaptation  of  fokmul^  to  logarithmic  calculation. 

276.  Numbers  which  require  for  notation  several  significant 
figures  may  be  called  long  numbers. 

The  practical  use  of '  logarithms  is  to  enable  us  to  avoid 
having  to  perform  any  operations,  involving  long  numbers,  except 
addition  and  svhtraction, 

277.  For  logarithmic  purposes  an  expression  requires  to  be 
put  into  factor-forra. 

We  here  use  the  word  factors  to  denote  the  parts  of  an 
expression  which,  being  either  multiplied  or  divided,  make  up 
the  expression.     Thus  : 
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If  F^AxB;  logP  =  logii  +  log^. 

If  Q  =  A^B;  \ogQ  =  \ogA-\ogB. 

Strictly,  of  course,  ^,  not  JS,  is  the /actor  in  the  second  case. 

278.  A  formula  is  best  adapted  to  logarithmic  calculation, 
when  the  factors  of  the  required  value  involve  only  the  addition 
and  stcbtrciction  of  long  numbers. 

The  following  articles  will  illustrate  this  statement 

279.  To  solve  a  right-angled  triangle,  whose  sides  a  and  b 
(containing  the  right-angle)  are  given. 

I,  To  find  c,  we  have  (^=:a*  +  h\ 

We  might  find  a*  and  6*  by  multiplication,  which  would  be  a 
troublesome  process  if  a  and  h  were  long  numbers.  We  may 
use  the  logarithmic  table  to  avoid  this  process;  but  not  con- 
veniently.    Thus : 

Suppose  a  =  3456-4  ft.  and  h  =  4543-5  ft 

then  log  a  =  3-5386240  and  log  b  =  3-6573905, 

.-.  2  log  a  =  7-07725  and  2  log  6  =  7-31478. 
Now      log  1-1947  =  -07725  and  log  2-0643  =  -31478, 
/.  a^=  11947000  and  b^  =  20643000, 
.-.  c"  =  32590000  and  log  <r»  =  7-5130844, 
.-.  log  c  =  3-7565423  and  c  =  5708-8. 
This  work  requires  6  references  to  the  table;  showing  that 
the   formula   c^^a^  +  b^  is    not    well    adapted    for    logarithmic 
purposes. 

II.  To  find  A,  we  have  tan  A  =  -f, 

.-.  log  tan  ^  =  log  a  -  log  6  =  18812335, 
.-.  Lt&nA    =  10  +  log  tan  ^  =  9-8812335. 
Now  9-8813144  =  X  tan  37**  16' 

9-8810522  =  Ztan37°  15' 
.-.  -0002622  =       diff.  for  1' 
.-.  -0001813  =  diffi  for  ^\  of  60"  i.e.  42" 
.-.  A  =  37°  15'  42"  and  ^  =  90°  -  ^  =  52°  44'  18". 
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III.     Having  found  A,  we  may  find  c  as  foDows : 

We  have  -  =  cosec  A  =  cosec  37**  15'  42", 
a 

/.  log  c  -  log  a  =  log  cosec  37'  15'  42". 

Now  L  cosec  37'  15'  =  10-2180336 

L  cosec  37'  16'=  10*2178676 


.-.  diff.  for  1'=      -0001660 
.-.  diff.  for  42"  =  ^oi  ioSggoo  =  '0001162, 
:,  L  cosec  37'  15'  42"  =  10-2179174, 

.*.  log  c  =  3-5386240  +  -2179174  =  3-7565414, 
.-.  c  =  5708-8  as  before. 

280.  To  find  the  side  a  of  a  right-angled  triangle,  when  the 
hypothenuse  c  and  third  side  h  are  given. 

Here  a*  =  (r'-62^(c  +  6)  (c-6). 

In  this  case  the  required  value  is  expressed  by  factors  which 
involve  addition  cmd  svhtraction  only.  Hence  it  is  better  adapted 
for  logarithmic  calculation. 

Thus  2  log  a  =  log  (c  +  6)  +  log  (c  -  6). 

Suppose  c  =  5708-8  and  6  =  4543-5, 

.-.  c  +  6  =  10252-3  and  c- 6  =  1165-3, 
.-.  log  (c  +  6)  =  4-0108213  and  log  (c  -  6)  =  3-0664377, 
.-.  2  log  a  =  7-0772590,  .\  log  a  =  3-5386295, 
.'.  a  =3456-4. 

281.  To  solve  a  triangle  when  two  angles  and  a  side  are 
given.     [See  Arts.  163,  164.] 

Here  A  =  180'  --B-C;  which  gives  A  by  mere  sttbtraction. 

Next  b  =  —, — -T- ,  .*.  log  6  =  log  a  +  log  sin  -5  -  log  sin  A. 
sin  ^ 

This  is  well  adapted  to  logarithmic  calculation.  Similarly  c 
may  be  found. 
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282.  To  solve  a  triangle  when  the  three  sides  are  given. 
[See  Arts.  165,  166.] 

We  have  cos  A  =  — ^r^ . 

26c 

The  factor   6^-4-c^-a*  has  here  to  be  calculated  by  multi- 
plications :  hence  this  formula  is  not  well  adapted  for  logarithmic 
calculations.     On  the  other  hand,  the  formula 
.      A         /f(g-6)(g-c))     .    , 

^2-Vv.(/-a)  |g^^^^ 

logtanJ^  =  |log(«-6)  +  Jlog(5-c)-|log(«-a)-Jlog«. 
This  is  well  adapted. 
Or  we  may  use 

If  all  the  angles  are  to  be  found  the  tan  formula  is  the  most 
convenient,  because  only  the  four  logarithms  of  »,  «  —  a,  »  —  6,  «  —  c 
will  be  required  for  the  three  angles. 

Example,  Given  a =35742  yards,  6=29813  yards,  c= 47266  yards, 
find^. 


35742 

56410 

56410                    56410 

29813 

35742 

29813                    47266 

47265 

20668 

26597                      9145 

2)112820 

—B-a 

=a-6                  =«-c 

5=56410 

.*.  From  the  tables 

we  find 

log«=4-7513561 

log(«-6)=4-4248327 

log(«-a)=4-3152985 

log  («-c)  =  3-961 1837 

(adding)  =  9-0666546 

(adding) =8-3860164 

8-3860164 

2)-6806382 

-3403191=ilog«+ilog(«-a)-ilog(«-6)-ilog(«-c). 
T-  +an  i  ^  =  10  -  -3403191  =  9-6596809. 

9-6597076=X  tan  24°  33' 
9-6593733 =Z  tan  24°  32^ 
-0003343=  diff.  for    1' 
.-.  -0003076=difi:  for  ^  of  60",  i.e.  54''  -5, 
-.  i  ^  =  24°  32'  54"  -5,  .-.  ^  =49°  5'  49". 
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283.     To  solve  a  triangle  when  two  sides  and  the  included 
angle  are  given.     [See  Arts.  167,  168. J 

I.  To  find  a,  we  have        a*  =  6*  +  c^  -  26c  cos  A, 

This  is  not  well  adapted   to   logarithmic  calculation.     We 
may,  however,  transform  it  as  follows : 

a«  =  6«  + (r»- 26c(l  -  2  sin«  J  ^), 
=  (6-c)2  +  46csin4^, 

Now  there  must  be  some  angle,  0  say,  whose  tangent 

2  J  (he)    .    A 

0-c  2 

By  the  help  of  the  tables  this  angle  may  be  found.     Thus  since 

^       n     2  J(hc)    .     A 

tan  d  =  -r^ — -  sm  -r 

b-c  2 

/.  log  tan  ^  =  log  2  +  J  log  6  +  J  log  c  -  log  (6  -  c)  +  log  sin  \A, 
Having  found  ^,  we  have 

a«  =  (6-c)«(l  +tan2^)  =  (6-0)^  sec«  0, 
.'.  a  =(6-c)  sec  d, 
.*.  log  a  =  log  (6  —  c)  +  log  sec  ^. 

II.  To  find  B  and  (7,  we  have 

^      ^-(7     6-c     ^A 
tan      q      =  7 —  cot  -^  , 
2         o  +  c         2 

.'.  log  tan  — ^ —  =  log(6-c)-log(6  +  c)  +  logcot-^  . 

Having  found  B  and  C  we  may  find  a  from   either  of  the 
equations 

a  =  h  sm  A  cosec  ,5, 
or  a  =  (6  +  c)  sin  J  -4  sec  J  (^  -  C'), 
or  a  =  (6  -  c)  cos  J  -4  cosec  \{B-  C). 
The  two  latter  of  these  (which  the  student  may  easily  prove) 
have  the  advantage  over  the  first  that  they  require  only  tvx>  new 
logarithms.     Thus 

loga  =  log(6  +  c)  +  log  sin  I  -4 +*lt)g  sec  |  {B-C). 
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Example,    Given  6=723,  c=259,  -4  =  35°  18',  solve  the  triangle. 

Let        tan^=  ^^-'sin^. 
o-c         2 

ThenXtan^=log2+ilog6  +  ilogc-log(6-c)+Xsinl7°39' 
=  -3010300 + 1  -4296691  + 1  2066499 

-2-6665180+9-4817315 
=9-7624625, 

.-.  ^=29°  29'  23"  by  reference  to  the  tables. 

Now  a=(6-c)sec^, 

.*.  log  a — log  (6  -  c) + log  sec  6 

=2-6666180+ -0602692 

=  2-7267772, 

.-.  a =633-0614 =633-06  approximately. 

Next  Z tan i(5-(7)=log(6-c)-log(6+c)+Xcotiil 

=  2-6665180  -  2-9921115  + 104973279 
=  10-1717344, 
.-.     i  (5 -(7)  =  66°  2' 39", 
and  i  (5+ (7)  =  72°  21', 
.-.5=  128°  23'  39"  and  (7=  16°  18'  21". 

Henceloga  =  log(6+c)+logsinl7°39'  +  logsec56°2'39", 
=  2-9921115  + 1-4817316  + -2529361, 
=  2-7267781, 
.-.  a=533-0625  =  533-06  approximately  (as  above). 

284.     To  solve  a  triangle  when  two  sides  and  a  non-included 
angle  are  given.     [See  Arts.  169,  170.] 

--,  .    ^     c  sin  -ff 

Here  sm  C7  =  — f —  , 

b 

.'.  Z  sin  (?  =  log  c  -  log  6  +  X  sin  B, 

This  formula  is  immediately  adapted  to  logarithmic  calculation 
^^A  ^r.r.A  *»^4.  Vr*  ''''^her  discussed. 
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Examples  XI. 

1.  Prove  from   definition   (the  indices    being  positive  in- 
tegers) : 

^ar^^X/f^l  X/a^  =  aP;   y(a^)  =  (ya)P; 

2.  Interpret  a**,  a"",  a^,  a~^;  and  write  down  the  logarithms 
of  each  expression  to  the  base  a, 

3.  Find  the  values  of  3"*,  27*,  128-f,  219«. 

4.  Express  the  identities  in  Ex.  1,  in  terms  of  powers  instead 
of  roots  of  a. 

5.  Express  as  powers  of  x : — 

and  write  down  the  logarithms  of  each  expression  to  the  base  x, 

6.  Find  the  values  of 

logs  243,  logy  343,  log^  64,  log^o  10000,  logs  81, 
logn  ^11^  log3  V27,  log.  ^^,  log„  V125, 
logis  TF7»  log4  2,  log27  3,  logs  J^\,  logs  4/2, 

log.^J,log,o-^,log5^, 

logio  -00001,  log2  cos  60°,  logs  cos  45°, 
log2-5,  log5-04,  log82l28. 

7.  Find  the  characteristics  of 

logio  3245,  logio  123,  log^o  3-45,  log^o  -1234, 
logio  -001234,  logio  57000,  logj  90,  log4  100, 
log,  200,loge  50,  log.o  (123  x  10»). 

Prove  the  following  statements :  (8 — 23). 
8.     a^^  =  6^^*.  9.     ay^^  =  a^^*^^ .  a^*^^ 

10.  ai^^'  =  (aio8^)<'. 

11.  loga^  X  logftC  X  logc  a  =  1. 

J.  T.  14 

Digitized  by  VjOOQIC 


210  EXAMPLES   XI. 

12.  logab  X  \ogcd=\ogadx\og^b. 

13.  logabx\ogi,cx\ogcdx\ogae  =  \og^e, 

14.  logam"  X  \ogi,n^  x  log^r*  =  logi/"  x  loggm*'  x  log^n*. 

15.  If  log^n  =  logi^m,  then  each  =  log^i,*^. 

16.  K  logaa;  =  logfty  =  logc«,  then   each  =  log  ajP^^sf  to  the 
base  aPb^. 

17.  log  X  to  base  a**  =  log  J^x  to  base  a. 

18.  2  log  cos  A  =  log  (1  +  sin  il)  +  log  (I  -  sin  -4). 

19.  2  log  tan  A  =  log  (sec  -4  -  1)  +  log  (sec  A  +  1). 

20.  log  sin  2-4  =  log  2  + log  cos -4  + log  sin -4. 

21 .  log  cos  2-4  =  log  (cos  -4  +  sin  -4)  +  log  (cos  -4  -  sin  .4). 

22.  log  (1  +  sin  2-4)  =  2  log  (cos  -4  +  sin  -4). 

23.  log  tan  (ii  +  45°)  =  log  (1  +  tan  il)  -  log  (1  -  tan  A), 

Logarithms  to  base  10. 

24.  Given  log  2  =  -3010300,  find  the  logarithms  of 

4,  8,  128,  ^2,  1024,  i,  t^,  '25,  -03125,  200,  -002. 

25.  Given  log  2  =  -3010300,  find  the  logarithms  of 

5,  25,  50,  -2,  -008,  -j^,  5000,  -0005. 

26.  Given  log  3  =  -4771213,  find  the  logarithms  of 

9,  ^,  30,  243,  03,  -1. 

27.  Given  log  2  and  log  3  (as  above)  find  the  logs  of 

6,  18,  15,  135,  144,  750,  -2,  -004. 

28.  Given  log  7  =  -8450980,  find  the  logs  of 

343,  343000,  -343,  -00343,  3-43. 

29.  Given  log  2,  log  3,  and  log  7  (as  above)  find  the  logs  of 

35,  210,  245,  28,  42,  63,  441,  504. 
State  in  each  case  the  possible  error  in  the  result  calculated. 
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30.  Given  log  5  =  -6989700,  log  11  =  1-0413927,  find  the 
logarithms  of  2-2,  -36,  4-64. 

31.  Given  log  18  =  1-2552725,  log  24  =  1-3802112,  find 
log  2  and  log  3. 

32.  Given  log  54  =  1-7323938,  log  45  =  1-6532125,  find  log  3 
and  log  5. 

33.  Given  log  48  =  1-6812412,  log  75  =  1-8750613  find  log  15, 
log  12,  and  log  -Ol 

34.  Prove  that 

L  cosec  d  +  Z  sin  ^  =  Z  cot  ^  +  Z  tan  ^  =  Z  cos  ^  +  Z  sec  d  =  20. 

35.  Find  the  cube  root  of  two  billion,  having  given 
log  2  =  -3010300  and  log  1-259921  =  -1003433. 

36.  Given 

log  TT  =  -4971499,  log  1-3949  =  -1445431,  log  4-382208  =  -6416930, 
find  the  length  of  the  equator,  the  equatorial  radius  of  the 
earth  being  about  6974500  yards. 

37.  Show  that  the  characteristic  of  the  logarithm  to  base  10 
of  a  whx>le  number  is  one  less  than  the  number  of  digits  by 
which  that  number  is  denoted  in  the  decimal  system  of  notation. 

38.  Given  log  2,  find  the  number  of  digits  in  2^. 

39.  Find  the  5th  root  of  the  product  of  00056789  and 
"012345  having  given  that 

log  56789  =4-7542642, 
log  12345  =4-0914911, 
log  931432  =  5-9691511. 

On  Interpolation, 

40.  Given  log  8-4713  =  -9279501  and  log  8-4714^-9279552; 
find  log  8-471329,  log  8471343,  and  log  84713-76. 

41.  Given  log  187-13  =  2-2721434  and  log  187-14=2-2721666 ; 
find  log  187136-7,  log  -01871359,  and  log  18-71334. 

14—2 
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42.  Given  -4271776  =  log  2-6741  and  -4271939  =  log  2-6742; 
find  the  numbers  whose  logarithms  are  3*4271802,  3*4271799, 
T-4271900. 

43.  Given  2-5770320  =  log  377-60  and  -5770435  =  log  37761; 
find  the  numbers  whose  logarithms  are  2-5770397,  3-5770409, 
•5770421. 

44.  Given  sin  38°  38'  =  -6243342  and  sin  38**  39'  =  -6245614; 
find  sin  38°  38'  38",  and  sin  38°  38'  57". 

45.  Given  cot  43°  23'=  1-0580867  and  cot  43°  24'=  1-0574704; 
find  cot  43°  23'  23"  and  cot  43°  23'  42". 

46.  Given  L  tan  32°  32'=  9-8047447  and  L  tan  32°  33' 
=  9-8050233;  find  L  tan  32°  32'  32"  and  L  tan  32°  32'  46". 

47.  Given  L  cos  21°  21'  =  9-9691241  and  L  cos  21°  22'  = 
9-9690746;  find  L  cos  21°  21'  21"  and  L  cos  21°  21'  35". 

Solution  of  Triangles, 

48.  Given  C  =  90°,  c  =  934,  a  =  257 ;  find  b. 
[log  1-191  =  -0759118,  log  6-77  =  -8305887, 
log  8-9794  =  -9532473,  log  8-9795  =  -9532522.] 

49.  Given  C  =  90°,  a  =  5327,  b  =  261  -9 ;  find  J,  B,  c. 
[log  5-327  =  -7264827,  log  2-619  =  -4181355, 

L  tan  63°  49'  =  103083000,  Z  tan  63°  50'  =  10-3086191, 
L  sec  63°  49'  =  103553204,  L  sec  63°  50'  =  10-3555774, 
log  5-93601  =  -7734944.] 

50.  Given  C  =  90°,  a  =  2795,  ^  =  60° ;  find  b,  c,  B. 
[log  2-795  =  -4463818,  log  3  =  -4771213, 

log  1-6136  =  -2077959,  log  1-6137  =  -2078228.] 

51.  Given  J?=  70'  13',  C^  =  23°  19',  a  =  143;  find  6. 

[L  sin  70°  13'  =  9-9735801,  L  cosec  86°  28'  =  10-0008263, 

log  1-43  =  -1553360, 

log  1-3481  =  -1297221,  log  1-3482  =  -1297543.] 
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52.  Given  B  =  SO**  16',  (7  =  45%  b  =  2793;  find  a. 

[cot  59°  16'  =  -5945,  log  15945  =  -2026245, 

log  2-793  =  -4460709,  log  5  =  -6989700, 

log  3-1490  =  -4981727,  log  3-1491  =  -4981865.] 

53.  Given  a  =  52317;  6  =  24659,  c=  47932;  find  A. 

[log  6-2454  =  -7955603,  log  1-0137  =  -0059094, 

log  3-7795  =  -5774343,  log  1-4522  =  -1 620264, 

L  tan  42°  57'  =  99688960,  L  tan  42°  58'  =  9-9691493.] 

54.  The  sides  of  a  triangle  are  as  9  :  11   :  13.     Find  the 
greatest  angle. 

[cos  80°  24'  =  -1667687,  cos  80°  25'  =  -1664819.] 

55.  The  sides  of  a  triangle  are  50,  36,  28.     Find  the  greatest 
angle. 

[log  19  =  1-2787536,  log  29  =  1-4623980, 

Z tan  51°  0'  =  10-0916308,  Xtan51°  1'  =  10-0918891.] 

56.  The  sides  of  a  triangle  are  as  7  :  8  :  9;  find  all  the 
angles. 

[Ztan24°  5' =  9-6502809,  Ztan24°  6' =  9-6506199,' 
L  tan  29°  12'  =  9-7473194,  L  tan  29°  13'  =  9-747616a, 
•log  2  =  -3010300.] 

57.  Given  b  =  7235,  c  =  1592,  .i  =  50° ;  find  B  and  C. 
[log  5-643  =  -7515101,  log  8-827  =  -9458131, 

L  cot  25°  =  10-3313275,  L  tan  53°  53'  33"  =  101370245.] 

58.  Given  6  =  27,  c=  13,  ^  =  120°;  find  B,  (7,  and  a. 
[log  2  = -3010300,  log  3  =  -4771213, 

log 7  =  8450980,  log 35341  =  -54828, 

Z  tan  11°  25' =  9-3052183,  Z  tan  11°  26' =  93058689, 

Z sec  11°  25' =  100086793,  Z sec  11°  26' =  10-0087048.] 

59.  Given  6  =  9268,  c  =  6951,  A  =  16°  15'  38";  find  B  and  0. 
[log  7  =  -8450980,  Z  cot  8°  7'  49"  =  10-8450980.] 
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60.  Given  ^=47°  13',  c  =  239-7,  h  =  1985;  find  A  and  C, 
[log  2-397  =  -3796680,  log  1*985  =  -2977605, 

Z;  sin  62^  24' =  9-9475335,  Z  sin  62°  25' =  9*9475995, 
Z  sin  47°  13' =  9-8656531.] 

61.  Given  B  =  47"  13',  6  =  239*7,  c  ^  198*5 ;  find  C,  A,  a. 
[Z  sin  37°  25' =9-7836227,  Z  sin  37°  26'  =  9*7837878, 
Zcos5°  21' «  9*9981040,  Zcos5°  22' =  9*9980921, 

log  3*2517  =  -5121105,  log  3*2518  =  *5121238. 
See  last  Example.] 

62.  Given  B=  123°  27',  h  =  349*87,  c  =  37925 ;  find  C,  A,  a. 
[log  3-4987  =  -5439067,  log  3*7925  =  -5789256, 

Z  cos  33°  27' =  9*9213572,  log  3*275311  =  *5152526, 
Zsin5°  11' =  8*9558940,  Zsin5°  12' =  8-9572843, 
Z  sin  51°  21'  =  9-8926375,  Z  sin  51°  22'  =  9*8927385.] 

[Reference  to  tables  will  be  required  for  Ex.  63 — 67.] 

63.  A  tower  132  feet  high  throws  a  shadow  66  feet  long 
upon  the  horizontal  plane  upon  which  it  stands.  Find  the  Sun's 
altitude. 

64.  The  elevation  of  a  balloon,  at  a  height  3000  ft.  from  the 
ground,  is  43°  17';  find  its  distance  from  the  spectator. 

65.  The  angles  of  depression  of  the  two  banks  of  a  river, 
243  feet  wide,  (as  observed  from  a  point  in  a  vertical  plane  per- 
pendicular to  the  length  of  the  river,)  are  23°  17'  and  18°  15'; 
find  the  vertical  height  of  the  point  of  observation. 

66.  From  the  bank  of  a  river,  the  top  of  a  tower  on  the 
opposite  bank  is  at  an  elevation  54°;  35  feet  further  away  its 
elevation  is  49°;  find  the  breadth  of  the  river  (the  two  points 
of  observation  and  the  tower  being  in  a  line  perpendicular  to  the 
length  of  the  river). 

67.  The  angle  of  elevation  of  a  hill  from  a  point  due  north 
of  it  is  53°  18'  27",  and  from  another  point  due  west  of  the 
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former  and  distant  430*306  feet  from  it  the  elevation  is  49°  17'  18". 
Find  the  height  of  the  hill. 

68.  Given  two  sides  and  an  angle  (6,  c,  A)  of  a  triangle,  show 
that  the  third  side  a  =  {b  +  c)  cos  ^,  where 

.     .     2j(bc)        A 
smO=    7^    ^  cos  tr . 
6  +  c  2 

69.  Given  the  sides  of  a  triangle,  show  that  the  angles  may 
be  found  from  the  equations 

A-B _(a  +  b)am$  .    C _  csin^ 

*'**'-T  2J{ab)     '         '""2-27^)' 

where  a  —  b  =  c  cos  6. 

70.  Given  the  sides  of  a  triangle,  show  that  the  angles  may 
be  found  from  the  equations 

log  cos  jB  =  logic -log  c,         log  cos  (7  =  log3^-log6, 
where  x  and  y  are  found  from  the  equations 

x+y  =  a,     log  (a;  -  y)  =  log  (c  +  6)  +  log (c  -  5)  -  log  a. 

71.  Show,  by  examining  in  the  tables  the  logarithms  of  the 
numbers  1,  2,  3,  4,  5,  <kc.,  and  the  logarithms  of  the  sines  of  the 
angles  1',  2',  3',  4',  5',  <fec.,  that  the  sines  of  small  angles  are 
approximately  to  one  another  as  the  angles. 
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CHAPTER  XII. 

RATIOS    OF    ANGLES    UNLIMITED    IN    SIGN     AND 
MAGNITUDE. 

§  1.     Directed  Magnitudes. 

285.     Let  L  and  M  be  two  points  in  a  line:  and  let  Lh£ 
stand  for  the  length  of  the  part  of  the  line  between  them. 
Let  T  be  any  other  point  in  the  same  line. 
Then  we  may  express  LM  in  terms  oi  LT  and  TM. 


L 

T 

M 

L 

M 

T 

T 

L 

M 

Thus 

(1)  If  T ishetween  La,ndM,  LM=LT+TM  (1), 

(2)  If  T  is  outside  Z J/,  beyond  Jf,  LM^LT-MT  . .  .(2), 

(3)  If  T  is  outside  LM,  beyond  Z,  LM=  TM-  TL     .  ..(3). 
If  we  do  not  know  where  T  is  situated  with  regard  to  L  and 

My  we  do  not  know  which  of  these  three  formulae  to  adopt.  But 
it  would  be  clearly  advantageous  to  be  able  to  use  the  same 
equation  for  aU  three  cases.     We  observe,  then,  that 

MT  has  to  be  svhtracted,  when  T  is  on  the  side  of  if,  opposite 
to  L:  and  that 

TL  has  to  be  svhtracted,  when  jT  is  on  the  side  of  Z,  opposite 
to  M:  and  that 

Otherwise  MT  and  TL  have  to  be  added. 
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Directed  Lengths, 

286.  Let  us,  then,  use  a  bracketed  symbol,  such  as  (LM\  to 
indicate — not  merely  the  distance  LM — but  also  the  direction  in 
i«rhich  that  distance  is  regarded  as  having  been  described. 

Such  a  symbol  as  (LM)  or  (ML)  may  be  said  to  represent  a 
directed  length.    Thus 

(LM)  represents  the  line  LM,  regarded  as  drawn  from  L 
to  M; 

(ML)  represents  the  line  LM,  regarded  as  drawn  from  M 
to  Z. 

287.  The  use  of  these  symbols  representing  directed  lengths 
is  explained  by  the  following  rules  of  interpretation. 

To  interpret  any  expression  in  which  directed  lengths  in  the 
same  line  a/re  connected  hy  the  signs  +  or  -. 

Rule  I.  When  the  lengths  are  all  directed  the  sa/me  way,  the 
signs  must  be  understood  in  their  Arithmetic  sense. 

Rule  IL  Aiij  directed  length  may  be  reversed,  if  the  sign 
preceding  it  is  changed. 

To  obtain  the  final  interpretation,  therefore,  we  must  reduce 
all  the  directed  lengths  to  lengths  directed  the  same  way,  by 
reversing  and  changing  the  preceding  signs  where  necessary. 

288.  From  the  rules  of  the  preceding  article,  it  will  be  seen 
that  we  may  write  always  in  Art.  285 

(LM)  =  (LT)  +  (TM) (4). 

For,  in  fig.  1,  (LT),  (TM),  and  (LM)  are  directed  the  same 
way,  and  hence  +  has  to  be  interpreted  as  arithmetic  addition. 

In  fig.  2,  (TM)  is  directed  in  the  opposite  way  to  (LT)  and 
(LM),  and  .-.  +(TM)  becomes  -  (MT), 

In  fig.  3,  (LT)  is  directed  in  the  opposite  way  to  (TM)  and 
(LM),  and  .'.  +  (LT)  becomes  -  (TL), 
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289.  The  formula  {LM)^^{LT)  +  (TM)  is  of  the  highest 
importance.  To  give  it  a  familiar  aspect,  we  may  regard  (LM) 
as  a  step  from  L  to  M,  Thus,  if  we  have  to  go  from  Z  to  J/,  we 
may  always  go  from  L  to  T  and  then  from  T  to  M. 

This  will  be  true,  even  if  T  is  not  in  the  line  LM,  But  in  this  case 
LTM  would  form  a  ^rectilineal  or  curvilinear)  triangle,  and  we  should 
not  (in  general)  be  able  to  give  any  arithmetic  meaning  to  the  sign  + , 
for  neither  the  addition  nor  the  subtraction  of  the  lengths  of  two  sides 
of  a  triangle  would  give  us  (in  general)  the  length  of  the  third  side. 

If  Z,  Ty  M  are  in  the  same  line  (straight  or  curved)  we  may 
always  give  an  Arithmetic  Interpretation  to  the  equation 
(LM)  ={LT)  -^  (TM)y  by  reversing  and  changing  the  sign  of 
either  (LT)  or  (TM),  if  it  is  in  the  direction  opposite  to  {LM), 

290.  The  student  should  observe  that  with  the  same  rules  of 
interpretation,  the  equations 

(LM)  =  {LT)-{MT) (5) 

and  {LM)  =  {TM)  -  {TL) (6) 

are  always  true,  if  L,  T,  M  are  in  a  line. 
In  fact,  by  Rule  2, 

+  {TM)  =  -  {MT)  and  +  {LT)  ■=  -  (TL), 
so  that  (5)  and  (6)  follow  from  (4). 

291.  In  the  fundamental  equation 

+  {TM)  =  ^{MT) 
write  M  for  T, 

Then  +{MM)  =  ^(MM). 

Now  the  only  algebraical  quantity  which  is  such  that  its 
addition  is  equivalent  to  its  subtraction  is  zero. 

Hence  {MM)  =  0. 

This,  of  course,  only  expresses  the  fact  that  the  distance  from 
M  to  Mis  nothing. 
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Directed  Angles, 

.  292.  Similarly,  if  OL,  OM  make  any  angle  LOM,  and  if  OT 
be  any  other  line  through  0  in  the  plane  LOM^  the  angle  LOM 
will  equal  either 

ZOr+  TOM  or  LOT  -  MOT  or  TOM--  TOL, 

according  as  02*  is  bettveen   OL  and   OJf,    or   beyond  OM,   or 
beyond  OL. 


Using  the  symbol  (LOM)  to  represent  the  angle  LOM, 
regarded  as  described  by  the  revolution  of  a  line  from  OL  to  OM, 
and  giving  the  same  rules  of  interpretation  for  directed  angles  as 
for  directed  lengths,  we  may  say  universally 

{LOM)  =  {LOT)  +  {TOM), 

As  before  this  equation  is  clearly  realised  by  regarding  the 
rotation  from  OL  to  OM  as  equivalent  to  a  rotation  from  OL  to 
OT  followed  by  a  rotation  from  OT  to  OM.  But  the  equation 
can  be  arithmetically  interpreted,  only  if  OT  is  in  the  same 
[surface  or]  plane  as  the  angle  LOM. 

Directed  Areas.  , 

293.  If  0L0\  O'MO  are  two  parts  which  together  make  up 
any  closed  line,  and  if  OTO'  be  any  other  line  joining  00\  then 
the  area  of  OLO'M  will  equal  either 

OLOT^OTO'M  or  OLO'T-^OMO'T  or  OTO'M-  OTO'L, 
according  as  OTO'  falls  entirely  within  the  figure  OLOM,  or 
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outside  the  figure  beyond  OMO',  or  outside  the  figure   beyond 
0L0\ 


/O' 


Using  the  s3rmbol  {OLO'MO)  to  represent  an  area  whose 
periphery  is  traced  out  by  moving  in  the  direction  O-L—Cy—M-  O, 
and  giving  the  same  rules  of  interpretation  for  directed  areas  as 
for  directed  lengths  and  directed  angles,  we  may  write  universally 

{OLO'MO)  =  (OLO'TO)  +  (OTO'MO). 

In  tracing  out  the  peripheries  of  the  t/voo  figures  whose  sum  is 
equal  to  the  original  figure,  the  tracing  point  moves  twice  over 
the  part  of  their  peripheries  which  is  common^  viz.  OTO' ; — first 
in  the  direction  {O'TO),  then  in  the  direction  {OTO'),  These  two 
movements,  being  in  opposite  directions,  may  be  regarded  as 
cancelling  one  another,  and  the  resultant  movement  as  equivalent 
to  {OLMO). 


Algebraical  Representation  of  Directed  Magnitudes. 

294.  In  each  of  the  three  kinds  of  directed  magnitudes 
above  discussed, — viz.  length,  angle,  area, — two  opposed  direc- 
tions were  involved. 

Now  in  dealing  with  such  magnitudes,  we  have  to  reduce 
them  to  the  same  direction  before  combining  them  arithmetically. 

Hence  it  is  convenient  to  choose  one  of  the  two  directions  in 
question  as  that  to  which  all  the  directed  magnitudes  shall  be 
reduced. 
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The  direction  so  chosen  is  called  the  Positive;  that  opposite 
to  it  is  called  the  Negative. 

Again,  the  addition  of  any  directed  magnitude  was  interpreted 
to  mean  the  same  as  the  subtraction  of  the  oppositely  directed 
magnitude. 

Hence,  the  algebraical  signs  of  aflfection  exactly  answer  the 
purpose  of  denoting  two  oppositely  directed  magnitudes. 

It  is  clearly  immaterial  which  direction  we  choose  to  represent 
by  positive  numbers  and  which  by  negative. 

295.  The  method  of  applying  signs  of  affection  to  denote 
directed  angles  is  the  same  as  that  for  directed  lines. 

In  Chap.  I.,  it  is  shown  that  a  trigonometrical  angle,  corre- 
sponding to  a  given  geometrical  angle,  may  be  of  any  magnitude. 

When  further  we  distinguish  the  Initial  from  the  Final  line, 
we  can  also  apply  either  sign  of  affection  to  represent  an  angle. 

In  Arts.  14 — 16,  the  general  value  of  the  magnitude  of  a 
trigonometrical  angle  is  given  in  terms  of  the  corresponding 
geometrical  angle.  We  may  apply  these  results  to  a  directed 
trigonometrical  angle.  For,  whichever  direction  the  revolution 
takes,  a  complete  revolution  brings  the  revolver  back  to  its  initial 
position,  and  a  half-complete  revolution  brings  it  to  the  initial 
position  reversed.  Hence  the  following  table  gives  the  value  of 
the  trigonometrical  directed  angle  corresponding  to  any  position 
of  the  final  line  :^- 


Final  line  in 
1st   Positive  Quadrant 
2nd         „  „ 

3rd  „  „ 

4th 


Directed  angle  = 

2n  .  180°  +  a  positive  acute  angle. 
(2«+ 1)180°-  „  „         „ 

(2n+ 1)180°  + 

2».180°- 


where  n  is  0  or  any  positive  or  negative  integer. 
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Dependent  Signs, 

296.  We  may  choose  arhitra/rily  either  direction  of  revolu- 
tion as  positive. 

But  it  is  convenient  to  make  the  sign  for  an  area  depend  on 
that  for  a  revolution.     Thus 

Let  S  be  any  point  taken  inside  a  closed  area. 

Let  an  elastic  string  tied  to  S  revolve  round  S  through  four 
right-angles,  and  let  its  other  extremity  trace  out  the  periphery 
of  the  area,  so  that  the  string  just  traverses  the  whole  area. 

Then  we  take  the  area  as  positive,  when  its  periphery  is 
traced  out  in  the  direction  corresponding  to  the  positive  direction 
for  the  angle. 

It  should  be  noted  that  if  aS^  is  taken  outside  the  area,  the  string  will 
have  to  revolve  first  through  an  angle  in  one  direction  and  then  through 
an  equal  angle  in  the  opposite  direction,  in  order  that  its  extremity 
may  trace  out  the  periphery.  Hence  to  connect  the  sign  of  an  area 
witn  the  sign  of  an  angle  we  must  take  S  inside  the  area. 

297.  When  any  line  is  taken  independently,  either  direction 
along  it  may  be  arbitrarily  chosen  as  positive. 

But  when  it  is  essential  to  regard  a  certain  line  as  perpen- 
dicular to  another  line  (whose  positive  direction  has  already  been 
assigned)  the  sign  of  the  former  depends  on  the  latter. 

Thus,  the  line,  which  makes  a  positive  right-angle  with  an 
independently  positive  line,  is  dependently  positive  :  and  hence, 
the  line,  which  makes  a  negative  right-angle  with  an  indepen- 
dently positive  line,  is  dependently  negative. 

Signs  in  Multiplication. 

298.  Suppose  ABCD  is  any  rectangle.     (See  fig.  p.  9.) 

Then,  by  an  extension  of  the  meaning  of  multiplication  (ex- 
plained in  Art.  21)  we  have 

area  ul^Ci>  =  length  AB  x  length  BC. 
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By  a  still  further  extension  we  may  say 
directed  area  {ABC DA)  = 

{AB)  X  {BC)  or  {BC)  x  {CD)  or  {CD)  x  {DA)  or  (Z)^)  x  (^J5), 
directed  area  {CBADC)  = 

(C7^)  X  (^i)  or  (^^)  X  {AD)  or  (^Z))  x  (i>(7)  or  {DC)  x  (Ci5). 

In  each  of  these  products  the  directed  factors  (and  the  letters 
composing  those  factors)  are  written  in  the  order  indicated  by  the 
designation  of  the  directed  area. 

Let  us  choose  arbitrarily  the  sign  of  the  first  factor.  Then 
that  of  the  second,  since  it  is  essential  to  regard  it  as  perpendicu- 
lar to  the  first,  will  be  chosen  dependency  on  the  first. 

Suppose,  then,  that  {ABC DA)  is  considered  positive,  and 
{CBADC)  is  considered  negative, 

I.  Let  {AB)  be  arbitrarily  chosen  as  positive,  so  that  {CD) 
is  negative. 

Then  {BC)  makes  a  positive  right-angle  with  AB,  and  is,  there- 
fore, dependently  j90«i<ive. 

But  {DA)  makes  a  negative  vight-d^n^Q  with  AB,  and  is,  there- 
fore, dependently  negative. 

Thus,  the  rule  of  signs  in  multiplication  are  applicable  to  the 
four  equations 

{ABC DA)  =  (.1^)  X  {BC)  =  {CD)  x  {DA), 
{CBADC)  =  {BA)x  {AD)  =  {DC)  x  {CB). 

IL  Let  {BC)  be  arbitrarily  chosen  as  positive  ;  so  that  {DA) 
is  'negative. 

Then  {CD)  makes  a  positive  right-angle  with  {BC),  and  is, 
therefore,  dependently  positive. 

But  {AB)  makes  a  negative  right-angle  with  {BC)  and  is, 
therefore,  dependently  negative. 

Thus  the  rule  of  signs  in  multiplication  applies  to  the  remain- 
ing four  equations, 

{ABC DA)  =  {BC)  X  {CD)  =  {DA)  x  {AB), 
{CBADC)  =  {CB)  X  {BA)  =  {AD)x  {DC). 
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299.  The  student  must  carefully  distinguish  between  the 
multiplication  of  a  directed  length  by  a  directed  length  and  the 
multiplication  of  a  directed  length  by  a  number^  positive  or  nega- 
tive. 

Length  x  Length    =  Area. 
But  Length  x  Number  =  Length. 

Thus,  (3  ft.)  X  (-  2  ft.)  may  be  interpreted  as  -  6  square  ft. 
But  (3  ft.)  X  (—  2)  must  be  interpreted  as  -  6  ft. 
Hence  multiplying  a  directed  length  by  a  negative  number  has 
the  effect  of  altering  the  length  and  reversing  its  direction. 

%  2.     Application  to  Trigonometrical  Ratios. 

300.  Let  a  straight  line,  terminated  at  a  fixed  apex,  describe 
an  angle  by  revolving  in  a  plane  from  an  initial  to  a  final  position. 

Let  a  transverse  line,  perpendicular  to  either  the  initial  or. the 
final  line,  cut  both  these  lines  (either  being  produced  if  necessary). 
Then 

(1)  The  part  cut  off  from  the  transversal — directed  from  the 
initial  to  the  final  line — ^is  called  the  Perpendicular. 

(2)  The  parts  cut  off  from  the  initial  and  final  lines — directed 
from  the  apex  of  the  angle — are  called  Base  and  Hypothenuse 

(that  being  hypothenuse  which  is  opposite  the  right-angle.) 


Thus,  let  01  be  the  initial^  OF  the  final  line. 
Then  if  B  is  on  01,  and  BH  perpendicular  to  01; 
(OH)  is  hypothenuse;  (OB)  is  base;  and  (BH)  is  perpendicular. 
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But  if  i?  is  on  Oi^,  and  BH  perpendicular  to  OF] 
{OH)  is  hypothenuse ;  {OB)  is  base;  and  {HE)  is  perpendicular. 

Having  then  defined  base,  hypothenuse,  and  perpendicular  as 
directed  lengths,  the  ratios  of  any  directed  angle  whatever  are 
defined  in  the  same  way  as  those  of  an  OAmte  angle  were  defined 
in  Art.  71 — 73,  except  that  directed  lengths  are  svhstituted /ormere 
IcTigths, 

Conventions  as  to  Signs, 

301.  In  order  to  express  the  Trigonometrical  Ratios  alge- 
hraicaUy  we  must  affix  signs  of  affection  to  the  four  directed 
magnitudes  in  question,  viz.  : 

(1)  The  angle.  (2)  The  initial  line.  (3)  The  final  line. 
(4)    The  transverse  line. 

Mathematicians  adopt  the  following  conventions  in  order  to 
express  algebraically  the  ratios  of  any  directed  angle  : — 

(1)  Lengths  along  either  bounding  line  of  the  angle  are 
regarded  as  positive, 

(2)  Lengths  perpendicular  to  either  bounding  line  have  the 
same  sign  as  the  right-angle  which  they  make  with  that  bounding 
line. 

Thus,  the  bounding  lines  being  assumed  to  be  positive,  the 
perpendiculars  to  them  receive  a  dependent  sign,  as  explained  in 
Art.  297. 

302.  The  mathematician  thus  leaves  two  directions  to  be 
arbitrarily  chosen,  viz. : — 

(1)  The  positive  direction  of  revolution. 

(2)  The  direction  of  the  initial  line. 

303.  It  is  very  desirable  to  fix  upon  some  constant  directions 
of  these  two,  for  the  purpose  of  mentally  retaining  the  signs  of 
the  different  ratios  of  different  angles. 

For  this  purpose  we  have  what  may  be  called  a  teaclier-and 
sttulenfs  convention  ;  viz. : 

(1)  The  positi/ve  direction  of  revolution  shall  be  opposite  to 
the  motion  of  the  hands  of  a  clock;  Le.  a  Right-Up-Left-Dow^n- 
J.  T.  15 

Digitized  by  VjOOQIC 


226 


RATIOS  OF  UNUMITED  ANGLES. 


Right  motion ;  so  that  the  negative  direction  is  the  same  as  that 
of  the  motion  of  the  hands  of  a  clock ;  i.e.  a  Lefi-Up-Right-Down- 
L^  motion. 

(2)  The  initial  line  shall  be  supposed  to  be  drawn  right- 
wards. 

Since  a  line  drawn  upwa/rds  makes  (in  accordance  with  this 
convention)  a  positive  right-angle  with  a  line  drawn  right-wa/rds^ 
we  have,  combining  the  Mathematician's  with  the  Teacher-and- 
Student's  convention,  the  following  three  positive  directions : 

(1)  For  initial  line,  Right-wards, 

(2)  For  revolution,  Right^upwards, 

(3)  For  perpendicular,  Upwa/rds, 

304.  To  determine  the  signs  of  the  ratios  for  the  different 
quadrants  in  which  the  final  line  may  lie, 

F 

V 
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liet  01  be  the  initial  line,  OF  the  final  line. 

!For  simplicity,  take  the  hypothenuse   {OH)  in  every  case 
along  OF,     So  that  (OH)  is  always  positive. 

Draw  HB  perpendicular  Ui  01  or  01  produced. 

Then  {OB)  is  the  base ;  and  {BH)  is  the  perpendicular. 

Let  {OK)  make  a  positive  right-angle  with  (0/),  so  that  lines 
in  the  direction  {OK)  are  positive, 

(1)  When  O^is  in  the  1st  quadrant, 

{BH)  which  is  drawn  in  the  direction  {OK)  is  Positive. 
{OB)      „  „       in  the  direction  '{01)  is  Positive. 

(2)  When  OF  is  in  the  2nd  quadrant, 

{BH)     „  '„       in  the  direction  {OK)  is  Positive. 

{OB)      „  „       oppositely  to  {01)  is  Negative. 

(3)  When  OF  is  in  the  3rd  quadrant, 

{BH)     „  „      oppositely  to  {OK)  is  Negative. 

{OB)      „  „       oppositely  to  {01)  is  Negative. 

(4)  When  OF  is  in  the  4th  quadrant, 

{BH)     „  „      oppositely  to  (O^)is  Negative. 

{OB)      „  „       in  the  direction  {01)  is  Positive. 

Thus  the  signs  corresponding  to  the  four  quadrants  are 
for  Perp. ;(!)  +  ;  (2)  +  ;  (3)-;  (4)-. 
for  Base;  (1)  +  ;  (2)-;  (3)-;  (4)+. 

Now  since  we  have  taken  the  hypothenuse  {OH)  to  be  positive 
in  every  case, 

(I)  Sine  and  Cosecant  have  the  sign  of  the  Perp. 

(II)  Secant  and  Cosine  have  the  sign  of  the  Base. 
Also  (III)  Tangent  and  Cotangent  have  the  sign  obtained  by 
division  of  Base  and  Perp. 

The  following  table  gives  all  the  results : 

15—2 
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Quadrants 

1st 

+ 

+ 

2nd         3rd 

4th 

Sine  and  Cosecant 

1 

1 

"       1        ^ 

"" 

Tangent  and  Cotangent 

Secant  and  Cosine 

- 

1 
+ 

1 

Here  observe  that,  while  every  ratio  is  positive  in  the   1st 
quadrant, 

the  sine  (and  cosecant)  are  also  positive  in  the  2nd ; 
the  tangent  (and  cotangent)  „  „  in  the  3rd ; 
the  secant  (and  cosine)  „       „        in  the  4th. 

In  the  above  figures, 
The  initial  line  01  is  drawn  Rightwards : 
The  positive  direction  of  revolution  is  Right-upwards: 


305. 

(1) 

so  that 
(3) 


OKy  which  is  drawn  Upwards,  is  positive. 
Also  the  lines  {OB),  {BH)  are  dotted  when  negative. 
Retaining  these  figures  in  the  mind,  it  is  easy  to  remember 
that 

{OB)  is  +  ^,  when  Rightwards  ;  -  ^®,  when  Leftwards, 
{BR)  is  +  ^*,  when  Upwards;      -  ^®,  when  Downwards, 

306.  But  the  student  must  particularly  observe,  that  the 
signs  here  ascribed  to  the  base  and  perpendicular,  according  as 
the  former  is  rightwards  or  leftwards  and  the  latter  upwards  or 
downwards,  apply  only  to  the  an/gle  lOF  in  each  of  the  four 
figures. 

Thus,  in  each  figure,  when  we  regard  {OB)  as  the  base  of  the 
acute  angle  BOH,  it  is  positive:  so  that  (e.g.)  cos  {BOH)  is 
positive  in  each  case. 

Digitized  by  VjOOQIC 


APPLICATION   TO   TRIGONOMETRICAL  RATIOS.  229 

Moreover,  retaining  the  same  positive  direction  of  revolution 
viz.  Might-Up-Lefi-Dovmwarda, 

in  2nd  figure,  sin  {BOH)  is  negative, 
in  3rd  figure,  sin  (BOH)  is  positive, 

CompoHson  of  the  ratios  of  related  angles, 

307.  In  denoting  the  ratios  of  angles,  we  may  use  either 
symbols  for  directed  lengths,  or  symbols  for  mere  Arithmetic  lengths 
^-prefixing  explicitly  the  proper  signs. 

The  latter  method  was  used  in  Art.  136,  in  defining  the  ratios 
of  obtuse  angles.  The  student  ought  to  be  able  to  apply  either 
method  when  required. 

308.  In  each  of  the  figures  of  Art.  304,  let  z  BOH  repre- 
sent the  same  positive  a-cute  angle  A, 

Then  the  ratios  of  i  BOH  are  all  positive. 

Now,  in  the  Jirst  figure,  z  lOF  represents  the  positive  angle  A, 
or  generally  the  angle  2n .  180°  +  A, 

In  the  second  figure,  z  lOF  represents  the  positive  angle 
180°  -  A,  or  generally  the  angle  (2/i  +  1)  180°  -  A. 

In  the  third  figure,  z  lOF  represents  the  positive  angle 
180°  +  A,  or  generally  the  angle  {2n  +  1)  180°  +  A. 

In  the  fourth  figure,  z  /Misrepresents  the  negative  angle  -A, 
or  generally  the  angle  2n,  180°  -  -4. 

Thus,  from^r*^  figure, 

any  ratio  of  2n .  180°  +  <4  =  that  same  ratio  of  A. 

From  second  figure, 

Bin  (180°- A)  = -^^  =  an  A. 

cos  (180°  -  A)  =  '^=^  -  cos  A. 

Jiff 
taxi{lSO'-A)=~^=^-ta.nA. 

Digitized  by  VjOOQIC 


280  RATIOS   OF  UNLIMITED  ANGLES. 

From  third  figure, 

sin  (180°  +  -4)  =  -^  =  -  sin  A. 

008(180"  + A)  =  '^^ — cos^. 

•    tan  (180"' +  .4)  =  -^  =  tan  A 
¥rom  fourth  figure, 

sin  (-  -4)  =       -.  =  -  sin  -4. 

COS(-il)=    -prTj    =COS-d. 

tan  (-  il)  =  ^^^  =  -  tan  il. 

Thus  any  ratio  has  the  same  numerical  value  for  all  the  angles 
found  by  adding  or  subtracting  A  from  0  or  180'  or  any  multiple 
of  180\ 

But  the  sign  of  the  ratio  has  to  be  found  by  considering  in 
what  quadrant  the  final  line  would  lie  for  the  angle  in  question. 

309.  The  above  results  may  be  expressed  as  follows : — 
If  A  is  an  acute  angle,  and  n  any  integer. 

I.  Any  ratio  of  2n .  180'  +A  =  that  same  ratio  of  A, 

II.  The  sine  or  cosecant  of  (2w+  1)  180'  — :4  is  the  same  as 
that  of  A;  but  its  other  ratios  are  the  negatives  of  those  of  A. 

III.  The  tangent  or  cotangent  of  {2n+l)  180' +  il  is  the 
same  as  that  of  A  ;  but  its  other  ratios  are  the  negatives  of  those 
of  ^. 

lY.  The  secant  or  cosine  of  2n  .  180'  —  ^  is  the  samie  as  that 
of  A ;  but  its  other  ratios  are  the  negatives  of  those  of  A. 

310.  The  above  results  hold  whatever  value  A  may  have. 

This  may  be  shown  in  the  following  way. 

The  revolution  2n,  180'  carries  the  revolver  from  01  back 
again  to  01, 
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The  revolution  (2w  +  1)  180**  carries  the  revolver  from  01  to 
or  (Le.  01  reversed). 

The  following  table  shows  into  what  quadrant  the  revolver  is 
carried  by  a  revolution  equal  to  +  -4  or  -  il  from  01  or  from  OF 
according  as  the  revolution  A  from  01  carries  the  revolver  into 
the  1st,  2nd,  3rd,  or  4th  Quadrant. 


Revolution 

Quadrants 

+  A  from  01 

1 

2 

3 

4 

-  A  from  or 

2 

1 

4 

3 

+  A  from  OT 

3 

4 

1 

2 

-  A  from  01 

4 

3 

2 

1 

Now  the  sine  and  coseccmt  have  the  same  sign  in  the  first  as 
in  the  second  quadrant;  and  also  in  the  third  as  in  the  fourth, 
Hence  the  above  table  shows  that 

angles  in  the  series  {2n  +1)  180**  -  A 
have  the  same  sine  and  cosecant  as  A. 

Again  the  tangent  and  cota/ngent  have  the  same  sign  in  the 
first  as  in  the  third  quadrant,  and  also  in  the  second  as  in  the 
fourth.     Hence  the  above  table  shows  that 

angles  in  the  series  {2n  +1)  180°  +  A 
have  the  same  tangent  and  cotangent  as  A, 

Lastly  the  secant  and  coshie  have  the  same  sign  in  the  first  as 
in  the  fourth  quadrant,  and  also  in  the  second  as  in  the  third, 
Hence  the  above  table  shows  that 

angles  in  the  series  2n .  180°  -  A 
have  the  same  secant  and  cosine  as  A, 

311.  The  results  of  the  last  article  may  be  expressed  in 
other  forms,  differing  only  verbally  from  the  above. 
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A. 

I.  Angles  in   the  series  2n.  180° +  -4  have  every  ratio   the 
same. 

II.  Angles  in  the  series 

2n .  ISC'*  +  A  and  (2w  +  1)  180°  -  A, 
Le.  in  the  series,  m .  180°  +  (- 1)*"  il 

are  equi-sinal  and  equi-coeecantal. 

III.  Angles  in  the  series 

2n .  180°  +  A  and  (2w  +  1)  180°  +  J, 
i.e.  in  the  series,  m .  180°  +  A 

are  equi-tangential  and  equi-cotangential. 

IV.  Angles  in  the  series 

2n .  180°  +  A  and  2n  .  180°  -  A, 
i.e.  in  the  series,  2m .  180°  *  A 

are  equi-cosinal  and  equi-secantal. 

B. 

L     Angles  whose  difference  is  a  multiple  of  360°  have  aU  their 
ratios  the  same. 

II.  Angles  whose  difference  is  an  even  or  whose  sum  is  an 
odd  multiple  of  180°  are  equi-sinal, 

III.  Angles  whose  difference  is  any  multiple  of  180°  are 
equirta/ngentiaL 

IV.  Angles  whose  sum  or  difference  is  a  multiple  of  360°  are 
equi-cosinal, 

of  the  above  propositions  are  also  true: 
1  has  two  non-reciprocal  ratios  the  same  as 
ries 

2m.l80°+i4. 
ich  has  the  same  sine  or  cosecant  as  A 
s 
n.l80°  +  (-l)«»^. 
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III.  Any  angle  which  has  the  same  tangent  or  cotangent  as  A 
must  belong  to  the  series 

m.lSO'^  +  il. 

lY.  Any  angle  which  has  the  same  secant  or  cosine  as  A 
must  belong  to  the  series 

2m.l80*'=fc^. 

For  only  one  positive  acute  angle  can  have  any  ratio  of  a 
given  value  (Art.  68). 

And  it  is  by  an  a^cute  angle  that  the  numerical  values  of  the 
ratios  of  am,y  angle  are  determined. 

313.  Hence  the  general  solutions  of  trigonometrical  equations 
are  as  follows,  where  A  is  amy  one  solution. 


T. 

Given 

sin*  ^  =  a, 

or  cos*  6  =  a,  &c. 

then 

e  =  n. 

.  180°±J. 

II. 

Given 

sin  ^  =  a, 

then 

e  =  n. 

,\m''+{-\fA. 

III. 

Given 

tan  $  =  a, 

then 

e  =  n. 

,  180**  +  A, 

lY. 

Given 

cos  $  =  ay 

then 

e  =  n. 

360''^  A. 

Example.    Give  the  general  solution  of  the  equation 

sin  ^  +  2cos2^=2. 
This  equation  may  be  written 

sin  ^= 2  (1  -  cos2  ^; = 2  sin^  B, 

.*.  sin^-2sin2^=0, 

.-.  sin^(l-2sin^)=0, 

.-.  either  sin  ^=0,    or  (1  -  2  sin  d) =0. 

Now  if  sin  ^=-0,  ^=0  or  ISO**  or  360°,  &c. 

.*.  the  general  solution  of  sin  ^=o  is  d=n,  180°. 
But  if  1  -  2  sin  ^=0,  then  sin  ^=i ; 

.-.  ^=60°  or  120°  or  420°,  &c. ; 
i.e.  ^=7i.l80°  +  (-l)'»60°, 
.*.  the  general  solution  of  the  given  equation  is 
.^=/i.  180°  or  71 .  180°  +  ( -  lY 60°. 
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314.  It  will  be  useful  to  show  that  the  fundamental  results 
(as  to  the  signs  of  the  ratios  corresponding  to  the  four  quadrants) 
given  in  Art.  304,  follow  however  the  right-angled  triangle  may 
be  formed. 


There  are  four  ways  of  forming  the  triangle  in  each  case. 
I.     Hypothenuse  positive  and  in  final  line  (perp.  B^H^, 

II.  Hypothenuse  negative  and  in  final  line  (perp.  B^H^. 

III.  Base  positive  and  in  final  line  (perp.  H^B^. 

IV.  Base  negative  and  in  final  line  (perp.  H^B^, 

lake  a  positive  right-angle  with  0/, 
lake  a  positive  right-angle  with  OF. 
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Then 

When  OF  is  in  first  quadrant, 
B^Ili  like  OKis  +  ;  OB^  like  0/  is  + ;  OH^  like  OF  is  + . 
B^^  unlike  OZ  is  - ;  OB^  unlike  0/  is  - ;  OH^  unlike  OF  is-, 
J7s^8  like  06?  is  + ;  O^s  like  07^  is  + ;  OiTj  like  0/ is  +  . 
H^B^  unlike  (>(?  is-;  OB^  unlike  OF  is-;  OJ5r4iinlike  0/is-. 

It  follows  that  the  ratios  of  the  angle  lOF  are  all  positive 
hcwever  the  right-angled  triangle  be  constructed. 

The  student  should  in  the  same  way  examine  the  case  for  the 
2nd,  3rd,  and  4th  quadrants. 

Limiting  values  of  the  ratios. 
315.     In  Art.  113,  we  have  shown  that 

for  angle    0° ;  perp.  =  0  and  base  =  hyp. 
for  angle  90° ;  perp.  =  hyp.  and  base  =  0. 


Consider  angle  180°. 

Let  the  angle  lOF  be  nearly  180° ;  then  MP,  the  perpen- 
dicular, is  very  small;  and  OM,  the  base,  is  in  magnitude  very 
nea/rly  equal  to  OP, 

But,  since  (OM)  is  directed  opposite  to  01,  the  initial  line, 
we  have,  (representing  OM  algebraically), 

(OM)  =  -  arithmetic  distance  between  0  and  M, 
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But  since  (OP)  is  directed  ths  same  way  as  OF,  the  Jiruil  line, 
we  have,  (representing  OP  algebraically), 

(OP)  =  +  arithmetic  distance  between  0  and  P. 

Now  at  the  limit,  (MP)  vanishes,  and  (OM)  coincides  with 
(OP).     Thus 

sin  180"  =  0  and  cos  180"  =  -  1. 

This  last  result  is  deserving  of  special  attention. 

In  representing  (OM)  by  an  algebraical  quantity  we  refer 
to  (01)  in  order  to  determine  its  sign  :  but  in  representing  (OP) 
we  refer  to  (OF). 

In  the  limit  (OF)  becomes  opposite  to  (01) ;  and  hence  the 
signs  of  (OM)  and  (OP)  are  opposite;  although  they  exactly  coin- 
cide in  direction  as  well  as  magnitude. 

This  exemplifies  the  principle  that  lines  which  coincide  (so  to 
spea,k)  purely  incidentally  have  not  necessarily  the  same  sign. 

Consider  the  angle  270". 

Here  (OM)  vanishes,  and  (MP)  ultimately  coincides  with 
(OP). 

But  (MP)  makes  a  negative  right-angle  with  the  initial  line 
(OI)y  and  is  therefore  represented  algebraically  by  a  negative 
number. 

On  the  other  hand,  (OP)  which  is  along  the  Jlnal  line  is 
represented  by  a  positive  number. 
Hence 

sin  270"  =  -  1  and  cos  270"  =  0. 

316.     The  principle  of  continuity  confirms  these  conclusions. 

For,  when  the  final  line  is  in  the  2nd  or  3rd  quadrant,  the 
cosine  is  negative.  Hence,  when  it  separates  these  quadrants, 
viz.  when  the  angle  is  (2n+  1)  180",  its  cosine  must  be  negative. 

Again,  when  the  final  line  is  in  the  3rd  or  4th  quadrant,  the 
sine  is  negative.  Hence,  when  it  separates  these  quadrants,  viz. 
when  the  angle  is  (4n  - 1)  90",  its  sine  must  be  negative. 
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317.  To  trcice  the  changes  in  magnitude  and  sign  of  the  ratios 
of  an  angle  as  it  increases  from  0  to  360**. 

As  an  example,  take  the  tangent. 
From  0'  to  90°,  tangent  is  +^*,  and  increases  from  0  to  -»  oo  . 
From  90°  to  180°,  tangent  is  —  ^,  and  increases  from  -  cx)  to  0. 
From  180°  to  270°,  tangent  is  +^,  and  increases  from  0  to  +  oo . 
From  270°  to  360°,  tangent  is  —  ^®,  and  increases  from  -  oo  to  0. 

It  should  be  observed  that  the  ratios  which  become  infinite 
at  the  limiting  values  0°,  90°,  180°,  270°  are  ambiguous  in  sign : 
ie.  their  sign  depends  upon  whether  we  arrive  at  the  limit  by 
increasing  the  angle  up  to  its  limit  or  by  decreasing  the  angle 
doum  to  its  limit. 

318.  '  To  examine  how  the  fundamental  formulce  connecting 
the  ratios  of  an  angle  are  affected  by  taking  the  angle  of  am.y 
magnitude  or  sign. 

The  formulae  of  Art.  79,  which  follow  immediately  from 
definition,  are  evidently  unaffected  by  extending  the  angle  to  any 
magnitude  or  sign. 

Also  the  formulae  of  Art.  80,  which  involve  the  squares  of  the 
ratios,  are  unaffected  by  the  signs  of  the  ratios. 

But,   in  applying  these  latter  to   express  a  ratio  in  term 
of  another  by  taking  the  square  root,  we  must  observe  that 
sin  ^  =  ±  ^  (1  -  cos^il) ;  cox  A  =  ^  J  {\  +  cotM) ; 
tauil  =  db  J  (sec^-4  -  1) ;  cot  A  =^  J (cox*^  -  1) ; 
sec  J  =  *  ^  (1  +  tan^  A) ;  cos  A  —^  \/  (1 ""  sin^  A), 
The  upper  sign  must  be  taken 
in  the  1st  line,  for  angles  of  the  1st  or  2nd  quadrant; 
in  the  2nd  line,  for  angles  of  the  1st  or  3.rd  quadrant ; 
in  the  3rd  line,  for  angles  of  the  1st  or  4th  quadrant. 

319.  This  result  shows  that,  knowing  one  ratio  of  an  angle 
and  nothing  more,  there  are  two  possible  equal  and  opposite 
values  for  any  other  ratio  (except  the  reciprocal  of  that  given). 

This  is  geometrically  obvious. 
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For  example;  knowing  that  the  cotaiigent  of  an  angle  has 
some  particular  value,  which  is  (say)  negative,  the  angle  may  be 
in  the  2nd  or  4th  quadrant;  and,  therefore,  either  sine,  cosine, 
secant,  or  cosecant  may  be  positive  or  ^legative. 

§  3.     Inverse  Symbols. 

320.  The  symbols  sin"\  cos"^  <fec.  are  used  in  the  following 
sense. 

If  ^  be  any  angle,  whose  sine  has  some  given  value  a,  then 
for  6  we  may  write  sin""^  a. 

And  so  for  the  other  ratios. 

Thus  the  equations 

sin  B  =  a  and  B  =  sin""^  a 

are  precisely  equivalent  statements. 

The  latter  is  obtained  from  the  former  by  symbolically  *  dividing' 
both  sides  by  the  function  *  sin  \  as  if  sin  were  an  algebraic  factor. 

In  working  out  problems  involving  these  (so  called)  inverse 
symbols,  it  is  only  necessary  to  equate  each  inverse  symbol  to 
some  new  letter,  and  translate  the  resulting  equation  into  the 
ordinary  form  by  means  of  the  equivalence  above  explained. 

This  method  is  similar  to  that  required  in  logarithms. 

Example.     To  show  that 

tan"^  a  +  tan~*  b  =  tan"^  -z ;  . 

l-ab 

Let  tan~^  a —  6,  this  means  a  =  tan  $. 

Let  tan~^  ^  =  <Pi  ^^^**  means  h  =  tan  <f>, 

XT  J.      /^     j.\       tan^  +  tan<^ 

Now  tan  (^  +  <^)  =  - — - —        \ 

^       ^'      1  -  tan  $  tan  <^ 

a-i-h 

I.e.  r . 

1  -at) 

Translating  this  last  equation  back  into  the  inverse  notation, 

0  +  fh,  i.e.  tan""^  a  +  tan"^  b,  =  tan~^  ^^ =  . 

^'  l  +  ab 


Digitized  by  VjOOQIC 


ADAPTATION  OF   RESULTS  TO  A  TRIANGLE. 


239 


321.  The  following  points  must  be  carefully  obsei-ved  : — 

(1)  Whereas  sin  d  is  a  numerical  quantity  =  a  (say) ;  sin""^  a 
is  an  angle, 

(2)  Whereas,  when  $  is  given,  sin  6  has  only  one  value  ~  a 
(say);  when  a  is  given,  sin~^  a  has  an  indefinite  number  of 
values. 

In  fact  the  results  of  Art  313,  expressed  in  inverse  notation, 
become  as  follows : — 

Greneral  value  of  sin-^  a  =  n.  180'  +  (-  1)**  [some  particular 
value  of  sin~^  a] 

General  value  of  tan"^  a  =  n,  180°  ■»-  [some  particular  value  of 
tan"^  a] 

General  value  of  cos""^  a  =  n .  360°  «*=  [some  particular  value  of 
cos""^  a] 
where  n  has  any  integral  value  whatever. 

§  4.     Adaptation  op  Results  to  a  Triangle. 

322.  In  applying  the  theory  of  directed  magnitudes  to  the 
formulse  of  a  triangle,  it  must  be  noticed  that  we  have  three 
primary  lines  to  consider. 

Take  the  triangle  ABC. 


Consider  the  results  obtained  by  dropping  AL  perpendicular 
upon  BG,     We  have 


cos 


(^^^)  =  (^'^''''^''^<^^^)=|5J)- 
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/.  (BA)  cos  (CBA)  =  (BL)  and  (BA)  sin  (CBA)  =  (LA), 
Also 

cos(^C^)  =  ;^-3J  =  J^jandsin(^a5)=^;=J^ 

/.  (ilC)  cos  (ACB)  =  (ZC)  and  (^C)  sin  (ACB)  -  (Z.4). 
Comparing  these  results,  since  (BC)  =  (BL)  +  (ZO), 
(5^4)  cos  (CBA)  +  (AC)  cos  (ilC5)  =  (BC)y 
(BA)  sin  (C^ii)  =  (AC)  sin  (^C^). 
Also  the  triangle  (ABC A)  =  |  (BC)  (LA). 

323.  Now  let  us  take  the  area  (ABC A)  to  be  positive-,  so  as 
to  correspond  to  the  positive  rotation  from  (BC)  to  (BA)y  i.e.,  the 
angle  (CBA)]  and  to  that  from  (AC)  produced  to  (BC)  produced, 
i.e.  the  angle  (ACB). 

Then  take  (BC)  as  an  initial  line,  which  will,  therefore,  be 
primarily  positive. 

Hence  (LA),  which  makes  a  positive  right-angle  with  (BC),  is 
secondarily/  positive. 

Of  the  angle  (CBA),  (BC)  is  the  initial,  (BA)  is  the  final  line; 
these  are,  therefore,  positive. 

Of  the  angle  (ACB),  (CA)  is  the  initial  line  reversed,  (CB)  is 
the  final  line  reversed;  these  are,  therefore,  negative. 

(LC)  is  positive  or  negative  according  as  it  is  like  or  unlike 
(BC);  i.e.  according  as  C  is  acute  or  obtuse. 

(BL)  is  positive  or  negative  according  as  it  is  like  or  unlike 
(BC);  i.e.  according  as  B  is  acute  or  obtuse. 

The  signs  in  all  the  above  equations  are,  therefore,  accounted 
for. 

324.  We  have,  therefore,  three  separate  sets  of  conventions 
according  to  the  side  and  its  perpendicular  which  we  consider. 

In  each  case,  however,  we  maintain  the  direction  (ABC A)  or 
(BCAB)  or  (CABC)  as  positive  for  the  area. 
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Then,  in  the  three  cases,  we  take  {BC)^  (C'-^),  (.4^)  as  prirtiomly 
positive. 

And  hence  {LA),  {MB),  {NO) — which  make  positive  right- 
angles  with  these — are  secondarily  positive. 

But  the  three  sets  of  conventions  must  not  otherwise  be  com- 
bined. 

For,  as  we  see  in  Art.  322,  when  we  drop  a  perpendicular  on 
{BC),  {BA)  and  {AC)  (which  follow  the  order  B,  G)  are  regarded 
as  positive :  whereas  they  are  each  negative,  when  taken  by  them- 
selves as  initial  lines. 

325.  The  convention,  at  which  we  have  arrived  with  respect 
to  perpendiculars  on  the  sides,  is  of  great  importance.  It  is  as 
follows : 

Perpendiculars  drawn  from  a  side  towa/rds  the  opposite  angle 
are  positive. 

Example  1.  If  J  be  any  point,  and  if  x,  y,  z  represent  perpen- 
diculars n-om  J  to  the  sides — curected  from  the  sides  to  J — ^and  a,  6,  c 
represent  the  lines  '{BC),  {CA\  {AB\  and  if  A  represent  the  area 
{ABC A) ;  then  in  every  case 

This  follows  from  Ex.  x.  110. 

Example  2.  Let  0  be  the  orthocentre  of  ABC\  and  AL  perpen- 
dicular upon  BC  Apply  the  convention  of  signs  to  the  algebraical 
expressions  for  LO  and  OA, 

If  ABC  is  an  acute-angled  triangle  we  see  from  Art.  212,  that 
L0='2,R  cos  B  cos  C;  and  0^=2^  cos  A, 

Now,  if  ^  is  ohtttse,  OA  must  be  drawn  towards  BC;  because  0  is 
within  the  space  between  BA  and  CA  produced.  But  in  this  case 
cos  A  is  negative.    Hence  we  have  always 

{OA)  directed  =:2R  cos  A. 

Again,  if  -5  is  obtuse,  {LO)  must  be  drawn  away  from  J,  because 
0  is  within  the  space  between  CB  and  AB  produced.  But  in  this  case 
cos  i?  is  negative.    Hence  we  have  always 

{LO)  directed=2R  cos  B  cos  C. 
Furthermore,  {LO)  +  {OA)={LA), 

Now    iR  cos  B  cos  C+2R  cos  A=2R  cos  B  cos  (7-2^  cos  {B+C) 
=  2R  sin  -Ssin  C, 
=h  sin  C, 
which  is  the  obvious  value  of  {LA), 

J.  T.  16 
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Examples  XII. 

1.  Ji  Ay  By  C,  By  U  are  points  taken  in  order  on  a  line,  find 
the  directed  length  which  is  equivalent  to  each  of  the  following 
combinations  of  directed  lengths : — 

(1)     (AB)-^{BC)+{GD)  +  {DE).     (2)    {AC)  +  {CB)^{D£y 

(3)    {BE) -^  {ED)  ^  {CD).     (4)     {DE)  +  {EA)^{DG), 

{&){CA)  +  {AE)^{DEmDB),{6){AI))+{DB)^BE)^EC)-^(CA). 

2.  Show  how  symbols  denoting  directed  lengths  may  be  used 
in  solving  the  following  problem  : — 

Two  persons  A  and  B  walk  along  a  road  in  the  same  direc- 
tion:— Ay  at  the  rate  of  a  miles  an  hour;  By  at  the  rate  of  b 
miles  an  hour.  At  a  certain  moment  il  is  at  a  place  c  miles  from 
a  town  0  (towards  which  he  is  then  walking),  and  B  &t  a.  place  d 
miles  from  the  same  town  on  the  same  side  of  it.  Find  where 
and  when  A  and  B  are  to  be  found  together :  distinguishing  the 
cases  according  as  a  >  or  <  6,  c  >  or  <  c?,  a/c  >  or  <  b/d. 

Prove  the  following  identities : — (3 — 8). 

3.  (sin  1 50**  -  cos  1 50^)  (sin  1 20'  +  cos  1 20**)  =  cos  (-  60"). 

4.  (sin  226*^  +  sin  240**)  (cos  210**  -  cos  225')  =  sin«  150°. 

5.  sin  210**  +  sin  240°  =  ^2  cos  165°. 

6.  cos  (-  30°)  +  cos  120°  =  J2  sin  165°. 

7.  cos  (-  36°)  =  cos  300°  +  cos  288°. 

8.  sec  3^  =  tan  855°  =  cosec  ^Tir  =  2  cos  840°. 

9.  Given  sec  A  ^7,  find  tan  A  and  cosec  A,  Explain  the 
reason  why  each  result  is  ambiguous. 

10.  Given  180°  >A>  90°,  and  sin  ^  =  ^ ;  find  cos  A. 

11.  Given  270°  <A<  360°,  and  tan^  A=l  find  sin  A. 

12.  Give  the  complete  solutions  of  the  following  equa- 
tions :— (13— 32). 

13.  sin^  =  |.     14.    tan^=4Q-     15.    coSil=^. 
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16.  tan .4=  tan  19°.     17.    2sin2^  =  l.     18.    ^2. sin  4=1. 

19.  sin^^-cos^^.     20.   sin  ^  =  cos  ^.     21.   tan2^  =  3. 

22.  2  cos  a; +  2  sec  aj  =  5.     23.    3tan2^+ 8cos2^  =  7. 

24.  8cos*^  +  10sin2^=7.     25.   cosec  ^  =  2  sin  ^. 

26.  2sinil=tanil.     27.    4 +4  cos4  =  3  secil. 

28.  cot^-tan^  =  cos^  +  sin^.     29.    sec»^-2tan2^=  2. 

30.  tanj5^  =  cot^^.     31.    versi9  =  0.     32.    tan^  =  ±l. 

33.  Find  the  values  of  the  ratios  of  the  following  angles  : — 

150%y,  250^,765%  -  60°,  -  ^ ,  945^  108°, -g,  2n7r  +  j, 

(2w  +  1)^-^,  27i7r  +  -^. 

34.  Trace  the  changes  in  magnitude  and  sign  of  each  of  the 
ratios  of  an  angle  which  increases  from  0  to  360°. 

35.  Show  that  a  ratio  always  changes  its  sign,  as  it  passes 
through  the  value  0  or  cx) . 

36.  Show  that  for   cmy   value  of  A,  sin  (90°-4)  =  cosil  ; 
cos  (90°  -  J)  =  sin  4  ;  sin  (90°  -f  4)  =  cos  4 ;  cos  (90°  +  il)  =  -  sin  4. 

37.  Show  that 


sin 
And  that 
sin 


\  (4:71  +  1)  I  -  il  I  =  cos  4  =  sin  J  (4?i  +  1)  ^  -f  u4 1 , 
I  (4w  +  3)  I  -  jI  =  -  cos  4  =  sinj  (4w  +  3)  |  +  ^j  . 


38.     Trace  the  changes  in  sign  and  magnitude  as  A  increases 
from  0  to  360°  of 

sin  il  +  cos  w4  ;  sin  ^1  -  cos  u4  ;  tan  A  +  cot  A]  tan  A -cot  A', 

«;«  ><    ^^«  >!     X       A  A  A        ^   .    cos  4  +  sin  il 

sin  A  .  cos  A  ;  tan  A  •  sec  A  :  cos  A  .  cot  A  : ; . 

cos  A  — BUI  A 

[The  values  of  these  expressions  at  the  beginning  and  end  of 
•each  octant  should  be  given.] 
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39.  Prove 

(i)     If  n  is  even,  sin  n  (W  —  ^)  =  (-  1)  *    sin  nO ; 
(ii)    If  n  is  even,  cos  n  ( Jir  —  0)  =^  {-  ly  cos nO ; 

w-l 

(iii)   If  n  is  odd,  sin  n  {^ir  -  ^)  =  (-  1)  *  cos  n^ ; 

n-l 

(iv)    If  n  is  odd,  cos n(|ir - ^)  =  (-  1)  ^  sinn^. 

40.  Show  that  ^  (4n  +  1)  ^  *  (Jtt  -  il)  and  n7r+(-l)*^ 
represent  the  same  series  of  angles. 

41.  Show  that 

(i)     sin~^  a  *  cos~^  ^(1  -  a*)  =  n^, 

(ii)    sec""^  a  *  tan~^  J(a*  -  1)  =  nir, 

(iii)  cot-^  a  *  cosec""^  J{a^  ■*■!)  =  '"'^y 

if  one  or  other  of  the  signs  is  taken  in  each  case. 

42.  If  we  interpret  ^m  to  mean  the  positive  quantity  whose 
square  is  m ;  and  sin~^  a  to  mean  the  numerically  smallest  angle, 
whose  sign  is  the  same  as  that  of  a,  and  whose  sine  =  a ;  and  so 
cos~^  a,  tan"^  a  <fec. :  show  that 

(i)  jja^ .  sin"^  a  =  a,  cos~^  ^^(1  -  a^), 

(ii)  Ja^ .  tan~^  a^a.  sec~^  y^(a'  +  1), 

(iii)  Ja^ .  cos-^  a=Ja\  sin-^  ^(1  -  aJ")  +  ^tt  (a  -  ^a'), 

(iv)  ^a^ .  sec-^  a  =  Ja^.  tan-^  ^(a*  -  1)  +  ^  (a  -  ^a*), 

(v)  ^a^ .  sin~^  a  +  a.  cos"^  a  =  ^^ .  ^/a*. 
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RATIOS  OF  COMPOUND  ANGLES. 

§  1.     Sum  and  Difference  op  two  Angles. 

326.     To  Jmd  the  sine  and  cosine  of  A  +  90*  and  of  A  —  90", 
Jbr  all  values  of  A,  in  terms  of  the  ratios  of  A, 

Let  01  be  an  initial,  and  OF  a  final  line. 

Let  OK  make  a  positive  right-angle  with  01,  so  that  angle 
lOK  is  a  positive  right-angle. 

Let  10  be  produced  to  T',  so  that  KOT  is  a  positive  right- 
angle. 

Then  in  determining  the  ratios  of  lOF, 

01  is  the  direction  for  positive  bases, 
OK  is  the  direction  for  positive  perps. 

But  in  determining  the  ratios  of  KOFy 

OK  is  the  direction  for  positive  bases, 
or  is  the  direction  for  positive  perps. 

Hence,  for  any  given  position  of  OF, 

base  for  IOF=  -perp.  for  KOF, 
perp.  for  10  F=  +  base  for  KOF. 

:.  cos  IOF=^--aia  KOF  (1), 

and    sin/Oi^=  +  cos  KOF (2). 
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I.  Then  let  KOF = A,  then  10 F^  A  +  90\ 

/.  (1)  becomes  cos  {A  +90')  =  -sin  A (3), 

(2)  becomes  sin  (A  +  90")  =  +  cos -4 (4). 

II.  Let  lOF-^  A,  then  KOF  =A-  90'. 

.'.  (1)  becomes  sin  (il  -  90")  =  -  cos  A (5), 

(2)  becomes  cos  {A  -  90")  =  +  sin  A (6). 

327.  These  formulse  may  be  applied  to  find  the  ratios  of 
A  *  180",  A  *  270"  <fec.,  in  terms  of  ratios  of  A,     Thus 

sin  {A  +  180")  i.e.  sin  {{A  +  90")  +  90"}  =  cos  {A  +  90")  by  (4) 

=  —  sin  -4  by  (3), 
cos  (il  + 1 80")  i.e.  cos  {{A  +  90")  +  90"}  =  -  sin  (il  +  90")  by  (3) 
=  -  cos  il  by  (4), 
and  so  on. 

328.  In  the  next  articles  we  give  the  usual  proof i?  of  the 
formulie  for  the  sine  and  cosine  of  the  sum  and  difference  of  two 
angles,  confining  ourselves  to  positive  acute  angles, 

329.  Tofi/nd  the  sine^  cosine,  and  tangent  of  the  sum  of  two 
angles,  in  terms  of  the  ratios  of  the  angles. 
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Let  XOY^A,  and  YOZ^B,  then  XOZ^A^-B. 

In  OZ^  the  final  Him  of  the  compoiJi/nd  cmgle  A-^-By  take  any 
point  F, 

From  P,  draw  PJf,  FQ  perpendiculars  upon  OX,  OY — the 
initial  and  final  lines  of  A — respectively. 

Prom  Q,  draw  Q^,  QR  perpendiculars  upon  OX,  MF  respec- 
tively. 

Then        iQFR^W^  iBQF=  iOQR=  lXOQ^A, 

[Or:  RF,  QF  being  perpendiculars  upon  OX,  OY  contain 
the  same  angle  as  OX,  OF.] 

/ix       .    /.      m       •     lrr^7^    ^^     MR  ^  RF     NQ     RF 

=  [introducing  required  hyps,  under  the  numerators] 

NQ     OQ     RP     QF 
OQ  '  OF^  QF  '  OF 

=  sin  NOQ  .  cos  QOF  +  cos  QFR  .  sin  QOF 
=  sin  il  .  cos  B  +  cos  -4  .  sin  J5. 

/o\  /A     m  T^nv    ^^     ON-MN     ON     RQ 

(2)  cos(^.-^)  =  cosXO^=^=— ^^-=^^-^ 

=  [introducing  required  hyps,  under  the  numerators] 
ON    OQ^RQ     QF 
OQ  'OF     QF'  OF 

=  cos  NOQ  .  cos  QOF  -  sin  QFR  .  sin  QOF 
=  cos  A .  cos  J5  —  sin  A  .  sin  B. 
Since  the  triangles  NOQ,  RPQ  are  similar, 

•  ^^  ^^  t.n « 

(3)  tan(^+5)  =  tanX0^=^=^±|| 

I[Q     RP 

ON"^  ON  tan.4+tan.g 

~UW~B^     ^~  l-tanJ.tan£' 
OF'RP'W 
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330.     To  find  the  einCf  cosine^  and  tangent  of  the  difference  of 
two  angles  in  terms  of  the  raUoe  of  the  angles. 


O  N  M  X 

LetZOr  =  ii,and  ZOY ^B,     ThenXOZ  =  A-B, 
In  OZ,  the  final  line  of  the  compotmd  angle  A-B,  take  any 
point  P. 

From  P  draw  PJf,  PQ  perpendiculars  upon  OX,  OY — the 
initial  and  final  lines  of  A — respectively. 

From  Q  draw  QN^  QR  perpendiculars  upon  OX^  MP  respec- 
tively. 

Then      iQPR=W^zRQP^  iRQY=  iXOQ  =  A. 
[Or  :  RP,  QP  being  perpendiculars  upon  OX,  OY  contain  the 
same  angle  as  OX,  OY.] 

NQ     PR 
OP     OP 


n\      '    /A      j>\      '     Trn'7    ^^     MR^PR 
(1)     sin  (-4  -  i?)  =  sin  XOZ=-^jp  = 


OP 

=  [introducing  required  hyps,  under  the  numerators] 
NQ     OQ     PR     PQ 
OQ  'OP     PQ'  OP 
=  sin  NOQ  .cos POQ -  cos  QPR .  sin  POQ 
=  sin  A .  cos  B  —  cos  A .  sin  B, 
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OM     ON-^NM 


ON    QR 
OP'^  OP 


(2)  cos{A^B)=oosXOZ=^ ^ 

=  [introducing  required  hyps,  under  the  numerators] 
ON     OQ     QE     PQ 
OQ  '  OP"^  PQ  •  OP 
=  cos  NOQ .  cos  POQ  +  sin  QPE  •  sin  POQ 
=  cos  A  .  cos  i?  +  sin  ^  .  sin  B, 
Since  the  triangles  NOQ,  RPQ  are  similar, 
,  PR     PQ 

(3)  tan(.-^>=tanXO^=^=g^ 

NQ     PR 

ON"  ON  tanul-tan^ 

"ON     QR      P^~l+tan^tan^' 
ON^PR'  ON 

331.     We  may  combine  the  above  two  figures  into  one,  if  we 
dash  the  letters  Z,  P,  M,  R  in  the  second  figure.     Thus 


p 

/ 

/ 

/ 

\c 

y 

^v 

A 

1 

V 

i"'  ^ 

y^ 

/ 

\ 

/ 

/ 

^ 

p* 

M        N       M' 

Let  XOY^A,  and  YOZ^Z'OY^B. 
Then  XOZ=A  +  B,  and  XOZ'^A  -  B. 
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In  OF  take   any  point  Q;   through  Q  draw  PQF'  perpen- 
dicular to  or,  cutting  OZ,  02r  in  P,  F. 

Draw  QNy  PM^  FM'  perpendiculars  on  OX  \ 

and      RQB!  perpendicular  to  QN^  cutting  PJf,  FM'  in  R^  E. 

Then  OP^OP\  RQ==QR,  RP^FR. 

Also      iQFR^  lQPR^^QT-  lRQP=  iOQR  =  A, 

MP     M'F 
sin(^  +  5)  +  sin(ul-J5)  =  sinXO^+sin-rO^  =  -^  +  -^ 

_{NQ^RP)^{NQ-FR)     2.NQ     2.NQ     OQ 

OP --0P        W  '  Op-^«^^^^^' 

sin  (il  +^)  -sin(il  -i?)  =sin  -rO^-sinXO-^  =  -^p  -  -^pr 
_  {NQ^RP)-(NQ^FR)     2,RP_2.RP     ©^^Ocos^sin^ 

cos  (il  -  i?)  +  cos  {A-¥B)^  cos  XOZ'  +  cos  XOZ^  ^  +  ^ 
_(PN^QR:)-,{0N^RQ)     2.0N     2.0N     OQ 

OP  ""o?"""oe"  •  op-^<^^8^«^^- 

cos(^-J5)-cos(.l  +  i?)  =  cos-rO-^-cosXO^=^'-^ 
_{ON^QR)^{ON-^RQ)     2.RQ     2.RQ     QP    „...;. 

332.     Taking  the  angle  XOZ  to  be  P,  and  XOZ"  to  be  Q  in 
the  above  figure,  from  Art.  116,  we  see  that 

XOY=^(XOZ+  XOZ')  =  ^(P  +  Q) 

and  '    YOZ  =  ^(XOZ-XOZ'):=^^{P^Q). 

Hence  the  above  formulae  take  the  form 

sin  P  +  sin  G  =  2  sin  J  (P+  Q)  cos  J  (P-Q), 
sin  P  -  sin  G  =  2  cos  J  (P  +  Q)  sin  |(P  -  Q), 
cos  Q  +  cos  P=  2  cos  J  (P+  G)  cos  J  (P  -  ©), 
cos  ^-cosP  =  2  sin  |  (P+  Q)  sin  J  (P  -  C). 
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Extension  qf/ormulce  to  all  angles. 

333.  (1)  To  extend  the  A-hB  formuloe  to  all  positive  acute 
"vctlv^s  of  A  and  B. 

jLet  A  and  B  be  positive  acute  angles ;  but  A  +  B  obtuse. 

Let^  =  90°-(7;  and^=90'-i>. 

Then  A+B=  180**  -  ((7  +  Z>),  .'.  0  +  i>  is  acute. 

Now  sin  {A  +  B)  Le.  sin  {180'  -  (C  +  />)} 

=  sin  (0  +  i>),  by  Art.  308, 
=  sin  (7  cos  i>  +  cos  (7  sin  i>,  by  Art.  329, 
=  cos  (90°  -  C)  sin  (90^*  -  i>)  +  sin  (90^*  -  G)  cos  (90°  -  D), 

by  Art  76, 
i.e.  cos  il  sin  ^  +  sin  A  cos  B,  q.  e.  d. 

And  cos  (A  +  ^)  i.e.  cos  {180°  -  (0  +  i>)} 

=  -  cos  {G  +  2>),  by  Art.  308, 
=  -  cos  (7  cos  D  +  sinG  sin  Z>,  by  Art.  329, 
=  -  sin  (90°  -  G)  sin  (90°  -D)  +  cos  (90°  -  G)  cos  (90°  -  i>), 

by  Art.  76. 

i.e.  -  sin  A  sin  B  +  cos  ul  cos  B,  q.  e.  d. 

334.  (2)  To  extend  the  A+B /ormulce  to  all  positive  valuss 
of  A  and  B. 

Assume  that  for  some  particular  two  values  of  A  and  J5, 

sin  (A  +  J5)  =  sin-4  cos  J5  +  cos-4  sin^  (1) 

cos (-4  4-^)  =  cosil  cos  J5-sin-4  sinJ5 (2). 

Let  ^'  =  5+90°. 

Then 
sin  {A  +  B')  i.  e.  sin  {A  +  {B+  90°)}  =  cos  {A  +  ^),  by  Art.  326, 
=  cos  A  cos  B  —  sin  A  sin  B,  by  assumption, 
=  cos  il  sin  (90°  +  ^)  +  sin  A  cos  (90°  +  B)y  by  Art.  326, 
i.e.  cos  -4  sin  -B'  +  sin  il  cos  F, 
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And 
COS  {A  +  B)  la  cos  {A  +  {B  +90°)}  =  -  sin  {A  +  5),  by  Art.  326, 
=  —  sin  -4  cos  B  -  cos  A  sin  B,  by  assumption, 
=  -  sin  ^  sin  (90°  +  ^)  +  cos  A  cos  (90°  +  i?),  by  Art.  326, 

i.e.  -  sin  -4  sin  ^  +  cos  A  cos  B", 

Thus,  assuming  the  formulae  (1)  and  (2)  for  ally  given  values 
of  A  and  -6,  we  have  proved  them  true  for  values  A  and  B  +  90°. 

But  they  have  been  proved  in  last  article  to  be  true  for  all 
positive  acute  angles. 

Hence  they  are  true  for  all  positive  angles  of  any  magnitude. 

335.  (3)  To  extend  the  A  +B  /ormulce  to  all  values  of  A  and 
B  positive  or  negative. 

Assuming  the  f ormulse  true  for  some  particular  two  values  of 
A  and  B,  we  may  prove  precisely  as  in  the  last  article  that  they 
are  true  for  A  and  B-  90°,  by  means  of  the  formulse  of  Art.  326, 

sin (5 -  90°)  =- cos ^  and  cos  (^-90°)  =+  sin  J5. 

Hence,  by  induction,  the  formulae  hold  for  all  negative  (as 
well  as  positive)  values  of  A  and  B, 

336.  (4)  To  prove  the  A  -  B  formulm  from  the  A  +  B 
Jbrmulce. 

siiL  (A  -  B)  i.e.  sin  {A  +  (-  B)} 

=  sin  A  cos  (-  B)  +  cos  A  sin  (—  B) 

=  sin  A  cos  B  —  cos  A  sin  B  by  Art.  308, 

cos  {A  -  B)  i.e.  cos  {A  +  (-  ^)} 

=  cos  A  cos  (-  B)  -  sin  A  sin  (-  B) 

=  cos  -4  cos  J5  +  sin  A  sin  Bhj  Art.  308. 

Hence  the  A-B  formulae  follow  from  the  A-\-B  formulae,  for 
any  values  of  A  and  B, 
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337.  Another  method  of  extending  the  proof  of  the  formulae 
of  Arts.  329,  330  to  angles  of  any  sign  or  magnitude  is  to  sub- 
stitute directed  lengtJhs  for  arithmetic  lengtlis  in  those  proofis. 

The  order  of  lettering  has  been  so  chosen  that  no  change  need 
be  introduced  in  the  general  proofs,  except  that  the  lengths  are 
to  be  regarded  as  directed  lengths. 

Now  as  far  as  the  original  angles  -4,  B,  A  +  B,  A—B  are 
concerned,  all  the  equations  are  seen  by  inspection  to  be  true 
from  the  general  definitions  of  ratios,  because  of  the  fundamental 
f ornaula  for  directed  lengths  (LM)  +  ( JfiT)  =  (ZJT), 

But  it  is  not  evident  by  inspection  that  in  all  cases  the 
following  equations  hold  in  sign  as  well  as  in  magnitude,  viz. 

|^j  =  cos^andp|=sinA 

The  student  may,  by  drawing  appropriate  figures,  work  out 
for  himself  some  of  the  64  cases  which  arise,  according  to  the 
different  values  oi  A,  By  A  +  B,  A—B, 

But  a  more  general  proof  will  be  given  below. 

338.  In  comparing  the  A  -B  with  the  A'\- B  proofs  the 
student  should  observe  that  since  {RP)  =  —  (PR)  and  so  on,  the 
proofs  are  exactly  equivalent,  except  that,  since  in  the  {A  +  B)  case, 
B  =  ( 70 Z)  or  {QOP) ;  but  in  the  ^  - i?  case,  B  =  {EOT)  or  {POQ\ 
we  have 

in  the  former,  sin  ^  =  jTySy^ , 

in  the  latter,  sin  ^  =  jtjU.  . 

In  each  case,  of  course  sin  (QOP)  =  rvrpr , 
and  Bm{POQ)J^y 

The  two  cases  are  reduced  to  one  case,  if  we  always  take 
{YOZ)  to  be  j5,  and  apply  it  to  negative  (as  well  as  positive) 
values  of  B, 

Digitized  by  VjOOQIC 


254 


RATIOS   OF  COMPOUND  ANGLES. 


§  2.    Projections  and  Erections*. 

339.  Dep.  1.  The  projection  of  a  directed  length  on  an 
indefinite  line  is  the  directed  distance  between  the  two  perpen- 
diculars to  the  indefinite  line  drawn  through  the  extremities  of 
the  directed  length. 

Def.  2.  The  erection  of  a  directed  length  on  an  indefinite 
line  is  the  directed  distance  between  the  two  parallels  to  the 
indefinite  line  drawn  through  the  extremities  of  the  directed 
length. 


X'  X 

Thus,  if  OH  is  any  directed  length,  and  X'X  an  indefinite 
line,  and  if  OM,  HBN  be  perpendiculars  upon  X'X,  and  if  HQ, 
OBP  be  parallels  to  XX  (see  figure)  then 

{MN)  or  (OB)  is  the  projection  of  {OH)  upon  XX;  and 
{PQ)  or  {BH)  is  the  erection  of  {OH)  upon  XX. 

The  projection  is  thus  parallel  to  the  indefinite  line ;  and  the 
erection  is  perpendicular  to  it. 

It  is  clear  that  the  erection  upon  one  line  is  the  projection 
upon  any  perpendictdar  to  it ;  and  vice  versa. 

*  The  definitions  of  these  terms  are  given  here  on  the  supposition  that  all 
the  lines,  to  which  reference  is  made,  are  in  one  plane. 
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340.  Prop.  I.  If  Ay  By  C  be  any  three  points  and  X'X  any 
line,  the  projection  (or  erection)  of  (AC)  upon  X^X  is  equal  to 
the  sum  of  the  projections  (or  erections)  of  (AB)  and  (BG)  upon 
X'X. 


For,  let  ALy  BMyGN  be  perpendiculars  upon  X'X, 

Then,  however  Z,  My  N  may  fall,  we  have 
{LN)  =  {LM)+{MN)y 
i.e.  projection  of  (AC)  =  projection  of  {AB)  +  projection  of  {BG). 

Since  the  erection  is  merely  the  projection  on  a  perpendicular, 
the  same  proposition  holds  of  erections. 

341.  Prop.  IT.  The  sum  of  the  projections  or  erections  of 
the  sides  of  any  closed  figure,  directed  from  point  to  point  round 
the  figure,  is  zero. 

For,  let  ABGDEF  be  such  a  closed  figure. 
Then,  by  Prop.  I., 

proj.  of  {AB)  +  proj.  of  {BC)  =  proj.  of  {AG) 
and  proj.  of  {AG)  +  proj.  of  {GD)  =  proj.  of  {AD) 

and  proj.  of  {AD)  +  proj.  of  {DB)  =  proj.  of  {AH) 

and  so  on. 
Finally 

proj.  of  {AF)  +  proj.  of  {FA)  =  zero. 
.*.     proj.  oi  {AB)  +  proj.  of  {BG)  +  ...  +  proj.  of  {FA)  =  zero. 
The  same  clearly  holds  of  erections. 
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342.  The  projection  and  erection  of  any  directed  length  upon 
any  ind^nite  line  are  obtained  by  mvUiph/ing  Hie  directed  length 
by  the  cosine  amd  sine  respectively  of  the  angle  which  the  positive 
direction  along  the  directed  length  makes  tvith  the  positive  direction 
dUmg  the  indefinite  line. 

For  consider  a  line  to  revolve  round  0  from  its  (positive) 
initial  direction  parallel  to  X'X  or  XX'  to  its  (positive)  final 
direction  along  OH  or  HO  (produced),  and  so  describe  an  angle  6, 
[See  ^g.  Art.  339.] 

Then  (OB),  (OH) — directed  from  0 — are  respectively  base 
and  hypothenvse. 

And  {BH) — directed  from  the  initial  line — ^is  the  perpen- 
dicula/r. 

Thus 

{OB)  .       ABH)      .     . 

^^  =  costfandJ^^  =  sm^. 

.-,  {OB)  =  {OH)  cos  e  and  {BH)  =iOH)  sin  $, 

343.  To  find  the  cosine  and  sine  of  the  sum  of  two  angles  by 
projections  and  erections. 
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Let  (XOY)  be  any  angle  A;  (YOZ)  any  angle  B]  then 
{XOZ)  =  A-\-B. 

In  {OY)  take  any  point  Q:  through  Q  draw  QX'  in  the 
direction  OX,  and  QE  makvng  a  positive  right-angle  with  OY, 

Then  i  X'QE  is  alwcuya  90°  +  X'QYIq.  90'  +  A. 

Let  QE^  OZ — either  being  produced,  if  necessary — cut  in  -P, 
Then,  by  Art.  340, 

proj.  of  {OP)  =  proj.  of  (OQ)  +  proj.  of  (^P), 
and  erec.  of  (OP)  =  erec.  of  (OQ)  +  erec.  of  {QF). 

Taking  these  projections  and  erections  upon  OX, 

(OP)  cos  {XOZ)  =  (OQ)  cos  {XOY)  +  (QF)  cos  (X!QE\ 
and       (OP)  sin  (XOZ)  =  (0^)  sin  (XOF)  +  (QP)  sin  (X'^^). 

But  (0$),  (^P)  are,  respectively,  the  projection  and  erection 
of  (OP)  upon  (OY). 

:.  (OQ)  =  (OP)  cos  ( 70^)  and  (QP)  -  (OP)  sin  ( YOZ). 
Substituting  and  dividing  by  (OP)  we  have 

cos  (A-\-B)  =  cos  ^ .  cos  -4  +  sin  ^ .  cos  (90°  +  -4), 
sin  (^  +  J5)  =  cos  P .  sin  -4  +  sin  P .  sin  (90°  +  -4). 

But,  by  Art.  326, 

cos  (90°  +  -4)  =- sin  ^  and  sin  (90°  +  -4)  =  +  cos  -4, 
cos  (-4  +  P)  =  cos  A  cos  P  -  sin  ^  sin  P, 
and  sin  (-4  +  P)  =  sin  -4  cos  P  +  cos  ^  sin  P. 

The  above  proof  is  perfectly  general. 
Hence,  writing  —  P  for  P, 

since  cos  (-  P)  =  +  cos  P  and  sin  (-  P)  =  -  sin  P, 
cos  (-4  -  P)  =  cos  -4  cos  P  +  sin  ul  sin  P, 
and  sin  (ul  —  P)  =  sin  A  cos  P  —  cos  ^  sin  P. 

344.  The  student  should  observe  that  the  important  tri- 
angular formulae 

c  sin  P  =  6  sin  0, 
c  cos  P  +  6  cos  0  =  a, 
are  obtained  simply  by  erecting  and  projecting  upon  PC. 
J.  T.  17 
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§  3.    Extension  to  Three  or  more  Angles. 

345.  To  find  the  8ine^  cosine^  and  tangent  of  the  sum  of  three 
amgles. 

(i)     sin(^ +  ^  +  (7)1.6.  8m{(^  +  ^)  +  C} 

=  sin  (-4  +  -6)  cos  C  +  cos  (-4  +  jB)  sin  C 
:=sin-4cosjBcos(7  +  cos -4 sin -5 cos C7  +  cos -4  cos -6 sin 0 

-  sin  A  sin  B  sin  C 
(ii)    cos  (il  +  i?  +  C)  ie.  cos  {{A  +  i?)  +  C} 

=  cos  (-4  +  B)  cos  C  -  sin  (^  +  B)  sin  C 
=  COS  A  COS  B  COB  C 

-  sin  -4  sin  ^  cos  C—  sin  -4  cos  i?  sin  (7  -  cos  -4  sin  ^  sin  C. 

(iii)     tan(^  +  5  +  C)i.a  t&a {{A -^ B)  +  0} 

_   tan(ul  +  ^)-ftan(7 

"  l-tan(^-»-5)tanC 

tan  A  +  tan  B      ^      ^ 

-^ — 7 — ^  +  tanC 

_   1  -  tan  A  tan  B 

~        (tan  A  -f  tan  B)  tan  G 

1  -  tan  A  tan  B 

_  tan  A  +  tan  B  +  tan  C  —  tan  A  tan  J5  tan  C 
~  1  —  tan  A  tan  -5  —  tan  A  tan  0  —  tan  B  tan  C ' 

346.  These  formulse  should  be  carefully  noted  and  their 
symmetry  examined.  In  the  same  way  we  may  prove  formulse 
involving  three  angles  one  or  more  of  which  is  subtracted. 

347.  The  following  results  should  be  noticed : — 

(cos  -4  +  sin  -4)  (cos  ^  +  sin  J5) 
=  cos  ii  cos  5  +  sin  -4  cos  -5  +  cos  -4  sin  -5  +  sin  -4  sin  i?. 

Here  first  term  -  last  term  =  cos  (-4  +  B\ 

and  the  middle  terms        =  sin  (ii  +  B), 

Again  (1  +  tan  A)  (1  +  tan  B) 

=  1  +tanil  +tan^  +  tan-4  tan  B. 
Here        first  term  -  last  term  =  den.  of  tan  (ii  +  B\ 
and  the  middle  terms        =  num.  of  tan  (ii  +  B). 
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348.  Again 

(cos  A -h  sin  A)  (cos  B  +  sin  B)  (cos  C  +  sin  G) 
=  (cos  A  cos  B  cos  C) 

+  (sin  A  cos  B  cos  0  +  sin  ^  cos  C  cos  -4  +  sin  (7  cos  A  cos  J5) 
-I-  (cos  -4  sin  J5  sin  (7  +  cos  J5  sin  C  sin  il  +  cos  C  sin  -4  sin  B) 

+  (sin  il  sin  i?  sin  G), 

Here,  arranging  the  terms  in  groups  according  to  the  number 
of  sines  in  each  term,  we  have 

first  group      —  third  group   =  cos  (A-^B-h  C), 
second  group  -  fourth  group  =  sin  {A-\-B-\^  C). 

349.  The   result   suggested  by  the   last   two  articles  may 
be  shown  to  be  true  for  any  number  of  angles. 

350.  Arrange  the  product 

(cos  A  +  sin  A)  (cos  B  +  sin  B)  (cos  C  +  sin  (7). . . 
to  any  number  of  factors,  in  groups  of  terms,  according  to  the 
ascending  number  of  sines  in  each  term. 

Then  the  expansions  of 

cos(-4+jB  +  C7+  ...)  and  of  sin(^  +B  +  G+  ...) 
will  consist  respectively  of  the  above  groups,  taken  aUerrcately 
but  toUh  (dt&mate  sign. 

In  other  words,  if  the  product  of  n  factors 
(cos^  +  sin  J)(cos^  +  sin  J5).,.=^o  +  /S'j+  ... +aS',.+ ...  +  aS^^  (1), 
wherein  each  term  of  the  group  S^  contains  r  sines,  then 

cos(i4+^+...)  =  A^o-'^2  +  'S'4~ (2), 

sin(ul  +  ^+...)=/S'i-^8  +  /S'5- (3). 

For  assume  this  to  be  true  for  n  angles. 

Introduce  an  (w  +  1)^^  angle,  X  say.     Then,  by  multiplication 

(cos  -4  +  sin  -4)  (cos  J5  +  sin  ^).. .(cos  -Z'+  sin  X) 
=•(^0  +  '^i  +  . . .  +  aS«)  cos  X  +  (.So  +  .S'a  +  . . .  +  /S'„)  sin  X 
=  ^0  COS  X  +  (^1  cos  X  +  /S'o  sin  -Z")  +  (aS^^  cos  -Z'+ aS'i  sin  X) 

+  (A^,cosX  +  A^aSinX)+ (r), 

17—2 
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where  the  terms  are  grouped  according  to  the  number  of  their 
sines. 

But 
cos  (-4  +  JJ  +  ...  +  X)  =  cos{A  +  -B+...)cosX— sin(-4  +  B+  ...)sinX 
=  (^0-  ^5;  +  ^4-  ...)  cos  X-  (Si  -  A^s  +  ^5  -  ...)  sin  X 
=  SoCoaX-'{S^ cosZ  +  aS',  sin  X)  +  (aS'4 cos Z  +  ^j sinX) -  ...(2'), 
by  (2)  and  (3). 

And 
sin(il  +  ^+.,.4-!X)=sin(-4  +  ^4-  ...)cosX+cos(^ +-8+...)sin  X 

-  {Si-Ss  +  A^5 -  ...) cosX  +  (^0 -  *^2  +  ^4-  '••) sinX 

=  (Si  cos  X  +  /S^j  sin  X)  -  (^8  cos  X  +  aS'j  sin  X)  +  (3'), 

by  (2)  and  (3). 

Comparing  (1'),  (2'),  (3')  we  see  that  the  proposition  holds 
for  (n  +  1)  angles,  if  it  is  assumed  for  n.  Now  it  has  been  seen 
to  be  true  for  2  or  for  3  angles,  .*.  it  is  true  for  cmy  number  of 
angles. 

351.  In  the  same  way  the  student  may  show  that  if  the 
product  (1  +  tan  -4)  (1  +  tan  B)  (1  +  tan  (7). .  .to  any  number  of 
factors  is  arranged  in  ascending  groups  of  terms  according  to  the 
number  of  tangents  in  each  term,  then  the  den.  and  num.  of 
tan  (A  -hB  +  C  +  ,,.)  will  consist  respectively  of  the  above  groups, 
taken  alternately  but  with  alternate  sign.     In  other  words 

If  (1  +  tan  ^)  (1  +  tan ^)...  =  1  +  ^1  +  ^2+  ...  +  ^,  +  ...  +  r„, 

then  tan(^4-5+(7+...)  =  ^^f^^^^. 

Similarly, 
if      (cot^  +  l){cot^  +  l)...=Xo  +  Xi  +  X2+...+X^+...+l, 
where  K^  denotes  the  group  of  terms  containing  n-r  cotangents, 

then  cot(^  +  Jg4.(7+...)  =  5~5'"^5''"'"' 
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Examples  XIII. 

1.  73  +  tan  40°  +  tan  80'  =  ^3  .  tan  40' .  tan  80°. 

2.  tan  20'  +  tan  40°  +  ^3  tan  20'  tan  40'  =  ^3. 

3.  cos  A  cos  (B  +  C)-  cos  JB  cos  (-4  4-  (7)  =  sin  (-4  -  B)  sin  C. 

4.  sin  A  cos  (jB  +  C)  -  sin  J?  cos  (-4  4-  (7)  =  sin  (-4  -  B)  cos  C 

5.  If  -4  +  J?  +  C  is  an  odd  multiple  of  w 

sin^  J?  +  sin'  C  =  sin'  A +  2  cos  -4  sin  J?  sin  C. 

^        tan  (w  +  1)  6  -  tan  nth       ^       , 

o.     ^ —^ ^—  =  tan  o. 

1  +  tan  (n  +  1)  <^ .  tan  n<^ 

7.     cos  (a  +  )S)  +  sin  (a  -  )S)  =  2  sin  (  Jtt  +  a)  cos  (  Jtt  +  )8). 

3.     sin  a  +  sin  /3  +  sin  y  -  sin  (a  +  )8  •<-  7) 

=  4  sin  J  ()8  +  y)  sin  J  (r  +  <^)  sin  J  {«  +  /3)- 

9.  cos  a  +  cos  /3  +  cos  y  +  cos  (a  +  )S  +  y) 

=  4  cos  J  ()S  +  y)  cos  J  (y  +  a)  cos  J  (a  +  /3). 

10.  sina  +  sin)S-siny-sin  (a4-)S-y) 

=  4sinJ(a-y)sinJ()S-y)sinJ(a  +  )S). 

11.  C0Sa  +  C0S)S4-C0Sy  +  C0s(a  +  ^-y) 

=  4  COS  J  ()S  -  y )  COS  J  (a  -  y)  cos  ^  (a  +  p). 

12.  sin  (/3  -  y)  +  sin  (y  -  a)  +  sin  (a  -  /3) 

=  -  4  sin  J  ()8  -  y)  sin  J  (y  -  a)  sin  J  (a  -  )8) . 

13.  sin  ()8  4-  y  -  a)  4-  sin  (y  +  a  -  )S)  +  sin  (a  +  )8  -  y) 

-  sin  (a  +  )8  4-  y)  =  4  sin  a  sin  /3  sin  y. 

14.  COS  ()8  4-  y  -  a)  4-  cos  (y  4-  a  -  )8)  4-  cos  (a  4-  )S  -  y ) . 

4-  COS  (a  4-  )8  4-  y)  =  4  cos  a  COS  )8  cos  y. 

15.  cos'  X  4-  cos'  y  4-  cos'  «  4-  cos'  (05  4-  2/  4-  «) 

=  2  {1  4-  COS  (y  4-  «)  cos  (»  4-  x)  COS  (oj  4-  y)}, 

16.  sin'  a;  +  sin'  y  4-  sin'  2;  4-  sin'  (a;  4-  2/  +  «) 

=  2  {1  —  cos  (2^  4- «)  cos  {z  4-  a;)  cos  (aj  4-  y)). 
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17.  COS  a  sin  ()9  -  y)  +  COS  )S  sin  (y  -  a)  +  cos  y  sin  (a  -  )S)  =  0. 

18.  sin  tt  siri  ()8  -  y)  +  sin  j3  sin  (y  -  a)  +  sin  y  sin  (a  -  )8)  =  0. 

19.  sin(a  +  )S  +  y  +  8) 

=  cos  a  COS  )S  cos  y  cos  8  (tan  a  +  tan  P  4-  tan  y  +  tan  h) 

-  sin  a  sin  )8  sin  y  sin  8  (cot  a  +  cot  )S  +  cot  y  +  cot  8). 

20.  cos  {S-A)  cos  {S -  B)  cos  {S  -  0)  cos  {S  -  i>) 
+  sin(iS'-il)  sin  {S-B)  sin  (aS -  C)  sin  (.S' -  i>) 

=  cos  A  cos  ^  cos  C  cos  i)  +  sin  il  sin  -B  sin  C  sin  D 

if  2^  =  il+^+C  +  i>. 

21.  If   a   right-angle   is   divided    into    three   parts   whose 
tangents  are  Ip^  mp,  np; 

then  p"'  =  mn  4-  nZ  +  Im. 

oo      x      /I      D\     X      /.I      m       2  tan -4  sec*  jB 

22.  tan(^  +  5)-.tan(^-i^)  =  j-^,-^j^,^. 

oQ      X      /A      D\     X      /  ^      z>\       2  tan  ^  sec^  A 

23.  tan(^  +  5)-tan(il-^)  =  ^-^^,3^^^. 


24. 
25. 
26. 
27. 


X  /  ^        m  X  /  J         n\        2  cot  il  COSeC*  jB 

J.  /  J      n\        J.  / .      Dx     2  cot  J?  cosec^  A 
cot(A.B)-cotiA+B)=  ^^t'i?-cotM- 

/  >!      n\  /  J      n\  2  sec  il  sec  B 

/  A      T>\  /  ^      Dv  2  COX  A  cox  J? 

sec  (A+B)-  sec  (^  -  i?)  =  — ^-j ^^ ^-j o-^  . 

^  ^  ^  '     coxMcox^^-cox^'^-cox^-fi 

""   "*  he  angles  of  a  triangle,  prove  28 — 33 : 

sin  (7 
3  B  cos  (7  +  sin  B  cos  (7  cos  -4  +  sin  (7  cos  -4  cos  B, 

5S  5  cos  (7 

^  sin  (7  +  cos  B  sin  C  sin  A  +  cos  C  sin  -4  sin  B, 

?  tan  (7  =  tan  A  +  tan  B  +  tan  (7. 

+  cot(7cot-4  +coti4  cot^=l. 
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32.  COS  J-4  COS  JJ?cos  JC=sm  Jilsin  Jj5cos  J(7 

+  sin  J  ^  sin  JC  cos  J  il  +  sin  J(7  sin  ^A  cos  ^B, 

33.  tanJ^tanJC  +  tanJ(7tanJ^+tanJi4tanJj5  =  l. 

34.  li  A,  B,  C,  D  are  the  angles  of  a  quadrilateral, 

,..     tan-4 +tan5  +  tanC  +  tan2>    ^       .^      «x     •vx      r^ 

(i)     — 7— i r-5 tty r-R  =^»^ -4^^1-0  tan  (7  tan  x/, 

^'     cotil  +  cot^  +  cot(7  +  cot2>  ' 

(ii)    sin-4  sinj5cos(7cos2>+ ... 

=  cos  A  cos  J?  cos  C  cos  2>  +  sini4sinj5sin(7sin2>-l. 

35.  If  Of  <f>,  ij/  are  the  angles  which  any  straight  line,  in  the 
plane  of  the  triangle  ABC^  makes  with  BC,  CA^  AB  respectively, 
then 

(i)     a^  gin  (^  +  ^  -  ^)  +  62  gin  (,^  +  ^  _  ^)  +  c^  sin  (^  +  ^  -  ,^) 
+  26c  sin  ^  +  2ca  sin  ^  +  2a5  sin  i^  =  0. 

(ii)     a*  cos  («^  +  ?/r  -  6>)  +  6^  cos  (i/r  +  ^  -  «^)  +  c^  cos  (^  +  «^  -  ^) 
+  26c  cos  6  +  2ca  cos  ^  +  2a6  cos  ^  =  0. 

36.  If  sin  ^  sin  a  sin  (<^  +  a  -  )S)  =  sin  <^  sin  (a  +  P)  sin  (a  +  6\ 
then  sin  <^  sin  a  sin  (^  +  a  +  )S)  =  sin  ^  sin  (a  -  j3)  sin  (a  +  <^). 

37.  If  cos  0  cos  a  cos  (<^  +  a  -  )8)  =  cos  <^  sin  (a  +  fi)  sin  (a  +  0), 
then  cos  <^  cos  a  cos  (^  +  a  +  )S)  =  cos  ^  sin  (a  -  j3)  sin  (a  +  ^). 

38.  In  a  triangle  right-angled  at  (7, 

tan"^  = +  tan*^ =  (w  +  VSir, 

6  +  c  a  +  c     "^       *^ 

39.  If  sin"^  m  +  sin"^  n  =  Jtt, 
then                        rnj{\  -n^)  +  nj{l  -m^)  =  l. 

40.  tan-^  X  +  tan"*  y  =  tan"*  -^ — . 


41. 


l-xy 

tK  ~-  t/ 

tan~*  X  —  tan"*  v  =  tan"*  _ 

•^  l+xy 


xy 


4.Q      Tf  cos  (g  4-  )g  -t-  ^)  _    cos  (y  -f  g  +  ^) 

sin  (g  +  )8)  cos^  y  ~  sin  (y  +  g)  cos^  )8 
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and  if  fi  and  y  are  unequal,  then  each  member 
_   cos  (^  +  y  +  ^) 
~  sin  {p  +  y)  cos*  a ' 

and       coftf  =  8m(^^y)8m(y^a)sm(,^^) 

COS  (/3  +  y)  cos  (y  4-  a)  COS  (a  +  /3)  +  sm'  (a  +  p  4-y) 

43.  If  C08(o  +  )8  +  y)-sin(o  +  j3  +  y) 

=  2  COS  a  cos  )8  cos  y  +  2  sin  o  sinjS  siny, 
then  either  o  or  j5  or  y  is  of  the  form  {n  -  ^)7r. 

ii      TUX      /      /i\     X      /       A\        2sintfsec*^ 

44.  Iftan(a.K9).^tan(a-tf)  =  ^_^^,^^^,^, 

then  tf  =  lw7r+ a  or  J(2n+l)?r-a. 
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352.  To  find  the  ratios  of  2A, 
We  have 

sin  (J  +B)  =  siriAcosB-hcosAsinB  (1), 

cos  (^  +  5)  =  cos  ^  cos  J?  -  sin  -4  sin  jB  ( 2 ), 

,  .   -J.   tan  A  4-  tan  B 

*^°<-*^-^>=l-tan^tan^ <'^- 

In  each  of  these  formulae,  put  -5  =  -4  ;  thus 

sin  (A+A)=  sin  -4  cos  ^  +  cos  A  sin  A, 

i.e.  sin  2^  =  2  sin -4  cos -4    (4). 

cos  (A-\'A)  =  cos  ^  cos  ^  -  sin  A  sin  A, 

le.  cos  2-4  =  cos^ -4  —  sin*  il    (5). 

,  .       . .       tan  A  +  tan  A 

^      ^  .        2  tan  A  ... 

**'^2^  =  r:w7 <^>- 

353.  Now  we  may  observe  that 

(cos  -4  +  sin  -4)*  =  cos*  -4  +  2  sin  -4  cos  A  +  sin*  A, 
(1+tanil)*       =l  +  2tan^4-tan*.4. 

Comparing  these  expansions   with   the   above  formulae  (4), 
(5),  (6),  we  see  that 

first  term  -  last  term  of  (cos  il  +  sin  -4)*  =  cos  2-4, 
middle  term  of  (cos  A  +  sin  -4)*  =  sin  2-4, 

and      first  term  —  last  term  of  (1  +  tan  -4)*  =  den.  of  tan  2-4, 
middle  term  of  (1  +  tan  -4)*  =  num.  of  tan  2-4. 
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354.  To  find  the  ratios  of  ^A . 

In  (1),  (2),  (3)  of  Art.  352,  put  ^=  2ii;  thus 

sin  (^  +  2A)  =  sin  A  cos  2A  +  cos  A  sin  2A, 

i.a  by  (4)  and  (5) 

sin  3il  =  sin  A  (cos*  A  —  sin*  A)  +  cos  A  .  2  sin  A  cos  A 

=  3sinil  cos' -4  -  sin* -4 (7). 

cos  (il  +  2A)  =  cos  ^  cos  2-4  -  sin  il  sin  2A, 

Le.  by  (4)  and  (5) 

cos  SA  =  cos  A  (cos*  A  -  sin*  -4)  -  sin  -4  .  2  sin  il  cos  A 

=  cos'-4  —  3  cos  il  sin* -4 (8). 

^      ,.     ^..       tanil+tan2il 
tan  (^  +  2^)=^^^^^^^, 

.        2  tan  il 

^'^'^•*'l-tan*il 
i.e.  by  (6)  tan  3il  =  ^    a^       .  , 

^  ^  '  tauil.  2tanil' 

l-.tan*il 

_3tanil--tanM 

"     l-3tan*il     " ^^^' 

355.  As  b^orO)  we  here  observe  from  (7),  (8),  (9),  that 
1st  term  -  3rd  term  of  (cos  il  +  sin  il)*  =  cos  3il, 

2nd  term  -  4th  term  of  (cos  -4  +  sin  il)*  =  sin  3il. 
And 

1st  term  —  3rd  term  of  (1  +  tan  -4)*  =  den.  of  tan  3il, 
2nd  term  -  4th  term  of  (1  +  tan  il)*  =  num.  of  tan  3il. 

356.  In  the  same  way  the  student  should  show 

that  cos  4il  =  cos*  il  -  6  cos*  il  sin*  il  +  sin*  il, 

and  sin  4il  =  4  cos*  il  sin  il  -  4  cos  il  sin*  il, 

,  ^      i  ^        4  tan  il  -  4  tan*  il 

and  tan  4il  =  --  ^  r — ^. — i — 7-7  . 

.         1-6  tan*  il  +  tan*  it 

He  should  then  compare  these  expressions  with  the  expansions 
of  (cos  il  +  sin  il)*  and  (1  +  tan  il)*. 
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357.  The  above  cases  suggest  to  us  that  we  may  write 
down  the  general  values  of  cos  nA,  sin  nA,  and  tan  nA  by  means 
of  the  known  expansion  of  any  integral  power  of  a  binomial. 

The  general  case  follows  at  once  from  the  formulae  proved  in 
the  last  chapter  for  the  ratios  of  the  sum  of  any  number  of 
angles :  but  it  will  be  useful  to  give  an  independent  proof. 

358.  Dep.  An  algebraical  expression  consisting  of  terms, 
in  each  of  which  the  sum  of  the  indices  of  certain  symbols  is  the 
same,  is  said  to  be  homogeneous  in  respect  to  those  symbols; 
and  this  constant  sum  is  called  the  dimension  of  the  expression. 

Thus,  a^  +  babe  +  oca^c  is  a  homogeneous  expression  of  three 
dimensions  in  a,  b,  c, 

359.  To  express  cos  nA  and  sin  nA  in  a  homogeneous  series 
of  n  dimensions  in  cos  A  and  sin  A, 

We  will  prove  that 

The  terms  of  cos  nil  and  &ianA  are  taken  alternately,  but 
with  alternate  change  of  sign,  from  the  expansion  of 
(cos  A  +  sin  A)\ 
In  other  words, 

If  {co8A  +  8mA)''  =  S,-^Si-^S^+...+Sr+  (I), 

where  Sr  is  the  term  involving  sin**  A,  then 

cosnA^S^-S^-^S^-    (II) 

and  BinnA  =  Si-Ss  +  Sfi- (III). 

Assume  this  to  be  true  for  some  particular  value  w. 
Then,  multiplying  I  by  cos  -4  +  sin  -4, 

(cos -4  +  sin -4)**+^  =  (^0  + /Si  + /Sa  + )  (cos-44-sin^) 

^SqCobA  +  (aS'iCos-4  +  aS'o  sin -4)  +  (aS'2 cos -4  4-AS'iSin-4)  +  ...(r). 
in  which  the  terms  are  grouped  in  powers  of  sin  A, 
But         cos  (ti  4- 1)  -4  =  cos  nA  cos  A  -  sin  nA  sin  A 

=  (^0 -^2-^S^-  ...)  cosil  - (^1-^8  +  ^5-  •••)  sin  A 

=  ^oC^8-4-(AS2CoSi4+>Sisin-4)  +  (iS'4Cos-4  +  ^8sin-4)-...(ir). 
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And  an  (n -^  I)  A  =smnA  cos  A  +  cos nA  sin  A 
=  (iS'i  -  A^8  +  .^5-  ...)  cos  ii  +  (*So  -  A^a  +  aS;  -  ...)  sin  A 
=^{SiCosA'^SQsinA)^{S^cosA+S3sinA)  + (Ill'), 

Comparing  I',  II',  and  III'  we  see  that  if  the  proposition  is 
true  for  some  particular  value  n  it  is  true  for  the  value  n-^  1, 

Now  it  is  true  for  2  and  for  3 ;  hence  it  is  true  for  4,  for 
5  <fec.  and  therefore  for  any  positive  integral  value  of  n. 

Employing  the  known  form  of  the  binomial  expansion,  we 
have,  ybr  any  positive  integral  value  ofn, 

cos  nA  =  cos*  A \ — ^  cos"~*  A  sin*  A 

A              ^  1  A    '     A     w(n-l)(n-2)       „  J.   .    .  J.   . 
sin  nA=n  cos**"^  -4  sin -4 ^-^j — ^^ cos**"'  A  smr  -4  +  . .. 

In  the  above  important  formulae,  it  should  be  noted  that 
the  indices  of  sin  A  are  even  in  the  expansion  of  cos  nA  and  ocld 
in  the  expansion  of  sin  nA, 

360.  In  the  same  way  the  student  should  prove  that 

^  _ ^ ^^  A-in(n-l)(n-  2)  tan' -4  +  . .. 
^  l-^7i(n-l)tanM+...  * 

Or  this  formulae  follows  at  once  from  the  expressions  for 
sin  nA  and  cos  nA,  if  we  divide  each  by  cos**  A. 

361.  In  Art.  359  we  expressed  the  cosine  and  sine  of  any 
multiple  of  A  in  terms  of  the  different  powers  of  the  cosine  and 
sine  of  A,  In  the  next  two  articles,  we  will  do  the  converse 
problem:  i.e.  we  will  express  any  power  of  the  cosine  or  sine  of  A 
in  terms  of  the  cosines  or  sines  of  the  different  multiples  of  A, 
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362.     To  express  cos**  A  in  a  series  of  terrris  involving  cosines 
of  multiples  of  A, 

Let  the  symbol  5  denote  the  '  sum  of  all  the  terms  obtained 
by  taking  every  alternative  that  follows  it.'     Then,  we  have, 
2  cos  -4  =  cos  A  +  cos  {—  il)  =  5  cos  (±  A), 
2  cos  A  .  2  cos  j5  =  2  cos  A  cos  J?  +  2  cos  (-  A)  cos  B 
=  cos  (-4  +  ^)  +  cos  {A-B)-\-  cos  (-  ^  +  ^)  +  cos  (-A-^B) 
=  %coa{^ A  dkB), 
Similarly 

2  cos  -4 .  2  cos  -5 .  2  cos  (7  =  2  cos  (±  -4  ±  -ff) .  2  cos  C 
=  2cos(d^^±^±C'). 
And  universally 
2  cos  -4  .  2  cos  ^ .  2  cos  (7... 2  cos  2r=  5  cos  {^A^^B ±...± X). 
In  this  formula,  put  A=B  =  C  =  ...  =X;  and  let  there  be  n 
of  these  angles. 

Then,  on  the  right  side,  any  term  which  arises  from  taking 
n  —  r  positive  signs  and  r  negative  signs  will  be  cos  (n  —  2r)  A. 

But  the  number  of  such  terms  is  equal  to   the  number  of 
combinations  of  n  things,  r  together.     Hence 

(2  cos  -4)"  =  cos  nA  -^-n  cos  (w  -  2)  -4  +     \   n     cos  (w -  4)  ^  + 

+  wcos(-w  +  2)  A  +  cos(-w-4) .(1). 

In  this  expansion  it  should  be  observed  that  the  coefficients 

are  the  same  as  those  of  the  binomial  series  (1  +  x)^,  and  that 

there  are  thus  w  + 1  terms. 

The  multiples  of  A  descend  by  2  from  nto  -n. 

But  since  cos  (-  n-4) =cos  nA,  and  cos  (-  n  +  2)  ^  =  cos  (n--2)A 

and  so  on,  we  may  express  this  series  without  using  negative 

multiples  of  A.     Thus  (2  cos  Af 

=  2cosnA  +7i.2cos(n~2)^  +  ^^!^"^  K  2  cos  (n -- 4t)  A  +  ..,(2), 

in  which  every  term  involving  a  positive  multiple  of  A  is  doubled 
but,  if  the  term  cos  0-4,  i.e.  1,  occurs  it  is  not  dovhlecL 
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363.  In  (1)  writing  for  A,  ^ir-  A,  since  (Ex.  xil,  39) 

n 

COS  n  {\ir  -  il)  =  (-  1)*  cos  ni4,  ifn  is  even  ; 
=  (-1)*   B^nnA,  if  n  is  odd. 

n 

.*.  if  w  is  even,  (-  1)*  (2  sin  -4)** 

=  cos  Wii  -  w  cos  (w  -  2) -4  +  — ^ — o-^cos  (w-4)-4  -  

If  n  is  odd,  (-  1)^  (2  sin  Af 

=  sinnii  -nsin(n-2)ii  +  — ^ — jr— ^  sin  (w  -  4) -4  - 

Here  the  coefficients  are  those  of  the  expansion  (1  —  aj)". 

As  before,  negative  multiples  of  A  may  be  eliminated  if  we 
note  that  cos  n-i  =  +  cos  (-  nA)  &c  ;  and  sin  Wu4  =  -  sin  (—  nA), 

364.  In  Art.  359,  the  cosine  and  sine  of  any  multiple  of  an 
angle  have  been  expressed  in  homogeneous  series  involving  both 
the  sine  and  cosine  of  the  angle. 

We  will  now,  as  fwr  as  possible,  express  them  in  terms  of  the 
sine  or  of  the  cosine  alone. 

This  can  be  done  by  writing 

1  -  cos^  A  for  sin^  A,  and  1  -  sin*  A  for  cos*  A. 

365.  Thus 

cos  2^  =  cos*  A  —  sin*  A 

=  cos*il  -  (1  -cos*  J)  =  2  cos*^  -  1 
or  =  (1  -  sin*  A)  -  sin*  il  =  1  -  2  sin*  A, 

366.  Again 

cos  3-4  =cos'^  - 3cosi4  sin*i4  =  cos' -4  -3  cos -4  (1  -cos* -4) 

=  4  cos' -4  — 3  cos  ^. 
siti'3ii  =  3  sin  il  cos* -4 -sin' -4  =3  sin  J  (l-sin*ii) -sin'il 

=  3  sin  il  -  4  sin'  A, 

These  two  formulae  are  important. 
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367.  Now  we  see  generally  that,  since  cos  nA  contains  terms 
in  Tvhich  the  index  of  sin  A  is  always  even,  cos  nA  can  always  be 
expressed  in  powers  of  cos  A  alone ;  and,  since  sin  nA  contains 
terms  in  which  the  index  of  sin  A  is  always  odd,  that  sin  nA/sin  A 
can  also  always  be  expressed  in  powers  of  cos  A  alone. 

Similarly, 

if  n  is  even,  both  cos  nA  and  sin  nA/cos  A  ; 
if  71  is  odd,  both  sin  nA  and  cos  nA/co&  A 
can  be  expressed  in  powers  of  sin  A  alone. 

368.  In  order  to  find  the  required  expressions  we  may  make 
use  of  the  important  formulae 

8m(n+l)  A -h  sin  (n-- I)  A  =  2  sin  nA  ,  cos  A  (1) 

COS  {n  -  I)  A  +  cos  (n  '\- 1)  A  =  2  co^  nA  ,  cos  A   (2) 

sin  (714- 1)  -A  —sin  (n-  1)  J  =  2cosn^  .  sin  A  (3) 

cos{n-l)A  -cos(n+  1)^  =^28innA,sinA  (4). 

The  first  two  formulae  yield  expressions  in  terms  of  cos  A ;  the 
last  two  in  teims  of  sin  A. 

369.  For  this  purpose  we  will  adopt  the  method  of  recti/rrmg 
series, 

370.  To  eocpress  sin  nO  -f-  sin  0  in  terms  of  2  cos  0, 

Let  S « the  sum  of  the  infinite  series  whose  general  term  is 
afsinr^.     Thus 

*S'=a;sin^  +  ar'sin2^+  ...  +aj"+^sin(w+  1)^+ 

.'.    S,  2a;cos^=2a^sin^cos^+  ...  +  2a3"+Uin  w^  cos ^ + 

and  /S'.a^  =  iB*sin^+  ...  +a3"+^sin(w- 1)  0-k- 

Taking  the  1st  -  2nd  +  3rd  of  these  equations, 
aS  (1  -  2a:  cos  ^  +  ar^)  =  a;  sin  ^ 
for  the  higher  powers  of  x  vanish  by  (1)  of  Art.  368. 
^  =  a:  sin  ^  (1  -  2a:  cos  ^  +ar»)-^ 
Now,  by  division  (or  by  the  binomial  theorem), 

(1  -  2aj cos  6>  +  ar»)-i  =  {1  -  a:(2  cos  O-x)]"^ 

=  1  +aj(2cos^-a;)+ 

+  a«-2(2cos^-a;)»-2  +  a:"-i(2cos^-a;)»-i+ 
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Hence,  equating  the  coefficients  of  a;**  in  the  two  expressions 
for  Sf  we  have  sin  »6>  -r-  sin  tf 

=  (2cose')*-^-{n-2)(2cos^)*-»  +  (^-3)  (n- 4)^^  ^^^  ^^^_^_ 
as  long  as  the  index  of  2  cos  6  is  not  negative. 

371.     To  express  2  cos  nO  in  terms  of  2  cos  $, 

Let 

S=  1  +  2ajcos ^  +  2ar'cos  2^+  ...  +  2a:«+icos  (n+  1)  ^  +  ... 

.'.  tS .  2x cos 6>  =  2a;  cos  0  +  4a:^ cos^ ^  +  ...+  4a;**+^  cos  n 0 cos ^  +  ... 

and         AS.ar'=  a^  + .,.  +2ic»+icos(n-l)  ^+ ... 

aS'  { 1  -  2aj  cos  ^  +  or')  =  1  -  ic^ 
for  the  higher  powers  of  x  vanish  by  (2),  of  Art.  368, 
aS  =  (1  -  a^)  (1  -  2a;  cos  $  +  a^)-\ 
.*.  coefficient  of  a"  in  aS 
=  (coeff.  of  «»  -  coeff.  of  a;~-»)  in  (1  -  2a;  cos  0  +  3?*)-^ 

Now  as  in  last  article,     (1  -  2a;  cos  ^  +  ar*) 
=  1  4-a;(2  cos^-a;)  +  ...  H-a^-^ (2  cos  ^-a;)" 

+  a;~-i(2cos^-a;)»-i  +  ... 

Here  the  coefficient  of  a^ 
=  (2  cos^)~-  (w-  1)  (2  cos  ^)«-«+  ... 

.       ^/-.nr(^-^)(^-^'-^)-(^-^^^^)(2cos<?r^  +.  . 

\r  ^  ^ 

2  instead  of  n,  and  r  - 1  instead  of  r,  we  have 

t  a;«-2 

ri-3)(2cos^)~-*+... 

{n-r-l)(n^r^2y.(n^2r-,l)^^^^ 

|r- 1  ^  ' 
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Thus  2cosn^ 

=  (2  cos  ^)»  -n(2  cos  tf)"-^  +. . . 

+  (-l)*^n.  ^^ ^-^ j — ^ — ^^ i (2 cos ^)*-*^  +  ... 

as  long  as  the  index  of  2  cos  $  is  not  negative. 

372.  In  the  last  two  articles,  we  have  expressed  the  series  in 
descending  powers  of  2cos^.  We  may  now  express  them  in 
cbscending  powers. 

373.  Thus,  by  Art  370, 

sinn^-r-sin^  =  coeff.  of  aj*-^  in  (1  -  2aj  cos  ^  +  a*)-M.e.  in 
1  +  a;  (2  cos  ^  -  a)  +  ..,  +  aj«»  (2  cos  ^-ac)'*  +  af*+^  (2  cos  ^-a;)*«+^+ ... 

A.  If  now  n  ia  odd,  we  may  take  m  =  J(n-l);  and  the 
coeff.  of  05**-*  will  be 

..  i£nKodd,(-l)     -^^-g- 

=  1  _!^'  cos»  <?  +  (>^'-l')(>^'-3')^.  e  ....  up  to  cos-  0. 

[2  [4 

B.  If  now  n  is  even,  we  may  take  m  =  ^n^  and  the  coeff.  of 
«*"*  will  be 

(-l)'^[i..2cosg-^('^^^>-|-^^"-'>(2oosg)'^-] 

,-      .  ,    ,.?f'sinw^ 

.\  if  w  IS  e2?m,  (-  1)      Tg^ 

=  ncostf ^^ — ^cos«fl+— ^^ r^^^ i^cos'^-... 

up  to  COS*-*  0. 
J.  T.  1^ 
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374.    By  Art.  371,  we  have 
2  COS  ntf  =  coeff.  of  af  —  coeff.  of  oj**"'  in  (1  -  2a;  cos  tf  +  a*)~\  i.a  in 
l+aj(2co8tf-aj)+... +»*(2co8tf-»)*  +  »*+^(2cofitf-a;)"*+i+.... 

C.  11  now  n  is  odd,  we  may  take  w  =  J  (n  +  1), 
and  the  coeffi  of  af  will  be 

(-.l)^rj(n+l).2costf 
and  the  coeS.  of  a;""'  will  be 

If  -■ 

w-l 

.*.  (- 1)  *  cos  wtf  (if  w  is  odd) 

.     7i(n*-l«)       ..     w(w*-P)(n«-3«)      ,. 
=  n  cos  tf ^-jo — ^  cos»  0  +  -^ [4^^ ^cos'^-  ... 

[3  |5 

D.  If  n  is  even,  we  may  take  m  =  Jn, 
and  the  coeff.  of  x*  will  be 

(_l)1[l_i(!i±|Li!?.(2eose)' 
and  the  coeff.  of  a;**"^  will  be 

(_i)"-?|-i_i!Lii|::l)(2cos«?)« 

n 

.*.  (- 1)^  cos  nO  (if  n  is  even) 

=  1  _- C0S2^+ ^- -^COS^tf ^ rP ^COS'tf-  .... 

^  |4  |6 
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375.  In  the  results  of  the  last  articles  put  0  =  |x-^,  so 
that  sin  0  =  cos  <f>  and  cos  6  =  sin  ^.  Then  convert  sin  n$  and 
cos  n$  according  as  n  is  odd  or  even  by  Ex.  xn.  39.     Thus 

By  Art.  370, 
(nodd)(-l)^'^^=(2sin^)»»-^-(7i-2)(2sin^)'-«+..., 

(w  even)  (-  1)^  ^^  =  (2  sin  ^)*-i  -  (n  -  2)  (2  sin  ^)«-»  +  . . . 
By  Art  371, 

n-l 

(n  odd)(-l)  *  .2sinn</>  =  (2sin«^)'»-w(2sin</>)«-^+... 

/    i\r       (w-r-l)...(n-2r  +  l),_    .     ^.     . 
+  (-  1)*^  n .  ^ ^—j^ ^  (2  sin  <^)~-^  +  . . ., 

n 

(n  even)  (- 1)^  2  costi^  =  (2  sin  <^)«-  n  (2  sin  «^)'»-2  +  ... 

./    i\r       (n-r-l)...(w-2r+l)  ,^  .     ..„  ^^ 

+  (- 1)*^  n .  ^ ^ ,  "^ ^  (2  sin  <^)*-2r  ^     ^ 

By  Art.  373, 

^        ,,,cosr^     ,      ti'-P  .  ,^     (n^-P)(ii»~3»)   .  ,^ 

(?iOdd) j^=l r^r — sin'<f>+^ 7-j sin*<f>-  ..., 

^  ^  cos^  r  r  -r         7 


.  sin  nA 

(n  even) -r- 

^  ^  cos  0 


.    ^     w(/i»-2»)  .  ,^     n(n»-22)(n«-4«)  .  .^ 
=  71  sin  «^ ^-j^ — ^-sm*<l>  +  —^ 1^^^ ^sin'<^-.... 

By  Art.  374, 

(71  odd)  sin  n<l> 

.    ^     n(n'-V)   .  3^     n(n2-P)(r.«-3')    .  ,^ 
=  wsin«^ ^— - — ^sin'<f>+  — ^^ ^^ ^sin'<f>-  ..., 

^  15  ^  [5  -r  » 

(n  even)  cos  n<^ 

,      w»  .  ,,     w«(n«-2')  .  ,^     nV/i«-2^)(n»-42) 

18—2 
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376.  The  results  of  the  last  article  might  be  obtained  more 
directly  from  the  two  series 

^S  =  a;  cos  <^  +  a:*  sin  2<^  -  jc*  cos  3^  -  ic*  sin  4^  +  . . ., 
which  gives  S  {I  -  2x  sin  <l> -^  a^)  ==  x  cos  <^, 

and  S=  1  +  2a;sin<^-2a::'cos2</>-2a;'sin3<^+  ..., 

which  gives  S{l-2x&in<l>-k-a?)  =  l -a^, 

377.  In  the  above  articles,  we  have  incidentally  proved  the 
important  expansions : — 

1  -  sin  2^       ,    sin  3^  .  ,    sin  nO 

=  1  +  x,~ — -  -k-a^  .-,'^  +...  +«*- 


1  —  2ic  cos  0  +  ot^  '  sin  6^  '  sin  ^      * "  *  sin  6* 

1  —a* 

.; r V ,  =  1  +  2a;cosd+2ar*cos2d+  ...  +2ai*cosntf  +  .... 

I  - '2x  cos  6  +  ar 

In  the  first  of  these  expansions,  put 

x  =  ^^  and  cos  6  =  — ,, — ;  : 
Ja  J(ac) 

then  a  -  2by  +  cy^  =  a  {I -2x  COB  6-^  a?). 

Thus,  if  6*  <  ac,  we  have 


.=  l+yN^    8in2tf^       ^  /y Vcy-^    sinw^^ 


a  -  2bj/ -^  C'f/^  Ja  '  sinO      '"     W*/       '  sin^ 

=  cos-^b-i-J{ac)}. 
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Examples  XIV. 
Prove 

3.     cosec  2A=^sec  A  cosec  -4.     4.     cot  2A=^  (cot  -4  —  tan  A), 

^      ^      „  .  3  -  tan"  A  ^         ^  .  .     cot'  ii  -  3  cot  ^ 

5.     tan3^=— — — 5- j.      6.     cot3i  =  — ^ — in — r— • 

cot  -d  —  3  tan  A  3  cot*  -4-1 

7.  cos'  il  +  sin'  A  cos  25  =  cos'  B  +  sin'  5  cos  2 A. 

8.  sin' il  -  cos' ii  cos  25  =  sin' 5 -cos' 5 cos  2 A 

9.  sin  a;  (2  cos  a;  -  1)  =  2  sin  ^x  cos  J .  3a;. 

10.  sin  05  (2  cos  a;  +  1)  =  2  cos  Ja;  sin  J .  3a?. 

--       cos  (a; -32^) -cos  (3a; -y)     «   .    /         x 

11.     .    o  ^— ^ ^'  =  2sin(a;-y). 

sm2a?  +  sm2y  ^       ^' 

,  „      sin  (x  +  3y)  +  sin  (3a;  +  y)     ^        ,         . 

12.     ^    .    ^^ ^ ^'  =  2cos(a;+y). 

sin  2a;  -f  sin  2y  ^       ^' 

13.  cos  3il  =  (2  cos  2  A  - 1)  cos  A. 

14.  sin  3A  =  (2  cos  2-4  +  1)  sin  A. 

15.  sin  3-4  cosec  A  —  cos  3-4  sec  -4  =  2. 

-  -,      ^       ,  -     sin  -4  sin  2-4  +  sin  2-4  sin  5-4     " 

16.  tan  4-4  =    -; -: ^r-: r-^r-j — j- . 

sm  A  cos  2-4  +  sin  2-4  cos  5  A 
17.  cos  A  +  cos  3-4  +  cos  7-4  +  cos  9-4  =  4  cos  A  cos  3-4  cos  5-4. 

,£>      o       /3-__J: ^^  ^    _  si^  ^^ 

^cose/     2cosd     2  sin  3d  "sin  3^* 

19.  cos  50  =  COS*  d  -  10  cos'  d  sin'  d  +  5  cos  6  sin^  0. 

20.  sin 5d  =  5  cos* d sin d - 10  cos'd sin'd  +  sin'^d. 

21.  cos  56  =  16  COS*  6-20  cos'  d  +  6  cos  0. 

22.  sin  56  =  16  sin»  e  -  20  sin'  e  +  5  sin  0. 

23.  sin  Q0  -^  sin  e  =  32  cos''  0-32  cos'  d  +  6  cos  0. 
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24.  co8  6fl=32cos«fl-48cos*fl+18cos*fl-l. 

25.  Find  cos  iA  and  sin  iA  in  terms  of  cos  A  and  sin  A  by 
means  of  the  formulae  which  give  cos  2A  and  sin  2^1  in  terms  of 
cos  A  and  sin  A,  Thence  find  cos  iA  and  sin  iA  -r-  sin  A  in  terms 
of  cos  A. 

26.  Show  that  the  numerator  and  denominator  of  cot  nA  are, 
respectively,  -^"^-^",+  ^4- ...  and  jri-ir,  + A',-...,  where  Er 
=  term  involving  cot*"'*  J.  in  the  expansion  of  (cot  ^  +  1)*. 

27.  4co8-4cos2J  cos3il  =l  +  cos2il  +  cos4il +  cos6il. 

28.  4  cos  (n  + 1)  J  cos  nA  cos  (n  - 1)  A  =  coaZn  A 

-h  cos  (n-  2)  A  +  cos  nA  +  cos  (n  +  2)  ui. 

29.  2 sin il .  2 sin ^.  2 sin (7...  to  n  factors 

=  (-l)^'a(-l)*-sin(*ili5db(7=fc..,) 

or  =(-l)^a(-l)*'cos(*i4*5*a*...), 

according  as  n  is  odd  or  even,  where  ♦•  =  the  number  of  negatives 
in  the  compound  angle  which  enters  into  any  term  considered. 

30.  From  the  last  example  deduce  the  results  of  Art.  363. 

31.  1  +  cos  9^  =  (1  +  cos  ^  (1 6  cos*  tf  -  8  cos'  tf  -  1 2  cos^  ^ 

+  4costf+l)=. 

32.  (sin  A  -  cos  A)*  +  (sin  J  +  cos  ^i)*  =  3  -  cos  4-4 . 

33.  sin  3^  =  4  sin  il  sin  (60"*  +  A)  sin  (60*  -  -4). 

34.  3  cosec  3u4  =  cosec  A  +  cosec  (A  + 120°)  +  cosec  (-4  +  240°). 

35.  If  sin  ^  be  the  Geometric  mean  of  sin  A  and  cos  A, 

cos  25  =2  cos"  (^+45°). 

36.  If  sin  B  be  the  Arithmetic  mean  of  sin  A  and  cos  Ay 

cos25  =  cos»(^  +  45°). 

Q_      sin  J  -  cos  il     .       ,  .     J.  ^ov 

37.  - — -.  =  tan  {A  -  45  ). 

sin  A  ■¥  cos  A  ^ 


38. 


sin5d-cos5d    ^       /^     ir\    1  -  2sin2^- 4sin2  2d 


r^n^"4)-TT2d 


sin5^  +  cos5^  \       4/ *  1  +  2  sin 2^- 4 sin" 2^* 
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39.  If  cos(a+^) +mco8  0s>f«^  then  n'  is  not  greater  than 
1  +  2m  cos  a  +  m\ 

40.  If  ^2.cos-4»cosiJ  +  oo«»J3; 
and  ^2.sm-4=:sini5-sm'i5!, 
theu                        *sin(JJ-ii)  =  cos2^  =  i. 

1  1 

41.  tanil.  (tan  2ii/.  (tan  2«J)  2*  ...  to  n  +  1  factors 

4sm'ii 


(2sin2»+iil)*+«** 


42.     Ifsin()8-7)cos(tf-2a)seca  +  sm(y-a)co8(tf-2jS)sec/S 
+  sm(a- j8)  cos  (^- 2y)sec  y  =  sin  (/8-y)  sin  (y-a)  sin  (a- j8), 
then  cos  ^  =  cos  acosjS  cos  y. 

.  ^      ^.  sin  ra     sin  (r  +  1)  a     sin  (r  +  2)  a 
4o.     It  — J —  = — , 

,  cos  ra        _  cos  (r  +  1)  a  _    cos  (r  +  2)  a 

^^  2m^-l{l  +  n)       m{n-'l)    " n  (I  +  n) - 2m'' 

44.  If  4  cos  (a;  -  y)  cos  (y  -  «)  cos  («  -  «)  =  1 , 
then  1  +  12  cos  2  (a?  -  y)  cos  2  (y  -«)  cos  2  («  -  a) 

=  4  cos  3  (a?  -  y)  cos  3  (y — «)  cos  3  («  -  oj). 

45.  If  sin  ($  +  a)  =  sin  (<^  +  a)  =  sin  j8, 
awJ  a  sin  (^  +  <^)  +  6  sin  (tf  —  ^)  =  c, 
then  ei^Aer  a  sin  (2a  ±  2)S)  =  —  c, 

or  a  sin  2a  *  6  sin  2j8  =  c. 

46.  If  ^  +  ^  +  C  =  180^  then 

cos  A  sin  3il  +  cos  -6  sin  3-5  +  cos  C  sin  3(7 
=  (sin  2 A  +  sin  2^  +  sin  2C)  (f  +  cos  2-4  +  cos  2i5  +  cos  2C). 

47.  If  «^  =  J(a  +  )S  +  y-3^),  then 

sin»  (tf  -  a)  cos  2  (a -  «^)  sin  ()3  -y)  +  sin»  (O-p) cos  2  03  -  <^)sin  (y  -  a) 

+  sin*  {0  -  y)  cos  2  (y  -  <^)  sin  (a  -  )8)  = 
J(sin  2a  +  sin  2j8  +  sin  2y-  3  sin  26)  sin  (/J-  y)  sin  (y-  a)sin  (a-^). 
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Solve  the  following  equations : — 

48.  6tan*a;-8ec*a;=ll.  49.     6  tan*  a;  +  sec*  a;  =  7. 

60.  sin5tf-  sin  W  =  ^2 .  cos4tf. 

51.  coBM  +  cos3tf=  ^2.co64ft 

52.  4sintfcos2tf  =  l.  53.     sin  J^i  =  cos  J  . 5i. 
54.  tanil+8ec2il  =  l.                  55.     sec  4tf  -  sec  26  =  2. 

56.  sin  20  +  sin  40  =  ^2 .  cos  0. 

57.  cos  20  -  cos  4tf  =  ^2 .  sin  $. 

58.  sin  0  +  sin20  +  sin 30  =  0.        59.     sin 0  +  sin 50  =  sin 7^. 
60.  cos20  +  cos40  +  cos0  =  O.       61.     cos  20  +  cos  40  -  cos  ^. 

62.  sin  4a;  =  tan  x, 

63.  16sin'^0  =  sin60-5sin30. 

64.  sec*  30  +  cosec*  30  =  4. 

65.  cox*  J  0  -  sec*  I  0  =  2^3  cox*0. 

66.  2  (sin  a  -  cos  a)  +  2m'  (tan  a  +  cot  a)  +cox  a  -  sec  a  =  0. 

67.  8  cos*  0  +  8  sin*  0  =  6  +  sin  0  +  sin  90. 

68.  tan-i  ^j  +  tan-^  (1  -  a;)  =  2  tan"^  J{x  -  a:*). 

69.  sin-^  X  +  sin"^  ( 1  -  a;)  =  cos~^  x. 

70.  »  =  3  tan-i  i  ^  ^an-^  |  +  tan-^  ^V  -  !»• 


Digitized  by  VjOOQIC 


CHAPTER  XV. 
SUBMULTIPLE  ANGLES. 

378.     In  the  last  chapter  we  found  the  ratios  of  nA  in  terms 
of  those  of  A  :  or,  which  is  the  same  thing,  the  ratios  of  -4  in 

terms  of  those  of  • 


n 


A  . 
In  this  chapter  we  shall  try  to  find  the  ratios  of  —  in  terms 

of   those  of  A  :   or,  which  is   the  same  thing,  the  ratios  of  A 
in  terms  of  those  of  nA, 

To  find  the  number  of  solutions, 

379.  To  prove  thai,  in  determining  the  ratios  of  ^A,  when 
nothing  is  knovm  of  A  hut  the  value  of  its  sine  [or  cosecant], 
there  wUl  he  two  reciprocal  values  of  the  tangent  and  co-tangent 
and  two  pairs  of  equal  and  opposite  values  of  the  other  ratios. 

Let  Aq  be  one  of  the  values  of  A  for  which  the  sine  or 
cosecant  has  the  given  value. 

Then  [Art.  312,  ii.]  the  general  value  of  il  is  n.  180'  +  (  - 1)**  A^ 
.*.  the  general  value  of  J-4  is  n .  90°  +  (  -  1)* .  ^A^, 

Give  to  w  in  succession  the  values  0,  1,  2,  3  <fec. 
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Then  the  final  positions  of  the  line  describing  ^A  will  be 
OFi,  OF^  OFsy  OF^,  where  (see  figure)  each  of  the  angles 
lOFj,  FJOK,  rOF^  FfiK  is  equal  to  \A^. 

But  the  nne  and  cosint  of  lOFy^  are  equal  and  opposite  to  the 
sine  and  cosine  of  lOF^  respectively. 

And  the  sine  and  cosine  of  lOF^  are  eqiud  and  opposite  to  the 
sine  and  cosine  of  IOF4  respectively. 

And        tan  lOF^  =  cot  lOF^  =  tan  lOF^  =  cot  lOF^, 

And        tan  lOF^  =  cot  /Oi^i  =  tan  10  F^  =  cot  lOF^, 

Hence  the  tangents  of  lOF^  and  lOF^  are  reciprocal;  and 
so  on. 


1.    If  +  «,+«'  are  the  four  values  of  sin  J  A  correspond- 
ing to  any  given  value  of  sin  Ay  show  that  ±  «'  =*  ±  \/(l  -  «•). 

Example  2.    If  sin^  =  +  1,  show  that  the  /owr  values  of  sin ^  J 
and  cos  ^  ^  reduce  to  twoy  and  the  two  values  of  tan  ^  A  reduce  to  one. 

Example  3.    If  sin  ^  =x  0,  show  that  the  four  values  of  sin  Jil  €uid 
cos  i  A  reduce  to  three. 
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380.  To  prove  that,  in  determining  the  ratios  of  \A,  when 
fiothing  is  knoion  of  A  but  the  valiie  of  its  cosine  [or  secant], 
there  tmU  be  a  pair  of  equal  and  opposite  values  of  each  of  the 
ratios. 


As  before  [Art.  312,  iv.]  the  general  value  of  -4  is  2w .  ISO**  ±  A^ 
.\  the  general  value  of  \Ai&n.  180**  ±  \A^ 

Then  the  final  positions  of  the  line  describing  \A  will  be 
OF^,  OF^,  OF^  OF^  where  (see  figure)  each  of  the  angles 
lOF^y  FJ)T,  rOF^  Ffil  is  equal  to  \A^. 

Kow     sin  lOF^  =  sin  lOF^  =  -  sin  lOF^  =  -  sin  lOF^ 

t&n  lOF^^"  tan  IOF^=- tan  lOF^  =  •  t&nlOF^ 
sec  lOFi  =  -  sec  lOF^  =  -  sec  lOF^  =  sec  lOF^. 

Thus  there  is  a  pair  of  equal  cmd  opposite  valines  of  each 
of  the  ratios  of  }^A, 

Example  1.  If  cos  J  =  0,  show  that  there  is  9till  a  pair  of  equal 
and  opposite  values  of  each  of  the  ratios  of  ^  A. 

Example  2.  If  cos  -4  =+ 1,  sin  Jul  has  only  oim  value.  If  cos  ^  =  - 1 , 
cos^^  has  only  one  value. 
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381.  To  'prove  that,  in  determining  the  ratios  of  \A,  when 
nothing  is  known  of  A  but  the  value  of  its  tangent  [or  cotangent], 
there  will  be  two  reciprocal  but  opposite  values  of  the  tangent  and 
cotangent,  and  two  pairs  of  equal  and  opposite  values  of  the 
other  ratios. 


Here  [Art.  312,  iii.]  the  general  value  of  ui  is  n.  180"  + J,, 
.*.  the  general  value  of  J-4  is  n .  90**  +  ^Aq. 

Then  the  final  positions  of  the  line  describing  ^A  will  be 
0^1,  0^2.  OFsy  OF^  where  (see  figure)  each  of  the  angles 
lOF^y  KOF^  TOF^,  K'OF^  is  equal  to  \A^. 

Now  tan  10 F^  =  -  cot  10 F^  =  tan  10 F^  =  -  cot  lOF^ 
cot  10 F^  =  -  tan  10 F^  =  cot  10 F^  =  -  tan  lOF^ 
sin  10 Fj^  =  -  sin  10 Fj^  :  sin  10 F^  =  -  sin  lOF^ 
cos  lOFj^  =  -  cos  10 F^  :  cos  lOF^  =  -  cos  lOF^, 

Example  1.  If  ±  «,  ±  «'  are  the  four  values  of  sin  ^  ^,  correspond- 
ing to  any  given  value  of  tan  A,  show  that  a^  +  s'^=:  1. 

Example  2.  If  tan^  =  0,  show  that  sin^ ^  and  cob\A  have  each 
three  values.    How  many  values  have  the  other  ratios  of  J^  ? 
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382.     See  below. 
120" 


180" 


240"-^  ^  300" 

Here  :  Given  sin  A;  J  =  w .  180**  +  (-  1)* ^o, 

,\  1^  =71.  60« +  (-!)«  ^^0- 
120°' 


240' 


Here :  Given  cos -4  ;    A=n.  SCO** ^^A^, 
.-.  lA=n.l20^^iA^ 
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240''''  300'* 

Here  :  Given  t&nA;    -4  =  n .  ISO**  +  ^o» 

In  determining  the  ratios  of  ^Ay  when  we  know  nothing  hut 
the  value  of  one  of  the  ratios  of  A,  there  tuill  he  three  values  of 
the  corresponding  ratio  of  ^A  (and  of  its  reciprocal),  hut  three 
pairs  of  equal  and  opposite  values  of  the  other  ratios  of^A, 

The  accompanying  figures  will  show  this. 

383.     In  Arts.  384,  385,  386  we  shall  find  the  number  of 

values  of  the  ratios  of  —  when  a  ratio  of  A  is  given. 
n 

We  shall  write  ir  for  180^ 

It  should  be  noted  that  for  some  special  values  of  the  given 

ratio  of  A,  the  number  of  values  of  any  ratio  of  —  is  less  than  that 
given. 

Hence  the  results  must  be  understood  to  apply  to  any  general 
value  of  the  given  ratio. 

This  was  noted  in  the  examples  given  above. 
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384.     Given  sin  A^  to  find  tJie  number  of  values  of  each  of  the 


ratios  of  — . 


\A 


Here,  the  general  value  of  -4  is  Xir  +  (-  1)  .a. 
.*.  the  general  value  of  —  is •-  (—  1)  •  -  • 

The  two  values  of  way  ratio  of  Ajn,  obtained  by  giving  to  X 
different  values  /a  and  /i',  will  be  equal  if  the  two  values  of  A/n 
differ  by  an  even  multiple  of  it. 


i.a  if 


{?*(->r.s}-{'?*(-')--i) 


is  an  even  multiple  of  ir. 

ie.  if  *  /4  -*  /a'  =  an  even  multiple  of  n» 

Hence  the  values  of  any  ratio  ol  Ajn^  obtained  by  giving  to 
X  in  succession  the  2n  values  0,  1,  2...(2n-  1),  will  be  repeated^ 
if  any  other  integral  value  is  given  to  X. 

Hence  no  ratio  of  Ajn  can  have  more  than  the  2n  values  so 
obtained. 

Now  consider  each  of  the  ratios  sin  Ajn,  cos  Ajn^  and  tan  Ajn 
separately. 

(1)     Consider  sin  A/n. 

Two  values  of  sin  A/n  will  be  equal,  if  tlie  sum  of  the  two 
volumes  of  A/n  is  an  odd  multiple  ofv. 

ie.if  ^  +  (_l)^«+^  +  (_l)'•'.« 

n      ^      '     n       n       ^      ^      n 

is  an  odd  multiple  of  tt. 

i.e.  ii  fi-\-  fi  is  oddy  and  an  odd  multiple  of  n. 

This  cannot  be  unless  n  is  odd. 

If  n  is  odd,  the  values  of  sin  A/n,  obtained  by  giving  to  X  in 
succession  the  n  even  values,  0,  2...ri—  1 ;  w  +  l,...2n  — 2  will  be 
repeated  by  giving  the  n  odd  values  w,  n~  2,...l ;  2n-  1,...7»  +  2. 

♦  For,  since  /*  «*  a*'  is  even,  fi  and  f/  must  be  either  both  even  or  both  odd. 
Hence  the  terms  inyolying  a  cancel. 
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Thus,  given  sin^, 

if  n  is  even,  there  are  2n  values  of  sin  Ajn ; 
if  n  is  odd,  there  are  n  values  of  sin  Ajn. 

(2)  Consider  cos  Ajn. 

Two  values  of  cos  J/n  will  be  equal,  if  the  sum  of  the  two 
valites  of  Ajn  is  an  even  multiple  of  v, 

ie.  if  /bi  +  /bi'  is  odd^  but  an  even  multiple  of  n. 
This  is  a  contradiction. 
Thus,  given  sin  J, 

there  are  always  2n  values  of  cos  ji/n. 

(3)  Cofhsider  tan  Ajn. 

Two  values  of  t&nA/n  will  be  equal  if  the  difference  of  the  two 
values  qfA/n  is  am,  odd  multiple  ofv, 

i.e.  if  fi  '^  /a'  is  even^  and  an  odd  multiple  of  n. 

This  cannot  be  unless  n  is  even. 

If  n  is  ev67i,  the  values  of  tan  A\n^  obtained  by  giving  to  X  in 
succession  the  n  values,  0,  1,  2...w  -  1,  will  be  repeated  by  giving 
then  values,  w,  w  +  1,  w  +  2,...2n-l. 

Thus,  given  sin  A^ 

if  w  is  odd,  there  are  2n  values  of  tan  A\n  \ 
if  n  is  even,  there  are  n  values  of  tan  A  In, 

385.     Given  cos  -4,  to  find  the  number  of  valuer  of  each  ofth 

.       ^^ 
ratM8  of  — . 
•^  n 

Here,  the  general  value  of  A  is  2Xir  *  a, 

,      -        -  -4  .    2Xir      a 

.*,  the  general  value  of  —  is =»=  - . 

®  n        n       n 

The  two  values  of  any  ratio  of  -4/n,  obtained  by  giving  to  X 

different  values  /a  and  /a',  will  be  equal  ^  the  two  values  of  Ajn 

differ  by  an  even  multiple  ofir. 

\  w       71/      \  n       n/ 
is  an  even  multiple  of  tt. 
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i.e.  i^  taking  the  same  sign  before  a//»,  /a  -  fi'  is  a  multiple 
of  n. 

Hence  the  values  of  any  ratio  of  A/n,  obtained  by  giving  to  X 
in  succession  the  n  values  0,  1,  2...W-  1  and  either  sign  before 
a/n,  will  be  repeated,  if  any  other  integral  value  is  given  to  X 
-with  the  same  sign  before  a/n. 

Hence  no  ratio  of  A/n  can  have  more  than  the  2n  values  so 
obtained. 

(1)  Consider  sin  A/n, 

Two  values  of  sin  A/n  will  be  equal 

-i!  2uir      a      2uV      a  .  , .       i. .  i      i. 

if  ^£^  db  -  +  -?—  db  -  IS  an  odd  multiple  of  ir, 

n       n       n        n  ^ 

i.e.   if,  taking   opposite  signs  before  a/n,   2  (ji-^  fi)   is  an   odd 
multiple  of  n. 

This  cannot  be  unless  n  is  even. 

If  n  is  even,  the  values  of  sin  A/n,  obtained  by  giving  to  X 
in  succession  the  n  values  0,  1,...^;  ^  +  l,...n—  1  with  +  sign 
before  a/n,  will  be  repeated  by  giving  the  n  values  ^  ^-1,... 
0;  n-  l,...^w  + 1  with  -  sign  before  a/n. 

Thus,  given  cos  J, 

if  n  is  odd,  there  are  2n  values  of  sin  A/n, 
if  n  is  even,  there  are  n  values  of  sin  A/n* 

(2)  Consider  cos  A/ri, 

Two  values  of  cos  A/n  will  be  equal,  if  the  sum  of  the  two 
values  of  A/n  is  an  even  multiple  of  tt. 

i.e.  if,  taking  opposite  signs  before  a/n,  fi-h  fjJ  is  a  multiple 
of  n. 

Thus  the  values  of  cos  A/n,  obtained  by  giving  to  X  the  n 
valuea 0,  1,  2,...w -  1  with  +  sign  before  a/n,  will  be  repeated  by 
giving  the  n  values  0,  n-l,  w-  2,...l  with  —  sign  before  a/n. 

Thus,  given  cos  J, 

there  are  always  n  values  of  cos  A/n. 
J.  T.  19 
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(3)     Consider  Uoi  A/n. 

Two  values  of  tan  A/n  will  be  equal,  if  the  difference  of  the 
two  values  of  A/n  is  an  odd  multiple  of  w. 

i.e.  if,  taking  the  same  signs  before  a/n,  2  (/t  «*'  /u,')  is  an  odd 
multiple  of  n. 

This  cannot  be  unless  n  is  even. 

If  n  is  even,  the  values  of  tan  A/n,  obtained  by  giving,  to  X 
the  ^  values  0,  1,  2...^-  1  with  either  sign  before  a/n  will  be 
repeated  by  giving  the  ^n  values  ^n,  Jn  +  1,  Jn  +  2,...n~  1  with 
the  same  sign  before  a/n. 

Thus,  given  cos  A, 

if  n  is  odd,  there  are  2n  values  of  tan  A/n, 
if  w  is  even,  there  are  n  values  of  tan  A/n. 

386.     Given  tan  A,  to  find  the  number  of  values  of  etzch  of 

the  ratios  of  —, 
n 

'  Here,  the  g^n^jral  value  of  4.  is  Xir  +  a , 

'    .*.  th^  ffeneral  value  of  —  is  —  +  -  . 
°  .       n       n      n 

,\  the  two  values  of  any  ratio  of  A/n  will  be  equal, 

if  (  ^  +  -  )  -  (—  +  -  )  is  an  even  multiple  of  «•. 

\n      nj      \n      nj 

i.e.  if  /Di  ~  /i'  is  an  even  multiple  of  n. 

Hence,  given  tan  4,  there  cannot  be  more  than  the  2n  values 
of  any  ratio  of  A/n,  obtained  by  giving  to  X  the  2n  values 
0,  1,  2...2n-l. 

(1)    X/onsider  sin  A/n  a/nd  cos  A/n, 

Two  values  of  sin  A/n  or  cos  A/n  will  be  equal 

if'  J^  4*- +'*- +-iJB  a  multipleof  IT. 

.  n      n       n      n 

'  This  cannot  be. 

Hence,  given  tan  A, 

there  ar6  always  2«  valueiiS  6£sin4/w  and  of  cos  A/n. 
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(2)     Consider  t&n  A/n, 
Two  values  of  tan  A/n  will  be  equal 
if  /jL^  fi  is  sai  odd  multiple  of  n. 

Hence,  the  values  of  t&n  A/n  obtained  by  giving  to  X  the 
n  values  0,  1,  2...71-1  will  be  repeated  by  giving  the  values 
n,  n  +  1,  w  +  2,...2w  —  1. 

Hence,  given  tan  A, 

there  are  always  n  values  of  tan  A/n. 


To  find  the  values  of  the  solutions, 

387.     To    trace    the    chcmges  in  sign  of  cosJ9  +  sin^  and 
cos  B  —  sin  B, 

We  have 
cos  J5  +  sin  ^  =  J2  (sin  45°  cos  B  +  cos  45°  sin  J5) = ^2 .  sin  (45°  +  J5), 
cos  ^  -  sin  ^  =  ^2  (cos  45°  cos  J5  -  sin  45°  sin  B)=J2 .  cos  (45°  +  B). 

Thus 
cos  J5  +  sin  ^  is  +^®,  if  45°  +  ^  is  in  1st  or  2nd  quadrant, 
-\         „         „        3rd  or  4th 


cos  ^  -  sin  -fi  is  +^®, 


1st  or  4th 
2nd  or  3rd 


19-2 
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Now  B  is  45'  less  than  45*  +  B, 

Hence,  if  we  turn  the  initial  line  from  which  B  is  measured 
hackuxvrds  through  45**, 

we  shall  get  four  shifted  quadrants. 

Taking  as  usual  the  initial  line  of  B  rightwa/rds,  and  the 
positive  revolution  right-v^pwarda^  we  have 

If  J9  is  in  the  Right  quadrant,  45**  +  j?  is  in  the  1st  quadrant, 

/,  cos  J5  +  sin  5  is  +^ ;  and  cos  ^  —  sin  J5  is  +^. 
If  J9  is  in  the  Up  quadrant,  45"*  +  J9  is  in  the  2nd  quadrant, 

.*.  cos  -5  +  sin  -5  is  +^* ;  and  cos  -5  -  sin  ^  is  — ^*. 
If  J9  is  in  the  Left  quadrant,  45**  +  ^  is  in  the  3rd  quadrant, 

.'.  cos  ^  +  sin  ^  is  -^® ;  and  cos  jB  -  sin  ^  is  -^*. 
If  J9  is  in  the  Down  quadrant,  45**  +  ^  is  in  the  4th  quadrant, 

/.  cos  ^  +  sin  J5  is  — ^ ;  and  cos  5—  sin ^  is  +^*. 

388.  It  is  also  desirable  to  notice  that 

If  j9  is  in  the  Right  or  L^t  quadrant,  2^  is  in  the  1st  or  4th 
quadrant. 

If  J9  is  in  the  Up  or  Down  quadrant,  25  is  in  the  2nd  or  3rd 
quadrant. 

389.  Given  the  sine  of  an  angle  to  find  the  ratios  of  the  half- 
angle. 

We  have 

cos^  \A  +  sin*  \A  =  \  and  2  cos  ^-4  sin  ^-4  =  sin  ii. 

First  add  and  then  subtract  these  equations ;  thus 
(cos  \A-\-Bm\AY  =  \-\-BmA  and  (cos  Jil-sin  Jil)*  =  I-sinil, 
.*,  cos  Jil  +  sin  Jil  =  *  ^(1  +  siuil) 
and  cos  Jil  -sin  Jil  =*^(l-sinil). 

By  Art.  387,  the  upper  or  lower  sign  in  these  radicals  most 
be  chosen  according  as  i^A  is  in  the  Right,  Tip,  Left,  or  Down 
quadrant. 
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Then,  by  addition  we  get  2  cos  Jii ;  by  subtraction^  2  sin  ^J. 
Thus: 

(1)  If  ^il  is  in  the  BigJU  quadrant,  the  signs  are  +  +  ; 

/.  2coB^A  =  -\-J(l  +  8uiA)  +  J{l-miA), 
2sinjii  =  +  ^(l+sin^)-^(l-sinil). 

(2)  If  ^A  is  in  the  Up  quadrant,  the  signs  are  +  -  ; 

/.  2cos^A  =  +  ^(1  +  sin  ^)  -  ^(1  -  sin  il), 
2sin  Jil  =  +  ^(1  +sinil)  +  V(l~sinii). 

(3)  If  I il  is  in  the  Left  quadrant,  the  signs  are ; 

/.  2  cos  i-4  =  -  ^(1  +  sin  A)  -  ^(1  -  sin  A)y 
2  sia^A  =-  J(l  +sm  A)  +  J{1  -smA), 

(4)  If  ^A  is  in  the  Doton  quadrant,  the  signs  are  —  + ; 

/.  2cosJil  =  -^(l +sinil)  +  ^/(I-sinil), 
2  sin  ^A  =-^(1  +sin^)  -^(1  -siuil). 

Now,  dividing  2sin^ii  by  2cosJ-4,  and  rationalising  the 
denominators,  we  have 

(5)  If  ^A  is  in  the  Eight  or  Left  quadrant, 

tan  -  ^\/(l  +  smii)-V(l-sinii)  _  I  ■.  ^(1  -  sinM) 
2       ^(1 +sin-4)  +  ^(l -sin-4)  ~  sin^ 

(6)  If  ^A  is  in  the  Up  or  Botvn  quadrant, 

tan  -  =  \/(l  +  ^^^^)-^  V(l-sinil)  _  l^-7(l-sinM) 
2  ~  ^(1  4-  siuil)  -  ^(1  -  sin^)  ~  sin~4 

390.  The  student  should  observe  that  the  results  of  the  last 
article  include  those  of  Art.  379,  which  were  arrived  at  by  more 
general  considerations. 

391.  The  student  should  particularly  note  that 

A  _  sin^il  _       2  sin^  ^A       _^l^cosA 
2  ~  cos  |il  ~  2  sin  ^A  cos  ^A  "     sin  A     ' 

for  oM  values  of  A  whatever. 
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.  But  that  C08il  =  +  ^(1  -sin^il),  only  if  il  is  in  the  1st  or  4th 
quadrant,  i.e.  if  ^-4  is  in  the  Right  or  Left  quadrant.  See 
Art  388. 

And  cos  ii  =  -  ^^(1  -  sin'  il),  if  il  is  in  the  2nd  or  3rd  quadrant, 
Le.  if  ^il  is  in  the  Up  or  Dovm  quadrant.     See  Art.  388. 

These  conclusions  confirm  the  value  of  tan  \A  as  giyen  in 
Art.  389. 

392.  Given  the  cosine  of  an  angle,  to  find  the  ratios  of  the 
half-angle. 

We  have 

cos'  \A  +  sin'  Ji  =  1  and  cos'  \A  -  sin'  ^A  =  cos  -4. 
First  add  and  then  subtract  these  equations ;  thus 
2  cos'  ^A  =  1'¥cobA  and  2  sin'  |^  =  1  —  cos  J^ 
A  //l+cosA\       ,    .    A  //l-cosA\ 

''•'^  2  =•*  V  (-^— )  •^**  ^'"  2  ■*  V  (-^— )• 

Dividing  we  have 

A  //l—coaA\ 

**"2=*v(rT^5^)- 

The  signs  of  these  radicals  must  be  taken  according  to  the 
quadrant  in  which  ^A  lies. 

These  results  include  those  of  Art.  380. 

393.  Given  tlie  tangent  of  an  angle,  to  find  the  tangent  of 
the  half-angle. 

We  have 

2  tan  ^A 


tan'i^ 


-= — 7 — =pi-7=tanil, 
l-tan'|il  ' 

tan  A  tan'  ^-4  +  2  tan  ^A  =  tan  A, 

2tan|ii       _1 tan'^-f  1 

tan  A        tan'  A        tan'  A    ' 

■     A     ^ja-^tan^A)--l 
^^2-'  tan^ 

Digitized  by  VjOOQIC 


SUBMULTIPLE  ANGLES.  295 

The  upper  or  lower  sign  must  be  taken  according  as  tan  ^A 
and  tan  A  have  or  have  not  the  same  sign. 

i.e.  according  as  A  is  or  is  not  in  the  1st  or  4th  quadrant : 
i.e.  according  as  |-4  is  or  is  not  in  the  Right  or  Left  quadrant. 

394.  As  in  Art.  391,  the  student  should  particularly  note 
that 

^  _  1  —  cos  A  _  sec  A-\ 
2         sin^  tan^     ' 

for  (dl  values  of  A  whatever. 

But  that  sec  -4  =  +  ^(1  +  tan'^-i),  only  if  ^  is  in  the  1st  or  4th 
quadrant :  while  sec  il  =  -  ^(1  -»-  tan*  -4),  if  ^  is  in  the  2nd  or  3rd 
quadrant. 

These  conclusions  confirm  the  value  of  tan  \A  given  in  the 
last  article. 

The  cvMc  equation, 

395.  The  ratios  of  ^A  can  be  obtained  algebraically  from 
those  of  A  only  by  the  solution  of  a  cubic  equation. 

We  must,  therefore,  give  some  account  of  the  cubic  equation 
and  its  connexion  with  Trigonometrical  formulse. 

The  general  form  of  the  cubic  equation  is 

If  here  we  write  for  X,  a;-«-j,  the  coefficient  of  x^  will 
vanish. 

We  may. thus  reduce  any  cubic  equation  to  the  form 
a?'¥px  +  q  =  0. 

It  is  convenient  to  express  this  in  the  following  homogeneous 
form: 

where,  a  and  h  being  real  (i.e.  positive  or  negative),  the  upper  or 
law&r  sign  is  taken,  according  as  the  coefficient  of  a;  is  arith- 
metically positive  or  negative. 
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396.  To  find  the  real  value  ofx  which  aatisfi^  the  equation 

where  b  is  numerically  greater  tha/n  a. 

Put  x  =  f/  +  a^jy  (a  homogeneous  expression), 

y"  +  3aV  +  3aVy  +  a'/j/*  -  3aV  -  3aVy  =  26», 
.'.  (multiplying  by  y*) 

yj-26y  +  6«  =  6«-a« 

Since  6'>  a*,  y*  is  real ;   .'.  y  has  one  and  only  one  real  value 
[Art.  230]  corresponding  to  each  of  the  values  of  y*. 

Now  ^'  =  ^'  _  a'{h'^J{h'-a')} 

y"     b'^J(b'-a')  6«-(6«-a«) 

=  b'^^(b'-a% 

Substituting  for  y  to  find  x,  we  have 

X  =  4/{6»  +  J(b'  -  a«)}  +  4/{6»  -  V(6«  -  a% 

397.  Similarly  to  solve 

a^  +  3a2a;  =  26« 
put  03  =  y  —  a^y,  and  we  have 

a;  =  y{6'  +  n/(^'  +  «')}  +  ^{h'  -  n/C^'  +  «*)}. 

398.  By  the   last  two   articles,   we   have   found  one  real 
solution  of  the  equation 

a^-px  +  q^O 


m 


the  case  when  (^j  is  algebraically  less  than  ( |)  . 

Exarnple  1.     Solve  a^  -  18a?  =  35. 
Example  2.    Solve  40/^3  =  5a?  -  6. 
Example  3.     Solve  x^  =  360?  +  91. 

399.     To  find  three  values  ofxto  satisfy  the  eqiuition 
a^-'3a^x  =  2b^ 
where  6  is  numerically  =  or  <  a.  • 
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Pub  a;  =  2a  COS  ft 

8a»  cos»  d  -  6a«  cos  d  =  26^ 
4cos«^-3cos^  =  67a», 
i.e.  cos  30  =b^/a\ 

Now  since  b^  is  numerically  not  greater  than  a\  there  are 
real  values  of  3$  which  satisfy  this  equation. 

Let  the  series  of  values  be  3a,  360**  -  3a,  360**  +  3a,  &a 
Then  x=  2a  cos  0 

=  2a  cos  a  or  2a  cos  (1 20'  —  a)  or  2a  cos  (120'  +  a)  &c. 
giving  three  and  three  only  real  Values  of  05. 
Example,    Solve  2y^  =  3y  —  1. 

400.  By  the  last  article  we  have  shown  how  three  real  roots 
of  the  equation  a^-px  +  q  =  0  can  be  found  when  (^)  is  alge- 
braically not  less  than  (|)  . 

Thus  we  should  find,  by  means  of  Trigonometrical  tables  if 
necessary,  the  angle  whose  cosine  =  —  ^^     /(?)• 

Then,  also  with  the  help  of  Trigonometrical  tables  if  necessary, 
we  should  find  the  cosine  of  ^  of  this  angle. 

FinaUy   -  2  ^ (f )  cos  |  cos- (  -  ^ (|^)}  . 

Thus,  instead  of  finding  the  ratios  oi  ^A  from  those  of  A  by 
solving  a  cubic  equation,  we  do  the  reverse ;  ie.  we  solve  a  cubic 
equation  by  finding  (with  the  help  of  tables  if  necessary)  the 
ratios  oi  ^  A  from  those  of  -4. 

401.  A  geometrical  mode  of  solving  the  equation 

a:^'-px  +  q  =  0 
thus  requires  us  to  trisect  the  angle  whose  cosine  is— jj(27q^'r4:p^). 
An  angle  cannot  be  trisected  by  ruler  and  compass.     But  the 
following  explanation  indicates  how  a  simple  instrument  may  be 
used  for  the  trisection  of  an  angle. 
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Let  lOF  be  the  given  angle. 

Let  a  rod  OR  revolve  round  0,  so  that  R  describes  a  circle 
which  cuts  10  produced  in  /'. 

Let  MV — rigidly  attached  to  OR — bisect  OR  at  right-angles 
at  M  \  and  suppose  it  to  be  slit  along  its  central  axis. 

Also  let  RT — pivoted  at  i?  to  OR — be  slit  along  its  central 
axis,  and  always  pass  through  a  pin  fixed  at  /'. 

Thus  a  pin  P,  through  each  of  the  slits,  will  mark  the  point 
of  intersection  of  MY  and  RF, 

Then,  if  OR  rotates  until  P  is  on  OF,  OR  shall  trisect  tlie 
angle  lOF, 

For  •/  OR=OF,  :,  lORF^lOFR,  and  exterior  angle 
lOR- twice  interior  angle  ORF -twice  angle  ROF  (because 
A  *s  MOF,  MRF  are  equal  in  all  respects). 

.-.  L  ROF  =  Il  IOF.  Q.E.D. 

Ratios  of  Particular  Angles, 

402.  We  may  find  the  ratios  of  angles  which  have  a  simple 
relation  to  a  right-angle  by  means  of  the  general  formulse  of  this 
and  the  preceding  chapter,  without  the  special  geometrical 
constructions  of  Chapter  IV.     Thus 

403.  To  find  sin  ib\ 

Since  45*  is  its  own  complement, 

sin»  45"  =  cos^  45^  i.e.  1  -  sin^  45° ; 

.'.  2  sin^  45°  =  1,  .'.  sin  45°  =  4;  • 

404.  Tofindsin30\ 

The  complement  of  30°  is  60°,  i.e.  2.30°; 

.'.  cos  30°  =  sin  60°,  i.e.  2  sin  30°  cos  30°. 
But  cos  30°  is  not  0;  .'. ,  dividing  by  cos  30°, 
2  sin  30°  =  1,   .-.  sin30°=i. 
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405.  To  find  tan  22^^ 

406.  Tofindtan\b\ 

tan  15'  =  ^^^^^''ly"^  =  V(cQt^  30'  +  1)  -  cot  30' 
tan  30  ^  ^  ^ 

=  V(3  +  1)-n/3  =  2-V3. 

407.  Tofimd  dn  18'. 

The  complement  of  36'  (i.e.  2.18')  is  54'  (i.e.  3.18') ; 
.-.  sin  36'  =  cos  54', 
.'.  2  sin  18'  cos  18'  =  cos«  18'  -  3  cos  18'  sin«  18'. 
But  cos  18'  is  not  0  :   .*.,  dividing  by  cos  18', 
.-.  2  sin  18'  =  cos^  18'  -  3  sin^  18' 

=  l-4sinM8'; 
.-.  sin^  18'  +  \  sin  18'  +  ^  =  ^, 

.-.sin  18°  =  -4=^ 
4 

(the  positive  sign  of  the  radical   being  taken  to  make  sin  18' 
positive). 


Examples  XV. 

1 .  Draw  and  explain  a  figure  giving  all  values  of  0  which 
satisfy  the  equations : 

a.  sin2^=sm60'.  h.  cos  2^  =  sin  60'. 

c.  tan  2^=  tan  75'.  d,  cot  2^  =  tan  75'. 

e.  sec  3^  =  2.  /.  cosec  3^  =  ^5  +  1. 

g.  sin  3^  =  sin  135'.  h,  tan  3^  =  -^3. 

k.  cos  3^=1.  L  sin  3^  =  0. 

2.  Fmd  the  ratios  of  r,  4J',  6',  7 J',  3'. 

3.  Express  cos  J/2**  in  terms  of  cos  J. 
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4.  Trace  the  changes  in  sign  and  magnitude  of  sin  |  J  +  cos  ^A 
and  of  sin  ^il  -  cos  ^-4,  as  A  varies  from  0  to  360**. 

5.  Show  that  cos  Jil  -  sin  ^-4  =  (-  1)**  ^(1  -  sin  -4)  where  m 
is  the  integral  part  of  {A  +  270**)  h-  360\ 

6.  Given  cot  A  =  ky  show  that  cot  J-4  or  tan  ^A  may  be 
obtained  from  the  equation 

cot  Jil  -  tan  Jil  =  2A;  *  2^(1  +  A^). 

Show  how  the  sign  of  the  radical  must  be  determined :  and 
also  the  sign  of  the  radical  in  the  expression  obtained  by  solving 
for  cot  \A, 

7.  If  sin  4  A  =  8,  show  that  the  four  values  of  tan  A  are  given 

by{V(l  +  »)-i}{s/(i-.)  +  i}-». 

8.  Find  when  sin  J9  is  arithmetically  and  when  it  is  alge- 
braically greater  or  less  than  cos  B,  Hence  deduce  the  variations 
in  sign  of  cos  B  -  sin  By  and  cos  ^  +  sin  ^. 

9.  Show  that  the  three  roots  of  the  equation 

a;(aj~3)«  =  4sin^a 
are  positive,  and  that  the  difference  between  the  greatest  and  least 
of  them  is  >  3  and  <  2  ^3. 

10.  Given  0,  construct  <f>  geometrically  from  the  equation 


sin0  .  /  (  1  -ism-'-  |  =sin-^. 


..^y(l-Jsin»|)=, 


11.  Show  that  a  root  of  the  equation 

»8/7  =  3aj-l 
is  6  sin  (I  of  90')- 1. 

12.  Show  that  cot^>  I  +cot^  for  all  values  of  0  from  0 

to  TT. 

13.  If  tan  jr  =  7 — t; r.  show  that  m  cannot  lie  be- 

2     tan^  +  m+1' 

tween  +  1  and  - 1. 

Digitized  by  VjOOQIC 


EXAMPLES  XV.  301 

14.  Show  that 

cos  1^-4  sin^A 

^^    ^^l4-15n)'*"V(l~8in^)' 

and  show  how  the  signs  of  the  radicals  must  be  determined. 

15.  Show  that,  for  any  value  of  a, 

(i)     cos  a  +  cos  (120** -a) +  008(120"  + a)  =  0, 
(ii)    cos  a  cos  (120"  -  a)  +  cos  a  cos  (120°  +  a) 

+  cos  (120°  -  a)  cos  (120°  +  a)=  - 1, 
(iii)    4  cos  a  cos  (120°  —  a)  cos  (1 20°  +  a)  =  cos  3a. 
What  relations  between  the  roots  and   the  coeffidenta  of  a 
cubic  equation  follow  from  the  above  1 

Prove 

-^      ^      A  //2sinil~sin2il\ 

16.  tan2=*^(2-i^^^^^2j- 

-^        .     27r       .    47r       .    Gtt      .    .    tt  .    Stt  .    Stt 

17.  sin  ^=-  +  sin  -= —  sin  -=-  =  4  sin  =  sm  -=-  sm  -rr- . 

7  7  7  7        7        7 

,  o  27r  47r  Gtt         -       .         TT       Stt       57r 

18.  cos  -=-  +  cos  -=-  +  cos  -=-  =  -  1—4  cos  t^cos  -=t. cos  -=- . 

7  7  7  7       7        7 

19.  If  il  +  ^  +  (7  be  an  odd  multiple  of  tt, 

cot  JC  (1  -  tan  \A  tan  \B)  =  tan  ^ J  +  tan  \B. 

20.  Iftan^(^  +  a-il)tani(6'  +  ^-^)tanJ(il  +  J5-.(7)  =  l, 
then  sin  2  A  +  sin  2B  +  sin  2(7  =  4  cos  A  cos  ^  cos  (7. 

21.  If  tan««^  =  sin^sin^sec2J(^  +  ^), 
then  tan^  ^«^  =  tan  |^  tan  \ff. 

22.  If  cot  ^  +  cot  ^^  =  2  cot  0, 

then{l-2secdcos(a-^)  +  sec2^}{l-2secflcos()3-^)  +  sec2^} 

=  tan*  e. 

23.  If 

C08»|(a-)8)-sin«^()8  +  y)      C084(a-)8)-sin^^(a  +  y) 
cos*^a-sin'^y  cos"  ^ /3  -  sin*  ^y         ' 

then  sin  a  +  sin  ^  +  sin  y  =  0, 
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provided  the  sum  or  difference  of  no  two  of  the  angles  a,  )8,  y  is 
any  multiple  of  ir. 

24.  tan"^  a  -  tan"^ «, 

=  tan~^  -1 i+  tan-^  - — p  +  &c.  +  tan~^  ^ 

1+ao  l  +  6c  l+y» 

25.  tan-^J  +  tan-^J  =  J^. 

26.  tan"*  ^  +  tan-*  |  +  tan"^  \  +  tan"*  i  =  i  ir. 

27.  If  4  cos  d  + 3  sin  ^  =  1,  dnd^; 

given  sin  SS''  T  51"  =  -8,  sin  ir  31'  10"  =  -2. 

28.  If  a  cos  0  +  6  sin  6^  =  c,  show  that 

b  c 

^=tan-*-  +COS-' 


a  ^(a^  +  b^)' 

90      Tf        1       _        cos^  sin^  {{  A  A 

^'     ""  28in2tf""cos(30^  +  ^)''sin(30°  +  ^)' 

30.  If    cos  (^  +  a)  =  sin  «^  sin  )8,   and    cos  (<^  +  j8)  =  sin  ^  sin  o, 
find  0  and  ^. 

Show  that  if  ^,  ^  be  two  values  of  <f)  (whose  tangents  are 
unequal),  then 

2  cot  (^  +  ^)  =  tan  fi  -  sec^  a  cot  p. 

31.  If  15  (1  -  cos  20  cos  2«^)  =  17  sin  20  sin  2<^ 
and  sin  {0-if>)  +  ^^{sm  {0  +  <^)  sin  (0 -  <^)}  =  (tan  ^ -  1)  cos  ^cos  <^, 
then                            tan 0=5  and  tan  ^  =  3. 

32.  If  cos  ^  +  cos  <^  +  cos  ^  =  1 
and  sin  ^  +  sin  <^  +  sin  ^  =  0 
and  ^  +  ^  +  ^  =  TT, 
find  Of  ^,  ij/. 

33.  If  jr'  +  «*-2y«cosa  =  c;2sin2a 
and  2;^  +  ic2-2accos^  =  cr»sin*^ 
and  '  ar' +  y^  —  2aJ2^  cos  y  =  fl?^  sin^  y, 
find  Xy  y,  z. 
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CHAPTER  XVI. 
TRIGONOMETRICAL  FACTORS. 

§  1.    Algebraical  Theorems. 

408.  Def.  I.  A  (rational)  integral  function  of  any 
quantity  is  a  finite  sum  of  a  finite  number  of  terms,  involving 
only  positive  integral  potvers  of  that  quantity. 

Thus  Q-rT-ix^-¥iJ\^a^)x^-\-  7; — ^^  *  (rational)  integral  function 
of  a?. 

But  -4-\/^+ca;^+6^~s  is  not  a  rational  integral  function  of  a? :  for 
the  terms  contain  negative  or  fractional  indices  of  x. 

Nor  is : —  :  for  the  value  of  this  fraction  found  by  division 

would  contain  an  infinite  nuinber  of  terms  (excej)t  for  special  values  of 
«>  ^>  «>  Pi  2')-    -  * 

409.  Dep.  II.  If  Q  and  P-^  Q  can  each  be  expressed  as  a 
(rational)  integral  function  of  .r,  then  Q  is  called  an  x-factor  of 
F\  and  P  is  called  an  x- multiple  of  Q. 

Thus 

^  -  a  is  an  ^-/oc^or  of  a;^  -  a^, 

\'\ii^-a^)-^{x-a)=x-\''(t  (an  integral  fUhction  of  x) ; 

Again  ax  -  d^  la  d^i  x-fa^or  oi  a^  -  a^^ 

V  (^ -a^)'7-{ax'-a^)=^--{'l  (an  integral  function  of  x), 
a 

But.(a?.— (a^~^.is.«o^  an  x-fa/Abr  oiX'\ra ;  beoatise  although 

(4; + a)  -r  (^  -  a) ""  ^^ ^  -  a^  (a^  integral  function  of  x\ 

yet  (a?— a)~^  is  not  itself  a,n  integral  function  of  a?. 
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410.  The  ordinary  terms /actor  and  multiple  may  be  sub- 
stituted for  X'factor  and  x-muUiple  respectively,  if  it  is  always 
remembered  that  an  algebraic  expression  can  be  regarded  as 
integral  or  not,  only  in  reference  to  some  specified  symbol  of 
quantity  which  it  contains. 

The  expression  rational  integral  function  is  usually  abbreviated 
into  integral  function  ;  aud  the  term  polynomial  is  another  equivaJent 

411.  The  symbol  /(«),  read  function  x,  denotes  any  ex- 
pression involving  x;  where  it  is  understood  that /(a),/ (6),  y  (3), 
&c.  represent  the  values  obtained  by  writing  a,  6,  3,  &c.  re- 
spectively, instead  of  x^  in  the  expression  denoted  hjf(x). 

Other  symbols,  such  as  fi  (x),  ^(a;),  <fec.,  denote  other  ex- 
pressions involving  a?,  in  which  the  substitution  of  a  for  x  is 
denoted  by/i  (a),  <f}  (a),  &c. 

412.  Theorem  I.  If  /(x)  be  any  integral  function  of  x 
arranged  in  descending  powers  of  x  and  divided  by  oj  — a,  the 
remainder  which  is  independent  of  x  will  hef(a). 

For  the  process  of  division  consists  in  choosing  such  terms  in 
the  quotient  as  shall  make  each  successive  remainder  of  lower 
degree  than  the  last.  Hence  in  this  way  we  may  always  obtain 
a  remainder  which  does  not  contain  x;  and  which  tviU,  therefore, 
he  unaltered  by  any  change  in  the  value  ofx. 

.  Let  then  <^  (x)  be  the  quotient  and  E  the  remainder  obtained 
by  dividing/(aj)  hj  x-a. 

Thus  f{x)  =  if>{x).{x--a)-\-E (1). 

In  (1)  put  05  =  a,  then  ^,  which  does  not  contain  x^  will  be 
unaffected. 

.\/(a)  =  <^(a).(a-a)+i?. , (2). 

Now  since  <f> (a)  must  be  finite,  <^  (a) .  (a~a)  =  0, 

.-.  f{a)  =  E  or  E=f  (a). 
Substituting  for  i?  in  (1),  we  have 

f(x)B<f>{x).{x--a)-^f{a) (3), 

where  4i(x)  being  the  quotient  is  an  integral  fu^ction  of  x 
as  well  as/(a5). 
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Cor.     x-a  is  always  a  factor  of  /(x)  —/(a). 
For,  by  the  above, 

/(x)-/(a)  =  ^(x).(x-a) 
where  ^  (x)  is  an  integral  function  of  x, 

413.     Theorem  H.      If  f{ar^)=f{a^=f(a^)= and   i£ 

a^  Oa,  Og,...  are  all  different,  then  / (a;)  — y^Oj)  is  divisible  by  the 
product  (a;  —  Oj)  (a;  -  Oj)  {x  —  a^ 

For,  by  Theorem  I.,  dividing /(a;)  -/(oi)  by  a;-  Oj, 

fix)  -/(«i)  =  <^  (^).  (^-«i)  +/K)  -/(«i) 
where  ^  {x)  is  integral. 

.•./(a!)-/(«i)  =  *i(«').(a'-«i)    (1). 

Again,  dividing  this  quotient  ^  (x)  by  a;  -  Oj, 
4^  {x)  =  <^2  (a;) .  (a;  -  Oa)  +  </>!  (a,) 
where  ^  (a;)  is  integral. 

But,  by  (l).^(a,)^-^<^> -{<"-) 

=  0,  since  Og  —  Oi  i«  wo<  0. 

.-.  <^(aj)  =  <^ («).(« -02). 
Substituting  in  (1), 

f{x)-f{a,)=:4>^(x).{x^a,){x-a;)    (2). 

Again,  dividing  this  quotient  <f>^  (x)  by  a;  -  aj, 

where  ^  (a;)  is  integral. 

mice  Og  —  Oi  flwic?  Og  -  aj  ore  neither  =  0. 

.-.  <^(aj)=<^(aj).(aj-a8). 
Substituting  in  (2), 

f{x)  -f{(h)  =  <^8  (aj) .  (aJ-  Oi)  (a-  02)  («-  Os)  (3). 

In  this  way  we  may  go  on  dividing  each  successive  quotient 
by  any  number  of  factors,  which  are  aU  different^  as  long  as  the 
quotient  cont^s  x  at  all. 

J.  T.  20 
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Cor.  If  the  highest  term  in/(aj)  is  /> .  ic*,  and  if  there  are  n 
quantities  a^y  c^.,,a^f  all  different  and  such  that 

/(a,)  =/(«,)  =  ...=/K), 
then/(a;)  -/(oi)  =  P  (« -  «i)  («  -«s)...(«-  aj. 

For  each  successive  division  reduces  the  quotient  by  one 
degree,  so  that  the  highest  terms  in  the  successive  quotients  are 

414.  Theorem  III.  If  two  integral  functions  of  x  of  the  rfi 
degree  are  equal  to  one  another  for  more  them  n  different  values 
of  05,  then  the  coefficients  of  the  different  powers  of  x  in  the  two 
functions  are  severally  equal  to  one  another. 

For,  let         /?ic*  +/?'ai*"^  +  ...  =  qaf^  +  q'x^~^  +  ... 
for  the  n  +  1  different  values  aiaa...a„,  a^^^. 

Then  writing  f(x)  for  (p  -  q)  x^  +  {p'  -  q')  x^~^  +  . . . 
we  have  /(a,)  =^/(a^)  =  . . .  =/(«„)  =/ia^^i)  =  0 ; 

.-.  f(x)  -/(«i)  =(p-q){x-(h){x-(h)...{x-  a^) 
for  all  values  of  x.     Put  x  =  a»+i, 

.'.  /K+i)  -/(«i)  =.(;>  -  q)  K+1  -  «i)  K+i  -«2)...K+i  -  »»)• 

But  /(a»+i)-/(ai)  =  0,  while  none  of  the  factors  a»+i-«iJ 
«n+i-^-- is  zero. 

.'.;?-  ^  =  0,  i.e.  p^q, 
f{x)  is  now  reduced  to  the  {n  -  \f^  degree :  and  the  same  proof 
shows  that  p'  -q'  =  0,  ie.  jo'  =  q'  and  so  on. 

Cor.     Since  p  =  q;  />'  =  ^',  &c. 

.*.  px^-^p'x^-^-\- ...  =^a^  +  ^V"^+  ... 
for  all  values  of  x.     Thus,  if  two  functions  of  the  n^^  degree  are 
equal  for  more  than  n  values  of  the  variable,  they  are  equal  for 
all  values  of  the  variable. 
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§  2.     Application  to  Trigonometrical  FoRMULiE. 

415.  The  relation 

2  cos  {n+l)e  +  2cos(»-  1)  ^  =  2  cos  ^ .  2  cos  n^ 
shows,   by   induction,    that   2  cos  nO  is  an  integral  function  of 
2  cos  $y  having  (2  cos  $)^  as  highest  term. 

For,  assuming  this  true  for  n  and  n  -  1,  we  have,  by  above, 
2  cos  {n+l)  6  =  2  cos  0 .  2  cos  nO  -2  cos  (n-l)O 
=  2  cos  ^  {(2  cos  ^)**  +  lower  powers} 

-  {(2  cos  $y*~^  +  lower  powers} 
=  (2  cos  ^)'*+^  +  lower  powers. 
Now  2  cos  ^  =  (-2  cos  Of  and  2  cos  20  =  (2  cos  Oy  -  2. 

Hence,  for  all  positive  integral  values  of  n, 
2  cos  n6  =  {2  cos  6)^  +  terms  involving  lower  powers  of  2  cos  0^. 

CoE.  Since,  of  course,  2  cos  na  is  the  same  function  of  2  cos  a, 
that  2  cos  71^  is  of  2  cos  $, 

.*.  2  cos  nO-  2  cos  Tia  t«  divisible  by  2  cos  ^  —  2  cos  a, 
or  cos  nO  -  cos  na  w  divisible  by  cos  ^  —  cos  a. 

416.  The  relation 

(af +1  +  x-""'^)  +  (i»»-i  +  a;-»+^)  =  (aJ  +  a;-i)  (a;«  +  «-«) 
shows  precisely  as  in  the  last  article,  by  induction,  that  a?**  +  aj~** 
is  an  integral  function  of  x  +  x^\  having  (x  +  x~^)^  as  highest 
term. 

For  a;  +  aj"^  =  (oj  +  x-^y  and  ar*  +  x'^  =  {x  +  x'^f  -  2. 

Cor.  Since  the  successive  expressions  of  x^  +  x~^  as  functions 
of  05  +  a;"^,  and  those  of  2  cos  n^  as  functions  of  2  cos  0  are  found 
by  the  same  formula,  and  since  a?  +  a?"^  is  the  same  function  of 
X  +  x"^  as  2  cos  2^  is  of  2  cos  ^,  it  follows  that,  for  all  positive 
integral  values  of  n,  ai*  +  a;"**  is  the  same  function  of  a;  +  x"^  as 
2  cos  w^  is  of  2  cos  6. 

Hence,  for  all  positive  integral  values  of  n, 

a;»  +  x~^  —  2  cos  wa  w  divisible  by  x  +  x~^  —  2  cos  a. 
*  This  result  was  of  course  proved  in  Chap.  XIV. 

20-2 
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417.  The  relation 

2  sin (n  +  1)  ^  +  2  8m(n-  1)  ^  =  2 cos  ^.  2  sinn^ 

shows,  by  induction,  that  2  sin  w^  -r  2  sin  ^  is  an  integral  function 
of  2  cos  ^,  having  (2  cos  6^)*"^  as  highest  term. 

For,  assuming  this  true  for  n  and  n- 1,  we  have 

2sin(n+l)^     ^        ^    2sinn^     2sin(w+l)^ 
2  sin  0  2  smp  2  sin  0 

=  2  cos  ^  {(2  cos  $)^'^  +  lower  powers} 

-  {(2  cos  0)*-^  +  lower  powers} 
=  (2  cos  0)^  +  lower  powers. 

Now  ^^!^2  =  l  =  (2cos^)o, 

2sm^  ^  ^ 

,  2  sin  2^     ,.        ..J 

and  .        =(2co8^)^ 

2  sin  ^      ^ 

Hence,  for  all  positive  integral  values  of  w, 
-^— : — 7-  =  (2  cos  d)^-^  +  terms  involving  lower  powers  of  2  cos  B*, 

Cor.     Hence 

2sinn^      2  sin  wa  .-....,,     „        ^.  „ 

-——, — ^  -  -^r—, 18  divisible  6y  2  cos  6'  -  2  cos  a, 

2sm^         2  sin  a  ^ 

sin 71^      sinTia  .    ^.  .  .,,    »  ^ 

or  — ; — ^  — . w  divisible  by  cos  6  -  cos  a. 

sin  0       sin  a 

418.  The  relation 

(a^+^  -  aj-"-i)  +  (a;**-^  -  aj-»*+^)  =  (a;  +  a;-^)  (a;*  -  a;"*) 

ai"-a;-* 
shows,  precisely  as  in  the  last  article,  by  induction,  that  :t 

is  an  integral  function  of  a;  +  a;"^  having  (x  +  aj"^)**~^  for  highest 

term.  ' 

{jc  -^  aj~                                 aj^  —  aj~ 
-^or  ITT  =  (a:  +  a;-^)®  ant;?    =  =  (a;  +  a;-^)^ 

*  This  result  was  of  course  proved  in  Chap.  XTV. 
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Cor.     Since  the  successive  expressions  of ^j-  as  functions 

of  a;  -»-  x'\  and  those  of  ^r— ^ — ^  as  functions  of  2  cos  $  are  obtained 

ar*  -  x~^ 
by  the  same  formula,  and  since r  is  the  same  function  of 

^c  +  x"^  as  -zr—, — ^  is  of  2  cos  6,  it  follows,  that  for  o^^  positive 
2sm^ 

integral  values  of  ti, =3-  is  the  same  function  oi  x  +  x~^  that 

2  sin  w^  .      -  ^        ^ 

-——. Tj-  IS  of  2  COS  ^. 

2  sin^ 

^n_3j-»     sinna.     ,.  .  .,7    ,  10 

. . -; .  —  18  diviaible  by  x  +  a;  *  -  2  cos  a. 

x  —  x  ^        sin  a 

419.     I\)  completely  factoriae 

2  cos  n^  —  2  cos  iwi  awe?  x^  +  a;"**  -  2  cos  no, 
-when  cos  na  =  0. 

Since  cos  na  =  0,  .*.  na  =  Jir  (2\  +  1 ) 

where  X  has  any  integral  value  whatever. 

Hence,  by  Arts.  415,  416,  Cor., 

2  cos  nB  is  divisible  by  2co&0-2 cos  —  (2\  +  1), 

And       a^  +  a;"**  is  divisible  by  x  +  x'^  -  2  cos  —  (2\  +1). 

Now  two  values  of  cos  (2\  +1)  7r/2n,  obtained  by  giving  to  X 
different  values  fi  and  /i',  cannot  be  equal,  unless  the  sum  or 
difference  of  the  two  angles  is  a  multiple  of  2ir  :  i.e.  unless 

(2/x  +  1)  ir/2n  +  (2/  +  1)  7r/2n  or  (2fx  +  1)  7r/2n  -  (2/  +  1)  7r/2n 
is  a  multiple  of  2ir ; 

i.e.  unless  fx  +  fi  +1,  or  jjl'^  fx\  is  a  multiple  of  2n. 

If  then  X  assumes  the  n  values  0,  1,  2...(n—  1),  these  condi- 
tions will  be  excluded,  so  that  all  the  factors  so  obtained  will  be 
different.     Hence 
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2  COS  nO=^ 
(2co8^-2co8~V2(K)8^-2co8|^)..Y2co8^-2cos^^^,r) 


(a:  +  a;-^-2co8^)(a:  +  a:-^-2co8?^)...(x^a:-^-2cos^-^^)^ 

420.     To  completely  factorise 

sin  n$     sin  na        ,  as**  -  05"**      sin  na       ,      sin  na     . 

-; — fi  —    .        and r  —  . ,  when     ,       =  0. 

sm  u        sm  a  a?  -  a?~*        sin  a  sin  a 

Since  sin  na/ain  a  =  0,  .*.  na  =  Xtt 

where  X  has  any  integral  value,  except  0  or  a  multiple  of  n. 
These  values  must  be  excluded  or  sin  a  would  vanish. 

Hence,  by  Arts.  417,  418,  Cor., 

sin n$  is  divisible  by  2  cos 0-2 cos  —  , 

n 

and  05**  -  «"**  is  divisible  by  x-k-  x~^  -  2  cos  —  . 

Now  two  values  of  cos  Xtr/n,  obtained  by  giving  to  X  different 
values  jji  and  fi,  cannot  be  equal,  unless  the  sum  or  difference  o£ 
the  two  angles  is  a  multiple  of  27r:  Le.  unless 

fiir/n  +  /jLir/n  or  fxir/n  ~  /xV/n  is  a  multiple  of  27r, 
Le.  unless  fx  +  jjl  or  fi '^  fi  is  &  multiple  of  2w. 

If  then  X  assumes  the  n-l  values  1,  2...W-1,  these  conditions 
will  be  excluded,  so  that  all  the  factors  so  obtained  will  be 
different.     Hence 

sin?i^  = 

sin^  (2  cos ^-2  cos- j  f  2 cos^-2  cos  —  j...  (2cos^-2cos irj , 

a;»*-a;-**  = 
(aj-a;~^)(a;+a;"^-2cos-Ua3+a;-'-2cos-    j...  (a;+ a~^  —  2  cos  irj. 
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421.  To  completely  factorise  2  cos  n6—2  cos  na  and 
iB**  +  x'^  -  2  cos  wo,  when  cos  na  is  not  equal  to+\  or  -  1. 

Since  cos  vax  =  cos  (2X7r  +  na),  where  X  is  integral, 

.*.  2  cos  n$-'2  cos  twi  w  divisible  by  2  cos  ^  -  2  cos  fa  + ] , 

ac**  +  03"*  -  2  cos  na  is  divisible  by  x-^  x"^  -  2  cos  ( a  + J . 

Now  two  values  of  cos  (a  +  2X^1  n),  obtained  by  giving  to  X 
different  values  /x  and  fi',  cannot  be  equal,  unless  the  sum  or 
difference  of  the  two  angles  is  a  multiple  of  2ir :  i.e.  unless 
(a  +  2fi7r/n)  +  (a  +  2/i.V/n)  or  (a  +  2fji'7r/n)  -  (a  +  2fi''n'ln) 
is  a  multiple  of  2ir, 

ie.  unless  na  is  a  multiple  of  tt,  or  /x  -^  /i'  is  a  multiple  of  n. 

But  if  na  were  a  multiple  of  ir,  cos  na  would  be  + 1  or  —  1, 
which  we  have  excluded. 

Hence,  if  X  assumes  the  n  values  0,  1,  2...(n-l),  all  the 
factors  so  obtained  will  be  different. 

Hence,  if  cos  na  is  not  +1  or  -  1, 

(1)  2  cos  n^  -  2  cos  na 

=  (2  cos  ^  -  2  cos  a)  -j2  cos ^  -  2  cos  ^a  +  —)[••• 

J2  cos^  -2  cos  ^a  +  ^?^^^  27r^l , 

(2)  x^  +  03"**  -  2  cos  na 

=  (o3  +  a5~^  — 2  cos  a)  jo3  +  03~^  -2  cos  (a  +  — j[... 

-ja;  +  03"^-  2  cos  fa  + '^''^)\  • 

422.  To  extend  the  results  of  the  last  article  to  the  eoccluded 
cases, 

I.     Let  a  =  0,  then  cos  na  =  +  1.     Thus 

2  cos  nO  -2  cos  na  =  2  cos  n^  -  2  =  4  sin^  n.  ^$, 
03"  +  aj-**  -  2  cos  na  =  oj**  +  aj-~  -  2  =  (  Jx^  -  Jx'^'f, 
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Then,  by  Art.  420, 

(1)  28in^  = 

28m^(2co8^-2co8^)(2co8g-2co8-j)...(2co8|-2cos'^ 

(2)  Jo^-^x'^-^ 
i^Jos-Jx-^)  (jx  +  Jxr^  -  2  cos  -j...  (jx  +  Jx"^  -  2  cos  ■    ~     -A . 

II.     Let  a  =  ir/w,  then  cos  na  =  -  1.     Thus 

2cosn^-2coswa  =  2cosntf+2  =  4  cos'  n .  ^6, 
x^  +  «"*  -  2  cos  na=  ic**  +  «-*  +  2  =  (Jaf^  +  Jx~^)^. 

Then,  by  Art.  419, 

(3)  2cos^^  = 
(2cos|-2co8^)(2cos^-2cos?^)...(2cos|-2cos^^.). 

(4)  ^a:»+  V«"'*  = 
(Va:  +  VaJ-^-2cos^j...^Va:+  Vaj-^-2cos-^    vj. 

Now,  since  cos  XTrj2n  =  -  cos  (2n  -  X)  ir/2n, 
.-.  (^2  008^-2 cos 2^j  {2 cos  2  -  2 cos-^^  xj 

=  4  cos'  X  -  4  cos'  ?s-  =  2  cos  d  —  2  cos  — , 
2  2n  n 

^  Vi»+  V^J'^-^cos^  j^  ^a;+  ^a.-i_2cos-|^  irj 

=  a:  +  2  +  a;"^  -  4  cos'  s—  =  a;  +  a;"^  —  2  cos  —  . 
2n  n 

Hence,  by  multiplying  each  of  the  above  four  series  of 
factors  by  the  same  series  inverted^  we  see  that  the  results  of 
the  last  article  are  applicable  to  the  excluded  cases  in  which 
cosna=±l. 
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423.     From  Arts.  419,  420,  we  have 

oJ*"  —  05""**  =  (a;  -  x~^)  X 

(X  +  a;~^ - 2 cos  —  ) ( ^  +  ^"^ -  2 cos  -]...( x  +  x"^ - 2 cos tt ) . 
m/\                          mj      \                            m        J 

Multiply  both  sides  of  these  equations  by  ic** ;  and  let  w=  2m. 

Thus,  i/'n  is  even, 

(1)  «*+!  = 

/«*—  2a;cos-  +  l  j  (  a:* -  2a5 cos  —  +  1  j  ...(a:*- 2a5cos tt+iV 

(2)  «»-l=(ar»-l)x 

(a?— 2a;  cos— +1)  f  ar'-2a;cos—  +  1]  ...rar'-2a;cos  — ^  7r+  Ij  . 

Now  (aj^  +  1  —  2a;  cos  Xir/n)  {a;*  +  1  -  2a;  cos  (n  —  X)  Tr/n] 

=  (ar»  +  1)»  -  4ar'  cos^  Xir/n  =  x*-2a^  cos  2\Tr/n  +  1. 

Hence  we  may  combine  the  first  and  last,  second  and  last 
but  one,  <kc.  of  the  factors  in  (1)  and  (2)  which  involve  a  cosine. 

If  then  we  suppose  ^w  or  m  to  be  oddy  there  will  be  an 
unpaired  factor  in  (1) :  viz.  ar'  -  2aj  cos  ^  tt  +  1  =  ar^  +  1 . 

Putting  0^  =  2/,  we  have 
I/m  is  odd, 

(3)  y"»+l  =  (y  +  l)x 

(3r^-2yco8%lV3/»-22^cos^+iy..(3/^-2ycos'^^ir+lY 

(4)  r-l  =  (y-l)x 

(y^-2ycos^+  l)  (y2-2yco8^+  l)  ..Yy2-2ycos^^  ir+  lY 

The  formulae  (1),  (2),  (3),  (4)  are  highly  important. 
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424.     Again,  from  Art&  419,  420,  we  have 

(1)  coBn$  = 

2**"M  cosd-cos^-  j  (cos^-cos^j  ...(cos^-cos — ^ —  irj. 

(2)  smntf  = 

2*~^sin^  ( cos d- cos  -  Vcos^  — cos  —  j...  ^cos^— cos vj. 

These  factor-formulae  may  be  put  into  other  forms. 

For        (cOs  0  -  cos  Xirj^n)  {cos  0  -  cos  (2n  -  X)  ir/2n} 
=  (cos  $  -  cos  \'7r/2n)  (cos  0  +  cos  Xirftn) 
s=  cos'  $  -  cos'  Xir/2n  =  sin'  X'jrj^n  -  sin'  6. 

If  then,  in  (1),  n  %8  even:  and  if,  in  (2),  n  is  odd,  each  of  the 
binomial  factors  can  be  paired.     Thus 

(3)  n  even,  cos  nO  = 

2*-^  (sin' ^  -  Bin' «)  (sin' 1^  -  sin' ^y . .  (sin' ^^  TT  -  si 

(4)  n  odd,  sin  nO  = 

2«-isin^(sin'  - -sin'^^  (sin'  —  -sin'^^  ...(sin'  ^^  tt-  sin'  $\ 

But  if,  in  (1),  n  is  odd:  and  if,  in  (2),  n  is  even,  each  of  the 
binomial  factors,  except  the  middle,  can  be  paired.     Thus 

(5)  n  odd,  cos  71^  = 

2«-i  cos  e  (sin'  ^  -  sin'  ^Vsin'  ^^  -sin'^Y . .  (sin'  ^  7r-sin' A 

(6)  n  even,  sin  nO  = 

2**-!  sin  e  cos  ^  (sin'  -  -  sin'  e\  (sin'  —  -  sin'  e\.,. 

(sin»!LJ_sin.^). 

Lastly,  since  sin'  Xir/2w  -  sin'  B  =  sin  {Xirj^n  +  B)  sin  {kvftn  -  tf) 
=  sin  (X7r/2w  +  ^)  sin  {{2n  -  \)  7r/2»+ *}• 
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And  since  in  (5)  and  (6),  cos  ^  =  sin  (^tt  +  $)j 
we  have,  for  all  values  of  ti, 

(7)  cos.^  =  2-sin(^^2^)sin(^^|^)...sin(^^^.) 

(8)  sinn^  =  2'*-isin^sin(^+-)sin^^+-Y..sin^^  +  ^^7rV 

The  formulae  (1),  (2),  (7),  (8)  can  easily  be  remembered,  by 
giving  to  6  the  several  values  which  will  make  both  sides  of  the 
identity  vanish. 

§  3.     Deductions  from  the  Factor  Formulae. 

425.  By  comparing  the  expansions  for  2  cos  nO  and  for 
sin  n$/sin  0  in  the  last  chapter,  with  the  expansions  obtained  by 
the  factor-formulae  of  the  present  chapter,  we  may  obtain  many 
important  results. 

Thus,  equating  coefficients  (by  Art.  414)  of  the  powers  of 
2  cos  6  in  the  two  expansions  of  sin  nO-^  sin  B, 
the    (^  —  1)   quantities  2  cos  irjn,   2  cos  27r/w,    ...  2  cos  (n  -  1)  irluy 
are  such  that  their  sum  =  0; 

the  sum  of  their  products,  two  together  =  —  (ti  -  2) ; 

the  sum  of  their  products,  three  together  =  0 ; 

the  sum  of  their  products,  four  together  =  J  (n  -  3)  (ri  -  4) ; 
and  so  on. 

Equating  the  coefficients  of  the  powers  of  2  cos  B  in  the  two 
expansions  of  2cos7i^, 

the    n    quantities   2cos7r/29i,    2cos37r/2w,...  2  cos(29i- 1)  7r/2w» 
are  such  that  their  sum  =  0; 

the  sum  of  their  products,  two  together  =  -  w; 

the  sum  of  their  products,  three  together  =  0; 

the  sum  of  their  products, /owr  together  =  \n(n-^)y 
and  so  on. 
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426.  In  Arts.  419,  420  put  «=  1. 
Then  since 

.\  writing  ff>  for  one  nth  of  a  right-angle. 
2  =  (2-.2co8«^)(2-2cos3«^)...wp  to{2-2cos(2n-l)«^}...(l), 
n=  (2 - 2 cos 2^)  (2 - 2 cos ifl>),,,up  to {2 -2 cos (2n-2) <^}...(2). 
Take  the  square  root.     Thus 

72  =  2"sini«^.sin  J3«^...w^  to  sinj(2w-l)«^ (3), 

7n=  2'*-^sin  J  24>.  sin ^i4>.,. up  to  sin  ^  (2n-  2)  <^...(4). 

Now  sin  i  X<^  =  cos  J  (2n  -  X)  4>,     Thus 

J2  =  2" cos  J <^ .  cos  i  3<^...wp  to  cos  ^  (2?i -  1)  4> (5), 

^n=  2»"i  cos  ^  2<^ .  cos  i  4<^...w;)  to  cos  J  (2n  -  2)  «^...(6). 

Hence,  multiplying  (3)  by  (5);  and  (4)  by  (6); 

1  =  2'*-^sin<^sin3<^...wp  tosin(2n-l)<^ (7), 

n  =  2**-^sin2<^sin4<^...wp  to  sin(2ti-2)<^ (8). 

Again,  sin  \<f>  =  sin  (2n  -  X)  <^. 
Hence,  taking  the  square  root, 

l  =  ^2«-i  .  sin<^sin3«^sin5</>...&c (9), 

^7i=72'»-^sin2«^sin4«^sin6«^...&c (10), 

where  the  coefficients  of  ^  have  every  odd  or  even  value  less  than 
w.     For  the  unpaired  factor  sin  w^  (when  it  occurs)  =  1. 

427.  To  apply  geometrieaMy  the  factorisation  of 

2  cos  n0—2  cos na  and  af^  +  x~^ -  2  cos na. 
Take  any  circle  with  centre  0.     Draw  the  radius  01. 
Let    A    be    any   point    on    the    circumference,   and    angle 
JO  A  =  a. 

Divide  the  whole  circumference  into  n  equal  arcs,  AB^  BC^ 
CD  . . .  beginning  at  -4 :  so  that,  if  L  is  any  one  of  the  points  of 
division, 

angle  lOL  =  a  +  2\irln. 
Also  OA^OB=,..^OL  =  .,.^OI. 
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I.  Let  Q  be  any  point  on  the  circumference,  such  that  angle 
JTOQ  =  0 :  and  let  Qq,  A  a,  Bby ...  be  perpendiculars  upon  01.  Then 
will 

or*  (cos  nO  -  cos  na)  =  2**"^ ,  aq  .hq.  cq  ...to  n  factors  . .  (1). 
For  OQ  cos  O-OL  cos  (a  +  2X7r/n)  ^Oq-Ol-=lq. 
/.,  multiplying  cosw^  -  cosTia  by  0/**,  we  have  (1). 

II.  Let  F  be  any  point  on  0/,  such  that  OP  =  x .  01;  and 
join  PAy  PByPC...     Then  will 

OP^-20P^.0I''cosna+0I^=PA^.  P&. PC \.. to niactors... (2). 
For  PL^  =  0P^^  OL^  -  20P .  OL  cos  lOL 
=  OP  {iB*  +  1  -  2a;  cos  (a  +  2X7r/w)}. 
.*.,  multiplying  a^  +  x~^  —  2  cos  wa  by  oj** .  0-P**,  we  have  (2). 

428.  Particular  cases  of  the  two  theorems,  proved  above> 
should  be  noted.     Thus 

(1)  Let  Q  and  P  coincide  with  /. 
Then  tf  =  0  and  a;=l.     Thus 

OT^ .  sin*^  na  =  2**"*.  al .  hi .  cl ...  to  n  factors. 
20/" .  sin  J  7ia  =  il/ .  ^/ .  0/ to  n  factors. 

(2)  Let  A  coincide  with  /. 
Then  a  =  0.     Thus 

—  0/**.  sin^  ^n$  =  2**"^ ,  aq  ,bq ,  cq  ...to  n  factors. 
OP*"  ~  OP'^AP .  BP.  CP...ton  factors. 

(3)  Let  the  arcs  AB,  BC.GD  ...in  (2)  be  bisected  in  A\  By 
0'....     Then 

-0/^.  sin^n^  =  2^-^ag.  aV-  hq-h'q  ...  to  2n  factors. 
OP^'-OI^-AP.  A'P.  BP.  FP  ...  to  2n  factors. 

/.  by  division, 

OP"  cos^  J  wd  =  2'*-2 .  a'q  .b'q.c'q  ...to  n  factors. 
OP"  +  07"  =  ilT .  B'P  .C'P  ...ton  factors. 

429.  The  result  (2)  of  Art.  427  is  called  De  Moivre's  property 
of  the  ci/rcle:  and  the  particular  cases  of  it  in  Art.  428  are  called 
Cotes' 8  properties  of  the  circle. 
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430.  We  have  shown  that  ic*  +  or*  is  the  same  function  of 
«  +  x"^  as  2  cos  n^  is  of  2  cos  0, 

It  follows  that  {2cos^)**  can  be  expanded  in  cosines  of 
multiples  of  0  according  to  the  same  formula  by  which  (x  +  x'^)* 
<5an  be  expanded  in  functions  of  the  form  a*  +  oj"*.  Thus,  by  the 
binomial  theorem, 

+  |n  (n  -  1)  a* .  a;-*+2  +  nx .  a"*+^  +  aj"*. 
Writing  the  series  again  in  the  reverse  order;  and  adding: 
we  have 

2(x  +  x'Y^ 

(ac*  +  a;-»)  +  n  {x""-^  +  a;-*+2)  +  Jw  (n  -  1)  (a:*-*  +  »-*+*)  +  . .. 

Hence 
{2  cos  ^)*  =  cosntf  +  n  cos  (w  -  2)  ^  +  ...  +  w  cos(-w  +  2)  ^  +cos(-?»^). 
This  is  another  mode  of  proving  the  result  of  Art.  362. 

Examples  XVI. 

1.  Show  that,  if  /{x)  is  an  integral  function  of  degree  not 
less  than  n,  then 

/{x)  =  <^  (x)  (x  -  a,)  {x  -  a2)...(ir  -  a„) 

•^^  •^(ai-a2)(ai-a8)...(ai-a«) 

where  ^  (a?)  is  some  integral  function  of  05,  and  Oj,  Og,  o^. .  .a,»  are 
any  n  quantities,  all  different. 

2.  Show  that  the  sum  of  the  coefficients  oi  f{a^yf{a^)... 
/{an)  in  the  above  question  is  unity. 

3.  If  a  =  one  nth  of  half  a  right  angle, 

sin  a  sin  5a  sin  9a. ..sin  (4n  -  3)  a  =  ^2  .  2~\ 

4.  The  product  of  all  the  lines  that  can  be  drawn  from  one 
of  the  angles  of  a  regular  polygon  inscribed  in  a  circle  whose 
radius  is  a  to  all  the  other  angular  points  is  wa**"\ 
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5.  If  pi,  p^ . .  .jE>2»-i>  Pin  ^  *he  perpendiculars  drawn  from  any 
point  in  the  circumference  of  a  circle  of  radius  a  on  the  sides  of 
a  regular  circumscribing  polygon  of  2n  sides,  then 

PiPsPi'  •  'P^^i  +  PsPi'  •  'P^  =  a** .  2-'*+2. 

6.  A  polygon  is  described  about  a  circle  touching  it  at  the 
angular  points  of  an  inscribed  polygon :  the  product  of  the 
perpendiculars  drawn  to  the  several  sides  of  the  inscribed  polygon 
from  any  point  in  the  circumference  of  the  circle  is  equal  to  the 
product  of  the  perpendiculars  drawn  from  the  same  point  to  the 
several  sides  of  the  -circumscribed  polygon. 

7.  AB  is  the  diameter  of  a  circle  of  centre  0,  and  Qq  any 
point  on  the  circumference;  Qi,  Q^,  ©3... are  the  points  of  bisec- 
tion of  the  arcs  AQq,  AQ^,  AQ2...,  prove  that 

BQ, .  BQ, .  BQ,...BQ^  =  OA^ .  AQ.jAQ^, 

8.  Prove  that 

TT     .     3ir    .     Stt      1  ,     .    TT   .     27r    .     Stt       Jl 

sm  14  sin  y^  sin  ^^  =  g ,  and  sm  y  sm  ^    sm  y  =  -^  . 

9.  Find  the  equations  whose  roots  shall  be 

{a)     2  cos  7  TT,  2  cos  7  tt,  2  cos  |  ir.     (6)     sin^  \  tt,  sin^  ^  ir,  sin^  |  ir. 

10.  Show  that     a^""  +  a^""  +  q(^  +  a?  +  x"^  +  x"  +  \ 

=  ^ar»-2a;cosy  +  \\  L^-^xcos'^  +  lY..  ^ar»-.2a;cosy  +  iV 

11.  If^  =  -^     2'*cos^cos2^cos22^...cos2'»-i^  =  l. 

12.  If  w  is  even,  and  if  n^  =  tt, 

n 

tan  a  tanr(a  +  <t>)  tan  ^a  +  2</>). . .tan  {a  +  (w  -  1)  <^}  =  (-  1)2. 

13.  Prove  that 

TT  27r         Stt         4ir         i)7r         Gtt         7ir        1 

COS  Yk  cos  y=  cos  r-r  COS  ^^  COS  -—  COS  ^-^  COS  =-=^  =  -^  . 

15        15        15        15        15        15        15      2' 

14.  From  Ex.  26,  p.  278,  show  that 

cot  ^  +  cot  r^  +  -  j  +  . . .  +  cot  ( ^  +  —^^  TT  j  =  n  cot  n$. 
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SUMMATION   OF  SERIES. 

The  difference  method.   . 

431.     To  find  the  mm  of  the  sines  or  cosines  of  angles  in 
Arithmetical  Progression. 

1.  Let  /S^=sina  +  sin(a  +  8)+...+sin{a  +  (n-l)8}. 
Multiply  each  term  by  2  sin  (J  the  common  difference). 
Thus         2  sin  a  sin  ^  =  cos  (a  -  JS)  -  cos  (a  + 18), 

2  sin  (a  +  8)  sin  ^8-  cos  (a  +  ^8)  -cos  (a  +  J  38) 

and  so  on,  up  to 

2sin{a  +  (n-l)8}sinJ8=cos{a  +  i{27i-3)8}-cos{a  +  i(2w-l)8)} 

.*.  by  addition 

2S,  sin  |8  =  cos  (a-  ^8)  -  cog  {a  +  ^  (2n  -  1)  8} 
=  2  sin  {a  +  |(w  - 1)  8} .  sin  ^8, 
.  sin  {g  +  ^n  -  1)  8} .  sin  ^nS 

sin^o 

2.  Let  aS  =  cos  a  +  cos  (a  -f  8)  +  . . .  +  cos  {a  +  (w  -  1)  8}. 

As   before,   multiply   each    term   by    2  sin  (^    the  common 
difference).     Thus  we  shall  find 

Of  _  ^^s  {^Jt  +  i^  (^  —  1)  8} .  sin  ^  n8 
sinp  ' 

he  sum  of  the   sines  or  cosines,   alternately 
'/n  arithmetical  progression. 

)  +  sin  (a+  28)...+  (-l)«-i  sin  {a+  (w-l)S). 
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Multiply  each  term  by  2  cos  (J  the  common  difference). 
Thus         2  sin  a  cos  ^  =  sin  (a  +  J8)  +  sin  (a  -  ^) 

2  sin  (a  +  8)  cos  |8  =  sin  (a  +  ^8)  +  sin  (a  +  J8) 
and  so  on,  up  to 

2sin{a  +  (w-l)8}cos^8  =  sin{a+J(2w-l)8}  +  sin{a  +  J(2ii-3)8} 
.-.  2.S' .  cos  J8  =  sin  (a  -  ^8)  +  (-  1)«-^  sin  {a  +  J  (2n  - 1)  8}, 
.*.  S .  cos  ^8  =  sin  {a  +  J  (w  -  1)  8}  cos  ^/i8,  t/*n  w  ocfo?, 

=  —  cos  {a  +  J  (w  -  1)  8}  sin  ^8,  ifnia  even. 
2.     Let 
iS=  cos  a-  cos  (a  +  8)  +  cos  (a+  28)...+  {-  1)**-^  cos  {a+in-  1)  8}. 
Then,  as  in  (1), 

S .  cos  ^8  =  cos  {a  +  J  (n  —  1)  8}  cos  Jn8,  ifnia  odd^ 
=  sin  {a  +  ^  (w  —  1)  8}  sin  J%8,  ifnia  even. 

433.  To  find 

aS'  =  cosec  2a  +  cosec  2^a  +  . . .  +  cosec  2**  a. 
We  have  (see  also  p.  79) 

^  ^  ^       1  +  cos  2a         2  cos^  a 

cosec  2a  +  cot  2a  = — : — rr —  =77-^ =cota. 

sin  2a         2  sin  a  COS  a 

.*.  cosec  2a  =  cot  a  -  cot  2a, 

.'.  cosec  2^a  =  cot  2a  —  cot  2*a, 
and  so  on,  up  to 

cosec  2**a  =  cot  2**'-^a  —  cot  2% 
.*.  by  addition,  S  =  cot  a  —  cot  2**a. 

434.  To  find 

.9=  tan  a  +  2  tan  2a  +  2Han  22a  +  ...  +  2«-'  tan  2»-ia. 
We  have  (see  also  p,  79) 

cos*  a  -  sin^  a      2  cos  2a      -      ,  _ 

cot  a  -  tan  a  =  — ; =  — — ^r—  -  2  cot  2a. 

sin  a  cos  a         sin  2a 

.*.  tan  a  =  cot  a  —  2  cot  2a, 

2  tan  2a=  2  cot  2a-  2* cot  22a 

J.  T.  21 
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and  so  on,  up  to 

2*->  tan  2*-^a  -  2"->  cot  2*->  a  -  2»  cot  2"a, 
/.  by  addition,  ^  =  cot  a  -  2*  cot  2V 

435.  To  find 

iS'=8in(a  +  )3)  +  2sin(a  +  2)8)+  ...  +rsin(a  +  r)3)  +  ...+Hsin(a +  7^y8). 

Multiply  each  term  by  2  -  2  cos  fi.     Thus 
(2-2  cos  P)  r  sin  (a  +  rfi)  =  -  r  sin  {a  +  (r  -  1)  fi]  +  2r  sin  (a  +  r0) 

-  r8in{a  +  (r  +  l)y3}. 

Thus,  adding  all  the  terms,  we  have 
2S  (1  -  cos  )3)  «  -  sin  a  +  (/I  +  1)  sin  (a  +  nfi)  -  n  sin  (a  +  wjS  +  )8). 

436.  Similarly,  if 

/S=co8(a  +  )3)  +  2cos(a  +  2)3)+  ...  +rcos(a+r)8)+  ...  +  ncos(a+n)3) 
2*S^  (1  -  cos  )8)  =  -  cos  a  +  (?i  +  1)  cos  (a  +  nfi)  -  n  cos  (a  +  7i)S  +  )8). 

.   Recurring  Method. 

437.  To  find  the  sum.  of  the  following  series  : 

Let  /S  ^  sin  a  +  a;  sin  (a  +  )8)  +  . . . 

+  «;*•+» sin  {a  +  (r  +  1))3}  +  ...  +  x""-'  sin{a  +  (n-  1))3}. 

Then  S .  2a;  cos  fi  =  2x  sin  a  cos  )8  +  . . . 

+  2a;'"+*sin(a  +  r)8)cos)3+  ...  +  2a;** sin  {a  +  (?i -  l))8}cos)8. 

And  AS'.ar^^...  +af+isin  {a  +  (r- 1)  )3}  +  ... 

+  of"  sin  {a  +  {n  -  2)  )8}  +  aj""''  sin  {a  +  (w  -  1 )  )3}. 

.*.  aS' (1- 2a;  cos  )8+ar')  = 
sin  a  -  a;  sin  (a  -  )3)  -  a;**  sin  (a  +  nfi)  +  a;**+^  sin  {a  +  (n  -  1)  )8}. 

438.  To  find  the  sum  of  tlie  following  series: 

Let  S  -  cos  a  +  a;  cos  (a  +  )3)  +  ... 

+  a;»*+^  cos  {a  +  (r  +  1)  )8}  +  . ..  +  a;**"^  cos  {a  +  (n  -  1)  )8}. 
Then  /S' .  2a;  cos  )8  =  2a;  cos  a  cos  )3  +  . . . 

+  2a;**+*cos(a  +  r)3)cos)8+  ...  +  2a;**cos{a  + (w- 1))8}  cos)3. 
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+  x"  cos  {a  +  (w  -  2)  )3}  +  a?*-^*  cos  {a  +  (n  -  1)  )8}. 
cos  a-  X cos  (a  -  yS)  -  ic" cos  (a  +  n)3)  +  x^'*'^  cos  {a  +  (?i  —  1)  )8}. 


Examples  XVII. 

1.  If«/»-2^/n, 

sin  a  +  sin  (a  +  <^)  +  ...  +  sin  {a  +  (n  -  1)  <^}  =  0, 
cos  a  +  cos  (a  +  <^)  +  . . .  +  cos  {a  +  (n  -  1)  </»}  =  0. 

2.  If  <^  =  7r/ri,  and  n  is  odd, 

sin  a  -  sin  (a  +  <^)  +  . . .  +  sin  {a  +  (71  -  1)  <^}  =  0, 
cos  a  -  cos  (a  +  <^)  +  . . .  +  cos  {a  +  (n  -  1)  ^}  =  0. 

,      ■    , .         sin  a  +  sin  2a  +  sin  3a  +  . . .  +  sin  na 

3.  tanjm+l)a  = tz ^ . 

.r  ^  '^        cos  a  -h  cos  2a  +  cos  3a  +  . . .  +  cos  na 

sin  a  +  sin  3a  +  sin  5a  +  ...  +  sin  (2n  —  1)  a 

4.  tan  na  = ^ }- ^  . 

cos  a  +  cos  3a  +  cos  5a  +  ...  +  cos  (zn  -  1)  a 

,  ,        - .  ,         .      sin  a  -  sin  2a  +  sin  3a  — ...  to  w  terms 

5.  tan  A  (n  +  1)  (tt  +  a)  = ^ s r — tt • 

-^     ■        ^  ^         '     cos  tt  -  cos  2a  +  cos  3a  - ...  to  w  terms 

8uni  to  n  terms  the  following  series : 

6.  cos^  a  +  cos^  (a  +  )S).  ^  cos*  (a  +  2^)  +  . . .. 

7.  sin3a  +  sin3(a  +  /3)  +  sin3(a  +  2)3)  +  .... 

S.     cos*  a  +  cos'*  (a  +  )3)  +  cos*  (a  +  2)3)  +  .... 

^.  cos  0  cos  (^  +  a)  +  cos  ($  +  a)  cos  {6  +  2a) 

+  cos  ($  +  2a)  cos  (^  +  3a)  +  . ... 

1 0.  sin  2^  cos  0  +  sin  3^  cos  20  +  sin  4^  cos  3^  +  ... . 

11.  sec  a  sec  2a  +  sec  2a  sec  3a -r  sec  3a  sec  4a +.. . 
1  1  1 


12. 


cos  a  +  cos  3a      cos  a  +  cos  5a      cos  a  +  cos  7a 


13.     sin-  a  sin  2a  +  J  sin*  2a  sin  4a  +  J-  sin*  4a sin  8a  +  .... 

21—2 
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14. 

15. 

16. 
17. 
18. 
19. 
20. 
21. 

22. 

23. 
24. 

25. 

26. 

27. 

28. 
29. 
30. 
31. 
32. 

33. 


34. 


sin*  a      sin'  3a     sin'  3'a 
"T     "^  "  3~"*"     "3^  "*■•••• 

cos'  a     cos'  3a      cos'  3'a 

"T  3~"^~3^  ••• 

sin tf sin 3^  +  sin 2^ sin 2.  3tf+ sin 2'^ sin 2'.  3^+. 

cot  tf  cox  tf  +  2  cot  2$  cox  2tf  +  4  cot  4tf  cox  4^  + ..., 

sec  a  sin  2a  sec  3a  +  sec  3a  sin  4a  sec  5a  +. ... 

tan  a  +  cot  a  +  tan  2a  +  cot  2a  +  tan  4a  +  cot  4a  + 

sin  3a  sec'  a  sec'  2a  +  sin  5a  sec'  2a  sec'  3a  +  . . . . 

sin  tf  +  4  sin  3^  +  7  sin  5tf  +  10  sin  76  +  .... 

1  X         ^X        1  X         t,  X 

tan  X  sec' a;  +  ^  tan  ^  sec'  ^  +  gj tan  r^  sec'  ^  +  .... 

sin  a  cos  a  +  sin  3a  cos  2a  +  sin  5a  cos  3a  +  .... 
seic  a  +  ^  sec  a  sec  2a  +  ^  sec  a  sec  2a  sec  4a  + .... 
1  3  3' 


cota— 3tana      cot3a-3tan3a     cot3'a-3tan3'a 

1  3  3' 

3  cot  a  -  tan  a      3  cot  3a  —  tan  3a      3  cot  3'a— tan  3'a 

sin  a +  05  sin  2a +  03' sin  3a  +  ... 

cos  a  +  a; cos  2a  +  33' cos  3a  +  .... 

sin  a  +  a;  cos  2a -a^  sin  3a  -  aj*  cos  4a  +  ... 

cos  a  +  a;  sin  2a  —  as'  cos  3a  -  a;'  sin  4a  4-  ... 

sin  a  +  2  sin  2a  +  3  sin  3a  +  . . . 

cos  a  +  2  cos  2a  4-  3  cos  3a  +  ... 

1  1 


+  ... 


cos'  ^  cot  if>  -  sin'  if>  tan  <t>     cos'  3<^  cot  4>  -  sin*  3^  tan  ^ 

1 


r  +  ... 


cos'  5<^  cot  <^  -  sin'  5^  tan  <^ 
tan  <^  sec  2<^  +  tan  2^ sec  4^  +  tan  4^ sec  8^  +  . .. 
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CHAPTER  XVIIL 
ENDLESS  SERIES. 

§  1.   CONVBRGBNCY  AND  DIVERGENCY. 

Limits, 

439.  If  two  quantities  x  and  y  vary  together  in  such  a  way 
that  the  difference  of  x  from  a  may  be  made  less  than  any  assign- 
able value  by  taking  y  near  enough  to  6,  while  the  difference  of  y 
from  h  may  be  made  less  than  any  assignable  value  by  taking  x 
near  enough  to  a;  then  we  say  that  in  the  limit  x  =  a  when 
y  =  6,  or  y=h  when  x  =  a. 

If  X  and  y  so  vary  that  x  may  be  made  greater  than  any  as- 
signable value  by  taking  y  near  enough  to  6,  while  the  difference 
of  y  from  h  may  be  made  less  than  any  assignable  value  by 
taking  x  large  enough;  then  we  say  that  in  the  limit  a;  =  oo 
when  y  =  h,  or  y  =  b  when  x  =  oo  , 

If  X  and  y  so  vary  that  either  may  be  made  greater  than  any 
assignable  value  by  taking  the  other  large  enough;  then  we  say 
that  in  the  limit  x=oo  when  y=co  or  y  =  co  when  a;  =  oo  . 

440.  A  sum  of  an  endless  number  of  terms  can  be  used  for 
arithmetical  purposes,  only  if  it  is  convergent. 

Dep.  1.     An  endless  series  is  said  to  be   Convergent  if 

there  is  some  one  finite  quantity  towards  which  the  sum  of  its 

terms  approximates,  in  such  wise  that  by  increasing  the  number 

of  these  terms  we  may  make  the  difference  between  their  sum 

,  and  the  finite  quantity  less  than  any  assignable  value. 

And  this  finite  quantity  is  called  the  Sum  of  the  endless 
series. 
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Dep.  2.  An  endless  series  is  said  to  be  Divergent  if  the 
sum  of  any  number  of  its  t^rms  may  be  made  greater  than  any 
assignable  finite  quantity  by  sufficiently  increasing  the  number  of 
terms. 

441.  According  to  the  above  definitions  there  are  two  kinds 
of  series  which  are  neither  (convergent  nor  divergent. 

Thus  a  series  which  is  such  that,  when  n  =/{r)  the  sum  tends 
towards  some  limit  A  when  r  is  indefinitely  increased,  and  when 
n  =  4>{r)  the  sum  tends  towards  some  other  limit  B  when  r  is 
indefinitely  increased,  and  so  on :  then  the  series  is  neither  con- 
vergent nor  divergent. 

For  example, 

a-a  +  a  — a4- =Oora, 

according  as  w  =  2r  or  2r  +  1. 

1-1+2-2  +  3-3  + =0or  00, 

according  as  w  =  2r  or  2r  +  1. 

If  all  the  different  limits  are  finite^  the  series  may  be  called 
IndetermiruUdy  finite:  if  one  of  the  limits  is  infinitey  the  series 
may  be  called  Indeterminately  infinite. 

442.  The  above  distinctions  may  be  expressed  by  the  use  of 
the  term  Limit;  thus 

An  endless  series  is  convergent,  if  the  sum  of  n  terms,  when 
n  =  00  ,  has  some  single  finite  limit. 

It  is  divergent,  if,  in  the  limit,  its  sum  =  oo  when  w  =  oo  . 

It  is  indeterminately  finite,  if  the  sum  of  n  terms,  when 
n  =  00  ,  has  more  than  one  limit  which  is  always  finite. 

It  is  indeterminately  infinite,  if  the  sum  of  n  terms,  when 
n  =  00  ,  has  infinite  and  finite  limits. 

443.  Since  the  wth  term  of  a  series  is  equal  to  the  difference 
between  the  sum  of  n  terms  and  of  w  -  1  terms,  a  series  cannot  he 
con/vergent  unless,  when  n  is  infinite,  tJie  limit  of  the  nth  term  is 
zeffo.  This  is  a  necessary  but  not  a  sufficient  condition  for  con- 
vergency. 
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If  the  limit  of  the  nth  term  is  not  zerOy  but  finite^  the  sum  of 
the  series  may  be  finite  for  aU  values  of  n  however  great,  but  it 
cannot  have  a  single  limit.     Thus  the  series 

is  Jlnitey  but  it  has  a  different  limit  according  as  w  is  even  or  odd. 
If  the  limit  of  the  nth  term  is  infinite,  the  sum  of  the  series 
may  be  finite  for  some  values  of  n  however  great,  but  it  cannot 
be  finite  for  all  values  of  n.     Thus  the  series 

-o+*-ir+T-T-+T— ••• — 2i;^rr^-^ir^- 

is  finite  for  even  values,  but  infinite  for  odd  values  of  the  number 
of  terms  taken. 

444.  A  series,  all  of  whose  terms  have  the  sam^  sign,  must  be 
either  convergent  or  divergent. 

For  if,  for  soms  forms  of/ and  <^,  the  sum  oi/(r)  terms  differs 
from  that  of  <^  (r)  terms  by  a  quantity  whose  limit — when 
r  is  00  — is  not  zero,  the  series  must  be  infinite  for  all  values  of  n, 
when  n  is  infinite.     Compare  Art.  449. 

But  if,  for  all  forms  of  /  and  <^,  the  sum  of  f(r)  terms  differs 
from  that  of  <^  (r)  terms  by  a  quantity  whose  limit — ^when  r  is  oo 
— is  zero,  the  series  cannot  have  more  than  one  finite  limit. 

445.  If  a  series,  all  of  whose  terms  have  the  sams  sign,  is  con- 
vergent, the  series  obtained  from  it  by  changing  the  sign  of  any 
of  the  terms  will  be  convergent. 

For  the  new  series  cannot  have  a  larger  arithmetical  value 
than  the  old.  And  if,  in  the  new  series  the  difference  between 
f{r)  terms  and  ^  (r)  terms — when  r  is  oo  — were  not  zero,  it  could 
not  be  zero  in  the  old :  hence,  as  shown  in  the  last  article,  the 
old  series  would  be  divergent,  which  is  contrary  to  the  hypothesis. 

Similarly,  if  a  series,  some  of  whose  terms  a/re  different  in  sign, 
is  divergent,  the  series  obtained  by  making  the  sign  of  every  term 
the  same  will  be  divergent. 
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Theorems  on  Alternately  signed  series, 

446.  (I.)  A  series  which  is  arranged  in  groups  oMemately 
signed  tvill  be  finite  for  all  values  of  nif  every  group  is  arithmeti- 
cally equcU  to  or  less  than  the  preceding. 

Let  Wi- Wj  +  Wj  — W4  +  ... 

be  the  given  series,  where  t*^  is  always  positive  and  =  or  >  t6„^.i. 
The  sum 
=  (ttj  -  ttj)  +  (t^  -  W4)  +  . . .  and  is  therefore  positive: 

and  =  t*i  -  (wj  -  Wj)  -  (W4  -  Ws)  -  . . .  and  is  therefore  algebraically 
less  than  Ui, 

Hence  the  series  must  be  finite  for  all  values  of  w. 

If,  however,  the  limit  of  the  nth  group  is  not  zero,  the  sum  of 

n  groups  will  always  differ  from  that  oi  n-l  groups,  when  n  is 

infinite. 

But  we  see  by  the  first  of  the  above  forms  of  bracketing,  that 

the  series  is  equivalent  to  a  series  all  of  whose  terms  are  positive. 

Hence,  by  Art.  444,  if  the  limit  of  the  nth  term  is  zero,  there  can 

be  only  one  limit  of  the  sum;  hencie  the  series  is  convergent. 

447.  (11.)  Hence,  a  series  which  is  arranged  in  groups  al- 
ternately signed  vnll  be  finite  for  all  values  of  n,  if  ev&ry  group  is 
arithmetically  greater  than  the  preceding  but  less  than  some  finite 
quantity. 

For  let  every  group  be  less  than  the  finite  quantity  a.     Then 

-t^+ Wa-Ws  +  •••=-(<*- Vi)  +  (<*- '«^a)- (a- '^3)  +  ••• 
=  v^-v^  +  Vs-  ... 

where  Vj,  v^y  v^...  are  continually  decreasing.     Hence,  by  the  last 
theorem,  the  series  is  finite  for  all  values  of  n. 

448.  (III.)  A  series,  which  is  a/rranged  in  groups  alternately 
signedf  is  divergent,  if  the  ratio  of  every  group  to  the  preceding  is 
greater  than  some  quantity  greater  than  1 . 

For  let  ^^  >  k,  where  A;  >  1 : 
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Then  w»+i>^**Wi;  which  can  be  made  greater  than  any  as- 
signable quantity  by  increasing  n, 

/.  even  if  the  sum  of  n  terms  were  finite,  the  sum  of  w  + 1 
terms  would  be  infinite. 

Also  —  w^^i  +  w»  >  (^—  1)  ^n-i  =  °o  when  n  is  oo . 

Hence,  into  whatever  pairs  we  group  the  series,  it  is  always 
infinite. 

Thus,  the  series  is  divergent. 

Theorems  on  Series  of  same  sign  throughout, 

449.  (I.)  A  seriesy  all  of  whose  terms  have  the  sama  sigUy  is 
divergent,  if  every  term  is  equal  to  or  greater  than  the  preceding. 

For  in  this  case  the  sum  of  n  terms  of 
Wj  +  ?^  +  . . .  +  w„ 
is  equal  to  or  greater  than  ?i .  t*i ;  and  is,  therefore,  infinite  when 
n  is  infinite. 

The  typical  series  here  is  that  in  which  the  general  or  nth  term 
is  as"  where  a;  is  =  or  >  1. 

450.  (II.)  A  series,  all  of  whose  terms  have  the  same  signy  is 
convergent,  if  the  ratio  of  every  term  to  the  preceding  is  less  than 
some  quantity  less  than  unity. 

Let  -'^^^  < k  where  k<l.     Then 

(l-k){tii  +  U2  +  Us+  ,,.)-v^-kui+U2-ku2+  ... 

a  finite  series,  by  Art.  446,  since  Un+i  <  kun,  and  ku^  <  w». 
Hence  t^  +  Wg  +  ^  +  •  •  •  ^fi^itCy  and  .*.  convergent. 
The  typical  series  here  is  that  in  which  the  general  or  nth  term 

is  as**,  where  a;  is  <  1. 

The  preceding  two  theorems  say  nothing  of  the  case  in  which 
the  ratio  of  each  term  to  the  preceding  is  less  than  unity,  but 
approaches  v/nity  by  a  quantity  whose  limit  is  zero. 
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451.  (III.)  A  seriety  all  of  whose  terms  have  the  same  sign^ 
is  divergent,  \f  every  term  multiplied  by  its  *  serial  number '  « 
equal  to  or  greater  than  the  preceding  term  multiplied  by  Us 
*  serial  number,* 

Let  (n  +  1)  Uf^^l  =  nu^  =  . , .  =  2u^  =  Ui . 
Then,  observing  that  every  term  is  less  than  the  preceding 
but  approaches  indefinitely  near  to  it,  we  see  that 
Wj  +  W4  >  2^4,  ie.  >  1*2, 
Us  +  Ut  +  Uj  +  v^^-^u^i  i.e.  >Wj, 
and  so  on. 

Hence,  by  (I),  the  series  is  infinite. 

A  fortiori,  if  (n  + 1)  m„^.i  >  nu^,  the  series  is  divergent. 

These  conditions  may  be  expressed  as  follows : 


Wn+i 


^lornf  -  **— 1)51. 


— r>  1   or  71  I A  )<  J 

The  typical  series  here  is  that,  in  which  the  general  or  nth 
term  is  w*  where  a?  =  or  >  —  1. 

•  Thus  the  series  1+^  +  ^  +  4  +  ...+-  +  ...  is  divergent. 

452.     (IV.)     A  series,  all  of  whose  terma  have  the  same  signy 
is  convergent,  if  througlwut 

—, — ^^ r  <  k,  where  A;  <  1. 

w(Wn-W«+i) 

For  here 

(1  -  A;)  (wj  + 1^2  +  w,  +  . ..  +  w,») 

=  1^  +  1^2+  ...  +u^ 

-^{(wi-t^)  +  2  (W2-W3)  +  ...  +  (ri-  1)  (wn-i  -«*«)  + ^t^»}. 
This  is  clearly  less  than  w^ :  f or  i^a  <  A;  (wj  -  u^),  t^j  <  2^  (m,  -  Wj), 
and  so  on. 

Hence  the  series  1*1  +  ^2  +  2^+...  is  convergent. 
This  condition  may  be  written  in  the  form 


n  ( — —  -  1 )  >  ^,  where  ^  >  1, 
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Example,     The  series  in  which  the  ratio  of  the  (n  +  l)th  to 

X 

the  nth  term  is  1  —  is  convergent,  if  a3>  1.     For  here 


^wliich  is  always  less  than  a  quantity  -  which  is  less  than  1. 

453.  (V.)  7/*  Uj  +  Ua  +  Ug  +  . . .  and  v^  +  Vj  +  Vj  +  . . .  in  each  of 
zohich  all  the  terms  have  the  same  sign  be  two  series  sitch  that  the 
limit  q/*Un  :  v^  amd  of  Y^wi^is  finite,  then  both  series  are  converg- 
ent or  both  series  a/re  divergent. 

For  since  the  limit  of  u^  :  v^  is  finite,  the  value  of  u^  :  v^  must 
always  be  less  than  some  finite  quantity  h  say. 

Thus  u^<.h)x\  i^ < hv^y  &c . 

.*.  t*i  +  i^2+  ...  +w„+  .  .  <A;(i7i +  i72+  ...  +Vn+  ...)• 
.'.If  the  ^^^eries  is  finite,  the  w-series  is  finite; 
if  the  t*-series  is  infinite,  the  v-series  is  infinite. 

In  the  same  way,  since  the  limit  of  i7„  :  w,j  is  finite,  we  may. 
show  that 

If  the  w-series  is  finite,  the  v-series  is  finite; 
if  the  t?-series  is  infinite,  the  it-series  is  infinite. 

454.  (VI.)  If  f  (n)  always  decreases  as  n  increases  amd  is 
always  positive,  then  according  as  the  series  whose  general  term  is 
f  (n)  is  convergent  or  divergent  so  also  is  the  series  whose  general 

term  is  — — ^^—  ,  where  b  is  greater  than  1. 

Since  6>  1,  .*.  as  w  increases,  log^  n  increases,  and  .'./(loge^n) 
decreases. 

(1)     Take  6  to  be  integral. 

Consider  the  terms  from  -^^^ — ■  ^  -^—B^ — -  >  excluding 
the  last.     The  number  of  these  teribs  is  6**+^  —  b\ 
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Hence  their  sum 

<  (J.*.  _  6-)-^S^) .  i.e.  <  (6  -  !)/(«), 

and  >  (6-*«  -  6-)  -^^^gtf'"^ .  i.e.  >  (1  -  l/6)/(«  + 1). 

Thus,  the  ratio  of  the  series  '^^    °^    ^  to  the  series  f(n)  lies 

between  l-l/b  and  6-1.     Hence  the  two  series  are  either  both 
convergent  or  both  divergent. 

(2)  Take  6  to  be  fractional,  and  to  lie  between  the  two  inte- 
gers %  and  J. 

Then  log^  n  lies  between  log^  n  and  log^  n. 

Hence,  for  all  values  of  6  >  1,  the  series  ^  °^  ^  is  converg- 
ent or  divergent  according  as  the  series  /(n)  is  convergent  or 
divergent. 

455.  Now  the  series  sc^  is  convergent  or  divergent  according 
as  a;  is  less  or  not  less  than  1. 

.'.  the  series 

i.e. I.e.  n  '^b* 

n  n 

is  convergent  or  divergent  according  as  a;  is  less  or  not  less  than 
1 :  i.e.  according  as  log^  x  is  less  or  not  less  than  0. 

Thus  the  series  n*  is  convergent  or  divergent  accordi/ng  as  x  is 
less  or  not  less  than  -  1. 

The  case  of  divergency  here  was  proved  more  directly  in 
Art.  451. 

CoR.     Hence  all  the  series 

(logwy    {Iog(logw)}»    [log{log(log«)}]'    ^^ 
n      '       n  log  n      '  n  log  n  log  (log  w) '      *      *' 
are  convergent  or  divergent  according  as  x  is  less  or  not  less  than 
-1. 
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456.  By  means  of  the  comparative  theorem  V,  we  may  de- 
termine the  character  of  many  series. 

Thus  if  the  nth  term  of  a  series  can  be  expressed  as  a  finite 
or  convergent  sum  of  terms  involving  descending  powers  of  w,  the 
series  will  be  convergent  or  divergent  according  as  the  highest 
index  of  n  is  or  is  not  less  than  —  1. 

For  the  nth  term  an^  +  hn^  +  . . .  where  the  indices  are  descend- 
ing has  a  finite  ratio  to  the  nth  term  n*. 

457.  It  should  be  noticed  that  the  assigned  characteristics 
in  the  above  theorems  may  be  supposed  to  begin  in  a  given  series 
at  any  term  at  a  finite  distance  after  the  first  Thus  t^  in  the 
above  theorems  means  *that  term  at  which  the  assigned  character- 
istic begins  to  hold'. 


Principle  of  JSqtiating  Coefficients, 

458.  If  an  endless  series  in  powers  of  x  is  eqiutl  to  zero,  for 
every  vcdvs  of  x  from  0  to  some  finite  value  f ,  tlien  each  coefficient 
mtcst  separately  be  zero. 

For  let  tto,  the  coefficient  of  of,  be  the  first  coefficient  which 
is  supposed  not  to  be  zero. 

Then,  for  the  values  of  x  in  question, 

affitf  +  Ojaf +^  +  a^*^  +  ...  =  0, 
i.e.  05^+^  (oi  +  a^  +...)  =  -  a^fiif. 
If  then  X  is  not  equal  to  zero,  dividing  by  af , 

a;  («!  +  a^x  +  ...)  =  -  ao>  O' finite  constant. 
.*.  when  x=f  the  series  within  the  bracket  is  finite;   and  it 
cannot  become  infinite  by  decreasing  x. 

But,  if  flfo  is  not  zero,  this  series  would  have  to  become  greater 
than  any  assignable  quantity  when  x  becomes  sufficiently  small. 
But  this  has  been  shown  to  be  impossible.  Hence  a^  must  be 
zero;  and,  therefore,  every  coefficient  must  be  zero. 
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459.  Hence,  if  two  endless  series  in  powers  of  x  are.  equal  to 
oris  another  for  every  value  of  x  between  0  and  f,  then  the  cwre- 
spondiny  coefficients  in  tlie  two  series  mtist  be  severally  eqtuiL 

In  the  above  it  is  essential  to  note  that  the  two  series  must 
be  convergent,  otherwise  we  cannot  assign  any  value  to  their  sum, 
nor  therefore  speak  of  them  as  being  equal. 

The  proof  follows  immediately  from  the  preceding  article. 
For, 

If  rto  +  Ot^x  +  a^  +  ...  =  6o  +  biX  +  b^  +  . . . 

then  <i„  -  6o  +  (ttj  -  6,)  05  +  (da  —  ^2)  ^  +  •  •  •  =  0. 

.*.  by  above, 

rto  -  ^0  =  ^  ~  ^1  ="  <*a  ~  ^2  =  •  •  •  =  ^> 

Convergency  of  the  Binomial  Series. 

460.  Consider  the  series 

a*"  +  rria»«-»a;  +  ^-^j"^ ^-^^  a'^-V  +  ... 

\r 
where  m  is  finite. 

Here  the  multiplier  H-'  =  '-IZTli  .  *  =  _  ?  f  i  .'^*\ 
Ur  r  a        a\  r    J 

We  will  take  r  to  be  algebraically  >  m  +  1 ,  so  that  the  factor 
in  the  bracket  is  positive  and  the  multiplier  has  the  sign  of  -  xjct, 

A.  Let  ?/i  +  1  >  0;  then  the  multiplier  is  always  arithmeti- 
cally <  xja ;  but  increases  up  to  the  limit  xja,  as  r  increases. 

Hence,  if  xja  is  arithmetically  <  1^  the  multiplier  is  less  than 
a  quantity  less  than  1 ;   .*.  the  series  is  convergent. 

If  xja  is  arithmetically  >  1,  then,  when  r  is  sufficiently  large, 
the  multiplier  becomes  greater  than  a  quantity  greater  than  1; 
.'.  the  series  is  divergent, 

B.  Let  wn- 1  <  0;  then  the  multiplier  is  always  arithmeti- 
cally >  xja;  but  decreases  down  to  the  limit  xja^  as  r  increases. 
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'  Hence,  if  xfa  is  arithmetically  <  1,  then,  when  r  is  sufficiently 
large,  the  multiplier  becomes  less  than  a  quantity  less  than  1 ; 
.*.  the  series  is  convergent. 

If  xja  is  arithmetically  >  I,"  the  multiplier  is  greater  than  a 
quantity  greater  than  1 ;   .'.  the  series  is  divergent. 

Hence,  i/x/a.  is  not  +  or  —  1,  t/ie  series  is  convergent  or  diverg- 
ent according  as  x/a.  is  arithmetically  less  or  greater  than  1. 

461.  Let  x/a=  -  1;  then  the  multiplier  is  positive  when  r  is 
algebraically  >m+  1,  so  that  all  the  terms  have  the  same  sign, 
and  the  series  is  either  convergent  or  divergent. 

A.  Let  m+  1  <  0;  then  the  multiplier  is  greater  than  1,  and 
/.  the  series  is  divergent. 

B.  Let  ?/i+l>0;  then  the  multiplier  is  less  than  1,  but 
increases  up  to  the  limit  1.     In  this  case 

Ur+i/u'r        _  1— (m  +  l)/r_      1  1 

r  (1  —  Ur+i/Ur)  m  +  l  m+  I      r' 

.'.  if  m  +  1  >  0  but  <  T,  this  expression,  when  r  is  sufficiently 
large,  is  greater  than  1 ;    .*.  the  series  is  divergent. 

But  if  m  + 1  >  1,  this  expression  is  less  than  a  quantity 
less  than  1,  .*.  the  series  is  convergent. 

Thus,  when  x/a  =  —  1 ,  the  series  is  convergent  or  divergent 
according  as  va  is  positive  or  negative. 

462.  Let  x/a  =  +  1;  then  the  multiplier  is  negative  when  r 
is  algebraically  >w+  1,  so  that  the  terms. are  alternately  signed. 

A.  Let  m  +  1  >  0;  then  the  multiplier  is  arithmetically  less 
than  1;  .*.  the  terms  are  arithmetically  decreasing,  and  the 
series  i&  finite  for  all  values  of  n. 

nw                        Ur              r  -m+l 

Moreover = =-  =  1  + 


^r+i      r  —  m—l  r  —  m— 1' 

^n+1      \       r  — m-l/\       r'^mj      \       n  —  m-ij 
m+l     .m+l  ^+1 


> 


1+-^ r+ +...    . 

r  —  m— 1      r  —  ni  7?  —  m— 1 
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Now,  if  n  is  indefinitely  increased,  the  terms  of  this  series 
haye  a  finite  ratio  to  the  series 

1         1  1 

r     r+ 1  n 

Hence  this  series  is  infinite,      .',  — —  =  oo  when  n  =  oo  . 


u, 


n+l 


But  Ur  h  finite,  .'.  u^+i  is  0. 

Thus  the  limit,  when  w  =  oo ,  of  the  n^  term  of  the  original 
binomial  series  is  zero :   .*.  the  series  is  convergent. 

B.  Let  m  +  1  <  0 :  then  the  multiplier  is  arithmetically 
greater  than  1,  but  decreases  down  to  the  limit  1. 

Here  '^'=l_?LLl, 

-     w  + 1      m  + 1  m  +  1 

r         r+l      '"        n 

Now,  if  n  is  indefinitely  increased,  this  series  is  infinite; 
/.  u^^i  is  infinite.  Hence  for  some  values  of  w  =  oo  ,  the  binomial 
series  is  infinite. 

Moreover,  taking  the  terms  in  pairs,  we  have 
w,.+i  -^-Ur  _  (r  —  m  —  2)  (r  -  m  -  3) 
Ur-^  +  w,._3  ~  r(r-l)  ' 

which  is  >  1  if  m  +  2  is  negative ;  but,  if  not, 

r  /u,.,  +  u^^,       \  (m  +  2)  {1  -  (m  -f  3)/2r} 

2  V  t^r+i  +  Wr         /      {l-(m  +  2)/r}  {1  -  (m  +  3)/r}  * 

This  expression  =  m  +  2  nearly,  if  r  is  large  enough.  But 
m  +  2  <  1,  since  m  +  1  <  0. 

Hence,  by  Art.  451,  the  series  is  infinite  for  aU  values  of  n, 
and  is  therefore  divergent. 

Thus,  when  x/a  =  1,  tJie  series  is  convergent  or  divergent  ac- 
cording as  m  is  greater  or  less  tha/n  - 1. 
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§  2.    The  Binomial  Theorem. 
The  index  theorem, 

463.  If^  for  all  positive  and  negative  values. of  m,  amd  n^f{m)' 
a/nd  f(n)  a/re  svngleAxilued  functions  of  m  and  n  such  that 
f{m)  xy*(n)=y*(m  +  w),  then^for  all  such  values^  f(n)  is  one  of  the 

valttesof{f{l)}\ 

(1)  Let  n  be  a  positive  integer. 

Then /(I)  x/(l)  x  ...  ton  factors  =/(!  +  1  +  ...  to  wterms)^ 
i.e.  {/(!)}•=/(«). 

(2)  Lan=0. 

Then  /(n)  x/(0)  =/{n  +  0)  =/(«). 

.•./(0)=1  =  {/(!)}«. 

(3)  Let  nhe  a  negative  integer  =  —  m  say. 

Then    /(m)  x/(-  m)  =/(m  -  m)  =/(0)  =  1  by  (2). 

(4)  Let  n  be  fractional  =  -  saj/,  where  p  and  q  are  integral^ 

and  q  positive. 
Then 

/(^) '</(!)  ^  ...  to  g'factors=/^^ +  £+...  to  s'termsV 
i-e.  {/(|)}'=/(p)  =  {/(l)rby(l)and(3). 
.-./(^^  is  one  of  the  values  of  ^{/(1)K,  le,  of  {/(1)}1 

464.  When  m  is  a  positive  integer,  it  is  easily  proved  by  the 
theory  of  combinations  that 

/I        xm     1  w(^-l)^  w(m-l)...(m-r+l)   ^ 

(l  +  a;)'"=l+rwa5+      ;     ^    ^  ar*  +  ...  +— ^^ ^-r-^^ ^af +... 

^         '  1.2  [r 

J.  T.  22 
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Now  the  series  on  the  right  side  is  endless  unless  mis  &  posi- 
tive integer.  It  is  natural  to  enquire,  then,  what  is  the  value  of 
this  endless  series,  when  m  is  other  than  a  positive  integer,  and 
when  m  and  x  have  such  values  as  will  secure  its  convergency,  as 
investigated  in  Arts.  460 — 462. 

Now  multiplying  the  above  series  by  1  -•-  as,  the  coefficient  of 
of  in  the  product  is 

m(m— l)...(m— r+2) /-     w— r+l\  _  (m+l)m(m-l).,.(m— r+2) 
\r-l  \  r       J"  [r  * 

Hence  calling  the  series /(m),  we  have 

/(m)x(l  +  a;)=/(m  +  l). 
Multiplying  by  1  +  oj,  r  times,  we  have 

/{m)x  (l+a)*-=/(m+r). 
Now/(0)  =  1 ;   .'.  putting  m  =  0  in  above, 

(l+«r=/(r) (I). 

Putting  m  =  -r, 

/(-r)  x(l +«!)••  =/(0)  =  l, 

.•./(-r)  =  (l+a!)- (H). 

Hence  for  all  positive  or  negative  integral  values  of  w, 

/{m)  =  {l+xr. 
By  means  of  the  index  theorem  we  will  find  the  value  of 
/{m)  for  any  positive  or  negative  value  whatever. 

465.  Lemma.  If  two  sets  of  quantities  Sq,  Si,  .../S,.  and  T^, 
Tiy  ...^r+i  are  so  related  that,  for  any  suflfixjo, 

{m'-r+p)Sp^{r--p+l)Tp&nd(n''p  +  l)Sj,,^=pT^; 
then 

(m  +  n-r)  (sum  of  the  S^s)  will  equal  (r  +  1)  {sum  of  the  T^s), 
In  the  first  of  the  given  equations,  put  p  =  0: 

Thus  (m-r)  So  =  {r  +  I)  To, 
In  the  last  of  the  given  equations,  put p=r+l: 
Thus  {n-r)Sr={r  +  l)  T^^i, 
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Thus 

{m  +  n'-r)So={m-r)So  +  nSQ  =  {r+  l)To+  ... 
^nd  so  on. 
(m  -i-  n  -r)  Sp_i  =  (m  -  r  +  p  "l)  Sp_^  +  (n  -  p  +  I)  Sp.i=  ...  +  pTp, 

(m  +  n'-r)Sp  =  {m-'r+p)Sp+{n''p)Sp  =  {r-p+  l)Tp+  ..., 
and  so  on. 

(m  +  n-r)  Sr  =  mSr  +  (n-r)Sr=  ...  +(r+  l)^r+i» 

Adding  all  these  equations  together,  we  see  that  the  coefficient 
of  Tp  is  r  +  1  for  every  value  of  p. 

Hence 

(m  +  n  -  r)  (sum  of  the  aS"s)  =  (r  +  1 )  (sum  of  the  T's)      q.e.d. 

466.     To  prove  universally  that  the  series 

-  m(m-l)   „  m(m— l)...(m  — r+ 1)   ^ 

1.2  \r_ 

for  all  positive  or  negative  values  of  mfor  which  it  is  convergent, 
is  one  of  the  valtoes  of{l+  x)^. 

Here  put 

/./    \      -,               m(m-l)    -             ?w,(m- l)...(m-r  +  1)    ^ 
f{m)=  l+nix  +  — ^  'oc^+  ...  +— -^ ^~Y ^ic'^+  ... 

^/   \      1  n(n-l)    -  n(n-l)...(7i-r+l) 

^  '  1.2  |r 

In  the  above  lemma, 
let  n  =  ^(^-.^)-;(^-^),  then      ^  ^^(^- l)-(^^"^  ^  1)  ^ 

m...(m-r  +  2)      n 


y-'^- 

..(m-r  +  1) 

n 

•*  J 

..(«4-r  +  2) 

'   1' 
n  (n 

■^2  — 

and  so  on. 

\r-l          ■ 

1 

5.= 


-1       •  r 


22—2 
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Hence,  multiplying  the  two  series /(w»),/(n), 

coeffl  of  siT  in/(m)x/(n)  =  S^  + S^  + S^-^  .,.  +  Sr, 

coeff:  of  af"^^  in/(m)  x/(n)  =  ^^  +  ^i  +  ^s  +  •  •  +  ^r  +  ^r+i, 

771  4*  71  ~~'  7* 

/.  by  lemma,  coeff.  of  af *^  =  (coeff.  of  of)  x — . 

Now  coeff.  of  a^=  1.     Hence  putting  r  =  0,  1,  2...  successively 
coeff.  of 

of +1  m/(w)  x/(n)  =  -^ ^-^^ '      '- , 


f{m)  x/(n)  =/(w  +  n). 
Hence,  for  all  real  values  of  myf{m)  is  one  value  of  {/"(l)}"*- 
Nowy(l)  =  1+05.     .'.  the  series  f{ra)  is  one  value  of  (1  +  a;)"*. 

467.  The  above  series,  which  involves  m  and  as,  may  be 
called /(m,  a?). 

If  now  m  is  integral^  (1  +  a;)*"  has  but  one  value.  Hence 
we  may  a&y/{m,  a)  =  (1  +  x)^. 

But  if  m  is  fractional  =  say  />/g,  (1  +  a;)*"  has  a  number  (at 
present  unknown)  of  values.  It  has  been  proved,  in  Art.  230, 
however,  that  the  q^  root  of  a  positive  quantity  has  only  one 
positive  value. 

Now  for  all  values  of  /(m,  x)  which  are  convergent,  x  h 
numerically  not  greater  than  1,  so  that  for  all  such  values  1  +a; 
is  positive.  We  will  proceed  to  show  that  for  all  positive  or 
negative  values  of  m  and  a;,  which  make  /(m,  x)  endless  but 
convergent,  /  (m,  x)  is  positive. 

(I)  Let  X  and  m  be  both  negative. 

Then  every  term  in/(m,  x)  is  positive:  .*.  /(m,  x)  is  positive. 

(II)  Let  X  be  negative,  and  m  positive. 
Then  /{"^f  ^)  =/(^>  ^)  ^/(^  -  ^>  ^)- 
Suppose  n  is  any  integer  greater  than  m. 
Then/(?i,  a;)  =  (1  +  aj)**  and  is  .*.  positive. 
And/(m-7i,  a;)  is  positive  by  (I). 

.*.  also y  (771,  a;)  is  positive. 
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(III)  Let  X  he  positive^  and  m  +  1  positive. 

Then  all  the  terms  in/(m,  x)  up  to  of,  where  r  is  not  >  m  +  1, 
^re  positive,  after  which  they  are  alternate  in  sign  but  numerically 
<lecreasing ;   /.  / (w,  x)  is  positive. 

(IV)  Let  X  he  positive,  and  m  +  1  negative. 
Then  /(^>  «)  =/(wi  +  w,  a;)  -^/{n,  x). 

Suppose  that  n  is  an  integer,  such  that  m  +  n  +  l  is  positive, 

Then/(w,  a3)  =  (l  +0?)**  and  is  .*.  positive. 

And/(m  +  7i,  a)  is  positive  by  (III). 

.*.  also/(m,  x)  is  positive. 

Since  then  /  (m,  x)  is  always  positive,  when  it  is  endless  but 
convergent,  (m  and  a;  being  real), 

When  m  is  integral / (m,  x)  =  (l  +  as)*". 

When  m  is  fractional,  f{m,  a;)  =  the  one  positive  value  of 
<1 +«)"». 

§  3.     Exponential  and  Logarithmic  Series. 

468.  To  find  the  limit  of  the  jyroduct  of  an  infinite  number  of 
factors,  the  limit  of  each  of  which  is  unity, 

A.  Let  eacA  factor  reach  its  limit  unity,  independently  of 
the  indefinite  increase  in  the  number  of  factors. 

Then,  call  the  first  n  factors  1+pi,  1  +  Pa*  •••1+P»;  where 
fy^,  p2»  •••pn  are  ultimately  zero. 

Assume  the  theorem  that  for  n  factors 

(i+p.)(i+ft)...(i+p,)=i+i?, 

where  R  is  ultimately  zero. 

Introduce  another  factor  1  +p«+i;  then 

(1  +Pj)  (1  H-pa)  ...  (1  +p,,^,)  =  1  +p^^,  -ri?  +  p«^ii?=  1  +i?', 
where  ^  is  ultimately  zero. 

Hence,  if  the  theorem  is  true  for  n  factors,  it  is  true  for  n  +  1. 
Hence  it  is  true,  however  large  the  numher  of  factors  may  he. 
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Observe  here  particularly  that  we  have  allowed  each  factor 
to  reach  its  limiting  value,  before  introdttcing  the  next  Jactor. 
This  was  legitimate  because  of  the  special  hypothesis  (A). 

B,  Let  each  factor  only  reach  its  limiting  value,  when  the 
number  of  factors  is  indefinitely  increased.  In  other  words,  let 
each/a^ctor  be  a/imction  of  the  number  of  factors.  Then  the  above 
argument  will  not  hold.  An  important  example  is  investigated 
in  Art  469. 

Similar  propositions  hold  with  respect  to  the  swm  of  an  infinite 
number  of  terms,  the  limit  of  each  of  which  is  z&ro. 

If  eocA  term  reaches  its  limit  zero  independently  of  the  indefi- 
nite increase  in  the  number  of  terms,  the  limit  of  the  sum  is  zero. 
But  if  each  term  is  a  function  of  the  number  of  terms,  this  is  not 
necessarily  the  case. 

These  cases  of  multiplication  and  summation  are  particular  cases  of 
the  evaluation  of  expressions  of  the  form  1°°  and  0  x  oc . 

Now  it  is  clear  that  however  many  times  we  multiply  1  by  itself  the 
result  is  1 ;  and  however  many  times  we  add  0  to  itself,  the  result  is  0. 

Hence,  when  the  symbols  represent  mere  independent  numbers,  we 
have  1*  =1  and  0  x  co  =0. 

But,  when  the  symbols  represent  the  limiting  values  of  co^aruvng 
quantities,  these  results  are  not  necessarily  true :  and  the  values 
cannot  be  determined  without  assigning  what  function  the  one  quantity 
is  of  the  other. 

The  student  may  be  warned  against  confoimding  the  products  or 
series  here  discussed,  with  those  in  which  the  limit  of  the  w*  factor  or 
term,  not  of  each  factor  or  term,  is  imity  or  zero. 

1  +  -  j    ,  whm 

h  is  indefinitely  increased. 

[Here  1  +  I/ti  is  a  factor  whose  limit  is  unity  and  which  has  to  be 
multiplied  by  itself  an  infinite  number  of  times.  But  each  factor  only 
reaches  its  flmit,  as  the  niunber  of  factors  is  indefinitely  increased. 
Hence  we  cannot  employ  the  argument  of  Art.  468  (A).] 
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For  all  finite  values  of  n  greater  than  1,  the  positive  value  of 

[2\        rixj  \r^  \      nxj\      nxj      \        nx  / 

In  this  series,  the  multiplier 

^r4i^/|      r-l\x  ^x     1  ^J^ 
Ur       \  nx  ) r      r     n     rn' 

This  decreases  as  r  increases,  and  is  less  than  a  quantity  less 
than  1,  if  r  is  large  enough.  This  is  true,  even  if  n  is  infinite. 
Hence  the  series  is  convergent  for  all  values  of  n  however  great. 

Now  when  n  is  indefinitely  increased,  —  is  indefinitely  small ; 

r-1 

/.  is  indefinitely  small,  until  r  becomes  commensurate  with 

71 ;  since  the  term  —  decreases  independently  of  the  increase  in  r. 
Hence,  the  limit  of  each  of  the  factors 

\       nx/     \       nx/       \         nx  / 

is   unity.     And   they   reach   their   limit  independently   of  the 
increase  in  their  number  r;   .*.  their  product  is  unity. 

When  r  becomes  commensurate  with  ti,  the  sum  of  the  terms 
beginning  with  of  is  indefinitely  small  (because  the  series  is  con- 
vergent) :  hence  no  error  arises  from  falsely  evaluating  this  sum. 

Thus  the  limit  when  n  is  indefinitely  increased  of  the  positive 
value  of 


(-=)• 


isl+a,+  -2+|3  +  ...  +  -  +  ... 


for  all  real  finite  values  of  x. 
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470.  In  the  above  result,  put  x=l.     Thus  the  limit  of 

(i+iyi8i*i+i.+i-+...+|+ (1). 

Again,  since  ■[(1+     if"!^"*"")    »^®  have 

{1  1         1*  "  x^  of         ■ 

This  important  formula  is  called  the  Exponential  Theorem. 

Example,    Prove  (2)  directly  by  means  of  the  index  theorem. 

1i/{x)  represents  the  right  hand  of  (2) ;  the  terms  of  the  r^  dimen- 
sion m/(4?)  X  /(y),  are  clearly 

=  ^— —  ^  by  the  Binomial  Theorem  for  a  positive  int^er. 

.•./(^)x/(y)=/(^+y). 

471,  The  limit,  when  n  is  infinite,  of  (1  +  -  j    is  usually  de- 
noted by  the  symbol  e  (or  c). 

Thus  (1)  and  (2)  of  the  last  article  become 

''=i  +  i*(l^|^-"E* (^>' 

^=l+x  +  ^+^  +  ...  +  j^  + (*)• 

Example.    Find  the  value  of  ^  (e* + e  "  *)  and  J  (e»  -  e  -  *). 

a^     x^ 
e-=l.-x+^-|3  + 

and  ^(^-e-')=x+^  +  j^+ 
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472.  To  find  the  limits  within  which  the  value  ofe  lies. 

Take  each  of  the  terms  in  (3)  expressed  decimally  and  found 
by  dividing  the  preceding  by  2,  3,  4,  &c. :  and  then  add  up  the 
terms  as  far  as  calculated.     Thus 

e>2;  >2-5;  >2-6;  >  27083;  >  2-716. 

On  the  other  hand, 

Its  value  may  be  easily  approximated  to  2 '7 18281 82. 

Logarithms  to  hose  e. 

473.  The  expansion 

e«'=l+a:+^  +  ,..+^+ (4), 

enables  us  to  find  logarithms  to  base  e  as  follows. 
Let  a;  =  y  log^  a.     Then  e*  =  (e^og  «)»  =  «» 

a^  =  l^ylogea  +  <^f-^%...^<y^^g-^>% (5). 

I_  '-!! 

The  series  (4)  holds  for  all  finite  values  of  x.  Hence  the 
series  (5)  holds  for  all  finite  values  of  y  and  a,  provided  that  a  is 
positive,  so  that  log^  a  has  a  single  real  value  positive  or  negative. 
(See  Art  243.) 

Now  let  a  =  2  +  1,  where  z  is  any  quantity  numerically  not 
grea^r  tha/n  1 :  so  that  a  is  positive  as  required. 

Also,  by  the  binomial  theorem,  if  y  is  positive,  [See  Arts. 
461,  462.] 

il^zy=l-,yz^^^f^^.^^...^^<^^^^^^  (6), 

for  any  value  of  z  numerically  not  greater  than  1. 
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Hence  the  series  (5)  and  (6)  are  equal  for  every  value  of  y 
between  0  and  any  positive  finite  quantity. 

Hence  we  may  equate  the  coefficients  of  the  corresponding 
powers  of  y  in  the  two  series. 

Equating  the  coefficient  of  y^ 

log.(l +*)  =  «- J  +  ^-...  +  (-l)'-.i% (7), 

for  all  values  of  «,  numerically  not  greater  than  1. 

Example,    Expand  log,  sec  6  in  powers  of  tan  6,  if  tan  ^  <  1. 
log.sec^=Jlog,sec2^=Jlog,(l+tan2^)=Jtan2^-itan*^+Jtan«^-... 

474.  The  student  should  note  and  compare  the  two  series 
(4)  and  (7)  of  the  last  article  ;  viz., 

a?  af 

e*=  1  +  a?  +  -^+  ...  +  7-  +...  for  all  finite  values  of  Xj 

log«(l+i»)  =  a;--^  +  -Q-  ..   +(-  1)**"^—+  ...  for  ar  not>l. 

The  power  of  e  is  expressed  by  {V)  factorial  denominators  and 
(2)  positive  signs. 

The  loga/rithm  to  base  e  is  expressed  by  (1)  simple  numeral 
denominators  and  (2)  alternate  signs. 

It  is  important  to  note  that  the  series  on  the  right  is  to 
be  equated  to  the  one  positive  value  of  e^  in  the  first  case;  and  to 
the  one  positive  or  negative  value  of  logg  (1  +  aj)  in  the  second 
case. 

475.  The  series  for  log^  (1  +  x)  gives  directly  the  logarithms 
only  of  (positive)  numbers  up  to  2  inclusive. 

Now  any  number  greater  than  1  is  the  reciprocal  of  some 

number  less  than  1 :  and  log  n  =  —  log  - .     Hence  the  series  gives 

n 

almost  directly  the  logarithms  of  any  number  whatever. 
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Thus,  iip>q, 

,og.?.-,o.|  =  -.o.(.-t?) 

Exam'ple,    If  ^  >  1 ,  show  that 


476.  The  series  for  logg  (1+a;)  does  not  converge  rapidly 
unless  X  is  very  small.  Hence  it  is  not  immediately  useful 
for  the  arithmetic  calculation  of  logarithms. 

But  we  have 

logg  (l+a5)  =  +  a;-Jar^-»-Ja3'-... 

.*.  by  subtraction,  (if  x  is  not  >  1  numerically) 

log.^  =  2(a:  +  ^a:3  +  ^a:«+...) (8). 

If  now  m  and  n  are  positive  and  m^n,  then is  positive 

and  <  1.     Put  X  = in  (8). 

Hence  we  can  find  in  succession,  from  logg  1=0,  the  loga- 
rithms of  any  other  numbers  by  a  rapidly  converging  series. 

Thus  put  n  =  l  and  m  =  2.     Thus 

log.2  =  2  {J  +  ^a)'  +  i  (!)•+...}. 

Put  »=  2  and  m  =  3.     Thus 

log.3-lo&2  =  2{l  +  l(i)»  +  ia)«4....} 
and  so  on. 
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477.  In  order  to  calculate  logarithms  to  base  10,  we  have  to 
note  that 

logioW  =  logeW-^logelO. 

Hence  every  log  to  base  e  must  be  multiplied  by  the  constant 
modulus  1  -J-  loge  10  to  give  the  corresponding  log  to  base  10. 

As  an  example  in  the  calculation  of  logarithms,  we  will  find 
the  value  of  1  -h  log^  1 0  to  8  decimal  places. 

478.  To  find  the  modulus  I  -^  log^  10. 
We  have 

log,10  =  log,|  +  log,8  =  log,|  +  3  1og,f 

In  Art,  476,  (9),  put  m  =  5  andw=4;  also  put  m  =  2  and 
n=l.     Thus 

3  1og,2  =  2{l+i(i)«  +  i(i)^  +  |(i)«+...}, 

Thus  we  have  expressed  log«  10  in  powers  of  |. 

By  successively  dividing  by  9  we  may  place  in  one  column 
the  several  powers  of  ^,  and  dividing  these  by  the  required 
numbers,  we  may  place  the  results  in  a  second  column  and  add. 
Thus 


1-9  =-111111111 

1^9^= -012345679 
1-93  =  -001371742 

1-9*  =-000152416 
l-^9»= -000016935 

l-9»= -000001882 
14- 9' =-000000209 


-1  =-111111111 
-3  =-037037037 
-5  =-002469136 
-3  =-000457247 
-7  =-000195963 
-f-9  =-000016935 
-5  =-000003387 
^11  =000001540 
-13  =  -000000145 
-T-7  =-000000030 
-15  =  -000000014 


.-.  (sum  adding  1)  =  1-151292545 
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This  result  has  to  be  multiplied  by  2. 
Thus  log,  10  --=  2-30258509. 

And,  by  division, 

modulus  =  r^  =  logio  6=  -43429448. 

479.  Logarithms  to  the  base  10  are  called  Common  Loga- 
rithms ;  those  to  the  base  e  are  called  Napierian  Logarithms. 

480.  To  prove  that  e  is  incommensurable, 

m 
If  possible,  let  e  =  — ,  where  m   and   n  are  Jinite   integers. 

Thus 

m     ,     ,      1       1       1 

Multiply  both  sides  by  |w;  then 
m  {n-l  =  an  integer 

1  1  1 

"*■  71+ 1  "^  (n+ 1)  (n  + 2)  ■*■  (71+ 1)  (n  +  2)  (n  + 3)  "^  ••• 
But  the  series 

1  1  1 

+  ■ 


71+1        (71+1)  (71 +-2)        (71+1)  (71+ 2)  (71+ 3) 

is  less  than  the  geometrical  series 

1  1  1 

71+1"^  (7l  +  l)2"*"(7l+l)»"^'- 
1  1  .  1.1 

I.e.  < =-  .  - — qj-TT =-r  I.e.  < z — =  Le.  <  -  . 

71+1        1-1/(71+1)  71+1-1  n 

This  series  is  therefore  a  fraction  less  than  1. 

Thus  the  difference  of  two  integers  is  less  than  1  but  greater 
than  0  :  which  is  impossible. 

Hence  e  cannot  be  expressed  as  a  fraction  with  finite  integral 
numerator  and  denominator;  i.e.  it  is  irrational  or  incommen- 
surable (with  unity). 
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Examples  XVIII. 

[Here  *the  series  <^(w)'  is  used  as  an  abbreviation  for  *the  series 
whose  n***  term  is  <t>  (n)'.] 

1.  The  series  n*'**,  where  y  is  finite  and  x  positive,  is  con- 
vergent if  a? <  1,  and  divergent  if  aj>  1. 

2.  Prove  the  theorem  of  Art.  454,  in  the  converse  form; 
viz.  "The  series  <f>  (n)  is  convergent  or  divergent  according  as  the 
series  6*  <f>  (6*)  is  convergent  or  divergent,  where  €f>  (n)  is  positive 
and  decreases  as  n  increases,  and  b  >  1."'^ 

3.  Hence  show  that  the  series  log„  x,  where  x  is  positive,  is 
divergent. 

4.  From  the  known  theorem  that  the  series  of*  is  convergent 
or  divergent  according  as  x  is  or  is  not  less  than  1,  show  that  the 
series  w»  is  convergent  or  divergent  according  as  the  limits  when 
n  is  infinite,  of  IJu^  is  or  is  not  less  than  1. 

5.  Hence  the  series  (a^-r  a^jn  +  a^jn^  +  ...)*  is  convergent  or 
divergent  according  as  a^  is  or  is  not  less  than  1. 

6.  From  the  known  theorem  that  the  series  n^  is  convergent 
or  divergent  according  as  a?  is  or  is  not  less  than  —  1,  show  that 
the  series  u^  is  convergent  or  divergent  according  as  the  limit, 
when  n  is  infinite,  of  log„  u^  is  or  is  not  less  than  —  1. 

7.  Hence  the  series  7i%+«i/»+«3/«  +  ••  is  convergent  or  diver- 
gent according  as  a^  is  or  is  not  less  than  —  1. 

8.  The  series 

113     135       1357 

4  +  476  *  4^678  +  4.6.8.'l0 "^    •  ^'  '^^'^^^'-g^'^*  ^""^  =  1- 

9.  The  series 

2     2.5      2.5.8       2.5.8.11  .  ^      j     « 

6^  679^  679712-^  6. 9. 12. 15^ -^^^"^^^^g^^'^^^^^' 

*  This  is  generally  the  form  in  which  the  theorem  should  be  used,  when 
the  series,  whose  convergency  has  to  be  determined,  is  given. 
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10.     The  series  a;  sin  ^  +  x^  sin  2^  +  . . .  +  of*  sin  n ^  +  ... 

A.  If  05  >  1,  is  divergent. 

B.  If  a;  <  1,  it  is  convergent  and  =  : 


1  -  2a;  cos  6>  +  cc*  * 

C.  If  aj=l,  and  Ojir  is  incommensurable,  it  is  finite  but 
^wholly  indeterminate. 

D.  If  05=1,  and  0/'n'=p/q  where  p  and  q  are  prime  to  one 
another,  it  =  ^  cot  ^^  —  ^  cosec  j^  0  cos  (n  +  ^)  0,  an  expression 
-which  has  ^  (^^  +  1)  values  if  jt?  is  even,  but  q  values  if  p  is  odd. 

11.  The  series  1 +a5cos^  +  iB'cos2^+  ...  +0^*  cos7i^+  ... 

A.  If  05  >  1,  is  divergent. 

T>      T«        1    -4.  •  X      J  1  -ajcos^ 

B.  If  a;  <  1,  it  IS  convergent  and  =  ^i — ^ z: ^ . 

'  *  l-2ajcos^  +  ar' 

C.  If  aj=l,  and  O/w  is  incommensurable,  it  is  finite  but 
wholly  indeterminate. 

D.  If  05=  1,  and  OI'n'=p/q  where  p  and  q  are  prime  to  one 
another,  it  =  ^  cosec  ^^  sin  (t*  +  ^)  ^  +  ^,  an  expression  which  has 
^  +  1  values  il  q+p  is  even,  but  q  values  ii  q  +p  is  odd. 

12.  The  series  -j —  is  convergent  or  divergent  according  as 

aj  is  or  is  not  less  than  e~K 

sin«^     71  (w +  2) /sin' ^\* 


13.     sec*^=l+/i-^^ + 


I 


/sin-  f  y 


n  {n  +  2)  (w  +  4)  /sin'^y 

■"       |3       \~r)^-- 


14.     sec''«=l+^tan>e  +  '^^^^tan'* 

or  =tan«^  +  ^tan'*-2^+  !L^LzA)  tan*-*  ^  +  . . . 

2  2.4 

according  as  $  is  less  or  greater  than  ^w. 

Digitized  by  VjOOQIC 


352  EXAMPLES   XVIII. 

16.     Prove  directly  that  the  series 

is  convergent  for  all  finite  values  of  x. 

16.     Prove  directly  that  the  series 

x  —  ^oi?'¥  Jo*  -  Ja?*  4- . . . 
is  convergent  if  x  has  any  value  from  - 1  to  + 1,  excluding  the 
first  but  including  the  last. 

Hence  show  that  log^  2  =  =— ^  +  ^— -  +  -— ^  +  ... 

1  .  J       0.4       0.0 

,,      «     1      2       3       4       6 

,£,2       4       6  1 

[3      (6       (7  e 


19. 


lOg.2=|(l     +     j-g-H5^,+      ^.+      ...). 


20.  log.3  =  l  +  3ig  +  gi^  +  yi^+... 

J_         1  1 

■^17'^3.17»'^5.17»'^'  ■ 

2        2  2 

21.  108.7  =  3+3-55+5-9-,+  ... 


5     _6_     _5_        5 
3  ^  3  .  3'  "^  5  .  3"  "* 

1  1  1 


■'"3^  3.  3' ■^5.3"*  7.3'"^  ■■■ 


99     3.99'     5.99»     ■" 

22.  iog.jio=sr[2--Vr^i<i-(-^)"0^' 

23.     log,(a!+l)-log,« 


_gf       1  1  1 

1 2a;  +  1  "^  3  (2*  +  1)»  "^  5  (2«  +  1)»  ■* 
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24.  log.(x.l)-log.(«-l)  =  2(U^^^+...). 

25.  2  log,  X  -  log,  (aj  +  1)  -  log,  (x-l) 

"  ^  12^31  "^  3  (2ar^  -Tlja  +  5  {2a^  -  1)'^  "*"  '••/  ' 

26.  log,n  =  m{0-l)-i(^^-l)'  +  iO-l)'--.}. 

27.  If{loge(l+aj)P  =  iB»-|a,a:»  +  fa,aJ*-|a^4-... 

then  o^^^=l  +  ^+i  + J+...+_. 

28.  If  a,  ^  be  the  roots  of  pa^  +  ga  +  r  =  0, 

^^e {p-qoi  +  ra^)  =  log,;>  +  (a4-0) a;-^(a*  +  )8^iB*  +  J (a»+/8')a5'-  .. 

29.  From  the  known  expansion 

1  -iB* 
i'  1 — H ;» ;  =  A+a;cos^4-a:^cos2^  +  a'cos3^+  ... 

show  that 

—  J  loge  ( 1  -  2a;  cos  ^  4-  a;*)  =  aj  COS  ^  +  |a*  COS  2  tf  +  |a?  cos  3d  +  . . . 

30.  If  n  is  odd,  and  <f>  =  ir/n,  then 

loge  (1  -  2a;  cos  2<^  +  ar*)  +  log,  (1  -  2a;cos  4<^  +  as*) 

+  ...  +log,{l-2a;cos(»-l)<^  +  «*} 
=  a;  +  iar»+Ja;'...-(a^+Ja;>*  +  Ja;»*+...). 

31.  1 

sec  20  —  tan  2<^  cos  d 

=  1  +  2  tan<^cos  tf  +  2tan*  <^co8  2d  +  2  tan» <^  cos  3d+  ... 
if  ^  lies  between  0  and  ^. 

32.  Expand  :; ^  in  a  series  of  cosines  of  multiples 

^         1  4-  y  cos  d  ^ 

of  6:  and  show  that  the  constant  term  is  —r-n stj  and  the 

>/(i-y") 

2A.** 
co-efficient  of  coswd  is  —-.-r^ «y.  where  A  is  the  larger  root 

of  ai*  +  2a:/y  +1=0. 

J.  T.  23 
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CHAPTER  XIX. 

RELATIONS    BETWEEN    THE    CIRCULAR  MEASURE 
AND  THE  TRIGONOMETRICAL  RATIOS  OF  ANGLES. 

§  1.     Relations  op  Inequality. 

481.  The  symbol  ^  represents  an  angle  containing  6  radians; 
ie.  an  angle  whose  circular  measure  is  By  the  unit  of  circular 
measurement  being  the  radian.  When  we  are  referring  to  the 
angle  ^  it  is  often  convenient  to  drop  the  symbol  for  the  unit 
and  to  write  6  simply  to  denote  the  angle.  The  context  will 
always  show  when  0  means  "the  angle  whose  circular  measure  is 
tf,"  i.e.  **the  angle  equal  to  0  radians.''  Without  such  context, 
6  denotes  simply  a  nvmber.     See  Chapter  II. 

482.  If  0  represents  the  circular  measure  of  an  angle,  we 
know,  by  Art.  51,  that  ^  =  the  ratio  of  the  arc — subtended  by 
the  angle  at  the  centre  of  a  circle — to  the  radius. 

We  shall  now  apply  the  proposition  of  Art.  59  to  a  compari- 
son between  the  circular  measure  and  the  trigonometrical  ratios 
of  an  angle. 

483.  The  circular  measu/re  of  an  acute  angle  lies  in  magnitude 
between  ths  sine  and  the  tangent  of  the  angle. 

At  the  centre  0  of  a  circle,  let  the  acute  angle  AOH  be  equal 
to  B  radians. 
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Draw  HB,  AT  at  right-angles  to  OA,    • 
Then,  by  Art.  59, 

perp.  BH  <  arc  AH  <  tangent  AT. 
Divide  each  by  the  radius  of  the  circle.     Thus 
BH     AH     AT 
OH^  OA^  OA' 

i.e.  sin^<^<tan^ -(l)- 

Also  we  have  cos^<  1 ,.(2). 

These  are  the  first  approximations  to  the  values  of  the  ratios 
of  an  acute  angle  in  terms  of  its  circular  measure. 

The  student  must  particularly  observe  that  in  the  above  inequalities 
B,  staTiding  by  UselA  means  a  number ;  but  ^,  standing  after  dn,  co«,  or 
tan,  means  an  angle.  The  inequalities  are,  of  course,  relations  between 
mere  numbers  or  ratios. 

484.  By  expressing  the  ratios  of  0  in  terms  of  those  of  j^6, 
we  obtain  closer  relations  betweeti  the  ratios  and  the  circular 
measure.     See  next  three  articles. 

We  confine  ourselves  in  this  section  (except  in  Arts.  490  and 
493)  to  a>cut€  cmglea, 

486.    We  have 
sin^  =  2  sin  ^^cos  i^  =  2  ta^  i^  cos4^=  2  tani^(l -sin^i^). 
Now,  by  (1)  Art.  483, 

tan  1^  >  i^  and  sin  |^  <  p, 
.'.  substituting  in  the  above, 

23—2 
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^fortiori,  8in^>2.  ^  (l  -  -^V  le.  >tf- j (3). 

Hence  sin  6  lies  between  d  —  ^G^  arid  0, 
486.     We  have              cos  ^  =  1  -  2  sin*  J^, 
.*.  substituting  from  (1),  cosd>l  -2(^d)',Le.>l --^ (4); 


2 


but  substituting  from  (3),  cos^  <  1  -  2  (  ^  -  ^  j  , 

'•^•"^"2-'l6"-5r2' 
a/or<iori  <  1  -  ^+  j^ (5). 

Hence  cos  0  lies  between  1  — ^  cmd  1  -  tt  +  i-r . 

2  2        it) 

487.  We  have,  by  division, 

tan<?=Y^-^P  =  2tan^<?(l+tan4d  +  tan4d+...), 
a  convergent  series,  since  ^^<45'*,  and  .*.  tan|^  <  1. 

.*.  substituting  from  (1),  tan^>0  + j+  y^+  ...+  -t^  +  ••- 

.'.  it  fortiori,  tan  $  >  sum  of  any  number  of  these  terms. 

Limits, 

488.  The  limit  of  —^  and  of—g-  ,  when  $  is  indefinitely 
dimimshed^  is  waity. 

For  sin  0,  6,  tan  0  are  in  ascending  order  of  magnitude. 
Hence,  dividing  each  by  sin  0  and  by  tan  ^,  both 

are  in  ascending  order  of  magnitude. 
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But,  as  6  decreases,  seo  0  and  cos  0  may  each  be  made  as  near 
to  unity  as  we  please.     Hence 

0/sm  $  which  Kes  between  1  and  sec  0; 

and  O/tajd  0  which  lies  between  cos  0  and  1 ; 

may  each  be  made  as  near  to  unity  as  we  please. 

0 
Thus  the  limits,  when  $  is  indefinitely  diminished,  of  — — ^ , 

sin^        e        t&nO  ,        .^ 

-r^   t^'   -^  are  each  unity. 

489.  °  The  limit  of  the  ratio  of  the  sines  or  tangerUs  of  two 
vanishing  a/ngles  is  equal  to  ths  limit  of  the  ratio  of  the  two  angles, 

_      ,  ^  sin  ^     .  ,  sin  <^     - 

For  let  — 2— =l-icand --—  =  1 -y. 

sing     0(1- «) 

Inen  -;: — 7  =  -r-pi \  • 

Now,  as  $  and  <^  are  indefinitely  diminished,  x  and  y  are  also 
indefinitely  diminished  by  last  articla 

Hence,      limit  of  ratio  — — :  =  limit  of  ratio  — . 
sin  <^  <^ 

Similarly  limit  of =  limit  of  —  . 

•^  tan<^  <f> 

490.  Tlie  limit  of  the  ratio  of  sinkO  to  k,  when  k  is  vndefi- 
nitelj/  diminished  amd  0  is  finite,  is  0, 

^  sin  kO     ^   sin  k6 

Now,  since  0  is  finite,  .'.  kO  is  indefinitely  diminished  when  k 
is  indefinitely  diminished. 

.'.  limit  of  sin  kO  -r-  kS  is  unity. 
.*.  limit  of  sin  ^^  -^  A;  is  0, 
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491.  The  results  of  the  last  three  articles  should  be  carefully 
examined. 

In  Art.  488,  observe  firsty  that  ^,  not  sin  ^,  is  to  be  made  in- 
definitely small.  If  ^  =  ir  for  instance,  sin^  vanishes,  but  the 
limit  of  sin  ^  -i-  ^  would  be,  rwt  unity ,  but  zero. 

Observe  secondly,  that  0  is  the  cvrcula/r  measure  of  the  angle 
not  any  other  measure.  For  instance,  if  the  angle  0  radians  =  A 
degrees,  then 

A  = X  6. 

IT 

.  sin-i*     TTsin^       ,        ,.    .^  .      ^ 

. .  —J—  »  g^^-jgQ  y  whose  hmit  is  yg^,  not  unUy. 

In  Art.  489,  however, 

0     $  radians     A  degrees  .      v 

since  -  = 7T —  =  ^  ,  ° (say), 

<^     <f>  radians     B  degrees  ^    "^  ^ 

/•  limit  of  -; — ^^  =  limit  of  ^ . 
sin^^  B 

As  before  in  Art.  488,  A  and  B  here  must  diminish  indefi- 
nitely, not  only  sin  -4^  and  sin  B^, 

In  Art.  490,  on  the  other  hand,  0  may  have  any  finite  value. 
Thus  6  might  be  the  circular  measure  of  an  angle  greater  than 
two  right-angles.  For  here  the  angle  which  is  to  be  made  small 
is  kSf  not  $;  and  provided  $  is  finite,  kO  is  made  small  by  diminish- 
ing A;. 

492.  The  results  of  the  three  articles,  488,  489,  490  are  use- 
fully summarised  in  the  statement 

Whene  =  0,  sinO^d. 
But  in  this  statement  we  must  distinguish  two  distinct  pro- 
positions; viz., 

(1)  When  6  is  small,  sin  ^  is  approximately  equal  to  0. 

(2)  When  6  is  indefinitely  diminished,  the  limit  of  ~-g- 
is  exactly  unity. 
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The  first  proposition  may  be  used  in  arithmetical  and  approxi- 
mate calculations :  the  second  in  algebraical  and  exact  theorems. 

The  propositions  in  the  following  articles  will  exemplify  these 
distinctions. 

493.  To  show  thcUy  when  n  is  indefinitely  increased  cmd  0  is 
Jinite,  the  limit  of 

0         0         0  e  ,  sine 

cos  ^  .  cos  7  .  cos  5  . . .  COS  jr-  W  — jj-  . 

2  4  o  2^         0 

0        0  0        0        0 

For        sin  ^  =  2  sin  -  cos  2  =  2^  sin  ^  cos  ^  cos  ^ , 

and  so  on. 

Thus        sin  ^  =  2* sin  —  (cos  -  .  cos  ^  ...  cos  ^\  , 

And,  as  in  Art.  490,  when  n  is  indefinitely  increased  and  .\ 
0/2^  indefinitely  decreased,  the  limit  of  the  above  is  0, 

„  .    ^,     ,.    .^         ^  0  $  sinO 

Hence,  in  the  umit,  cos  -  .  cos  ^ .  cos  ^  ...  =  —z~  • 

Example.    Put  O^hr,    Then  sind  =  l;    2cos^  =  V2;    2cosid 
=V(2+V2);  2cos4^=V{2+\/(2+V2)};  and  so  on. 
Thus,  the  product  of  the  endless  series  of  factors 

^    V(2+V2)    V{2+V(2+V2)}  ^2 

2*2*  2  TT* 


494.     To  show  that  sin  ^  >  ^  -  ^^,  if  0  denotes  an  acute  angle. 

By  Art.  486,  cos  ^  >  1  -  ^0\ 

.         0        0/.      ^W.      ^\ 
..cos2COs->(^l-23J(l-25J' 


0*    e^ 

a/or^ioW  >1  "25- 2"5- 


Proceeding  in  this  way, 

0        0  0      ^     O^/l      I  1\ 

cos-cosj...cos^„>l-2(4+p+-+4ij 


e^  1-1/4^ 

8  •  1  -  1/4 
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0" 


1-^  + 


6       6.4* 


d  fortiori  >  1  -  ^  . 

0 

Now  as  in  the  Isust  article, 

sin^     8ine/2*  $6  0 

Bin  /J 

Thus,  — ^—  is  less  than  the  product  of  these  cosines,  but  may 
be  made  as  nearly  equal  to  it  as  we  please  by  increasing  n. 
Hence  -^>1-^, 

ie.  sin^>e-^^. 

495.     To  show  that  cohO ^1  --^  4-^-:  . 
We  have  cos^=l-.2sin»  J^ 

§  -  jg  j  by  above, 

h  fortiori  ^  1  "  2"*"  24  • 


496 


.     We  have      tand  =  = — - — li-^  , 
1  -  tan*  ^0 

tantf     tan  id     ^      Z^"  /^\» 

tan|f_tani^     1^1    /^V  1    /'?V  + 

1^  i^     ""4-  4  ■^42-U/       "*  "^4*' U/ 

tanl^     tan|^     1    ^      ^ /^^V  —    /'fV  + 

and  so  on. 
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Increasing  indefinitely  the  number, of  these  inequalities,  add- 
ing them,  and  observing  that  the  term  on  the  right  involving 

e^  is 

and  that  the  limit  of     ^.  ;     on  the  left  is  1,  we  have 
tan^     ,     ^      ^       ^  ^ 


e  3      15     63  4»-l 

. .  tan ^>^  +  —  4-T^  + 


3      15      •••    4~-l     •• 
and  d,  fortiori  tan  0  >  sum  of  any  number  of  these  terms. 

497.  The  results  in  these  last  three  articles  are  nearer  ap- 
proximations to  the  values  of  the  ratios  than  the  corresponding 
results  in  Arts.  485,  486,  487. 


498.     To  find  the  limit  of  ( sec  -  ]     when  n  is  imdefiniti 


§  2.     Ratios  in  terms  of  Circular  Measure. 

ey 

10  jvna   ine  armi  oj   i  sec 

incTtdBed, 

Since   sec  -  =  1  when  n  is  indefinitely  large,  we  have   here 

to  evaluate  a  limit  of  the  form  1* — the  index  being  a  function  of 
the  base.     See  Art.  468. 

Now,  if  X  is  any  quantity  greater  than  1,  the  following  three 
quantities  are  in  ascending  order  of  magnitude,  viz., 

1;     l+tan«";     (\-t) 
n       \      xj 


For  if  the  last  quantity  is  expanded  by  the  binomial  theorem, 
first  tw< 
aU  positive. 


" '  9 

its  first  two  terms  are   1  +  tan^  —  and  the  remaining  terms  are 
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Raising  each  to  the  power  ^,  the  following  three  are  in 
ascending  order,  viz., 

1;     (seel)";     (l-^)    *        ». 

But  limit  of  n  tan  -=0 ,     ^,  '    is  6. 

n  d/n 

.*.  limit  of  -  ^  tan'  -  is  0. 

.*.  (sec  -J    lies  in  the  limit  between  1  and  fl  — j  ; 
i.e.  in  the  limit  (sec  -  ]   is  1. 
cos -J   is  1. 

499.     Tojind  the  limit  of  (^j^)    »^  (    0/nJ    ^^  ^ 
is  indefinitely  increased, 

sin  - )  ,  (  -  )  ,   ( tan  -  j    are  in   ascending  order  of 
magnitude, 

are  in  ascending  order  of  magnitude, 

and  dividing  by  (tan  |)";   (cos  ^)",  (^^) ,  1 

are  in  ascending  order  of  magnitude. 

Hence,  by  the  last  article,  the  limits  of  (  .     a,    )    »nd  of 
*     ^  '  \sin  0/nJ 

(  -   -- zy  )    *^^  o^  their  reciprocals  are  each  unity. 
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500.  The  above  limits — and  others  of  the  form  1* — may  be 
found  from  the  known  theorem  that  the  limit  of  / 1  +  ~  j    is  c. 

Thus  (sec  ey"^  =  [(1  +  tan*  0)  oot»«]iar-tan»(^h^^ 
Hence,  when   ^  =  0,  the   expression  in  the  square  brackets 
becomes  equal  to  c,  and  the  limit  of  (sec  S)*"*-^^  is  as  follows : 
If  m<2,  the  limit  =  e<»=  1. 
If  w  =  2,  the  limit  =  e^\ 
If  w  >  2,  the  limit  =  e*  =  oc. 

The  particular  case   [cos  -)  ,  when   n  is  infinite,  may  be 
treated  directly  as  follows : 

(cos.)   =L(l-sm^-)  J 

=  e*^  =  1,  when  n  is  infinite. 

^  ,    6     ^  smO/n     ^       .        •  o  ^    a  •    i.u    v    'j. 

For      71  sm  -  =  ^ .  —jr, —  =  0:     , ,  n  sm*  -  =  0  m  the  hmit. 
n  djn  n 

501.  To  expand,  cos  6  and  sin  B  in  powers  of  6,     We  have 

n  (w  —  1 )  2      .  2 

cos  na  =  cos*  a ^^ — -  cos**^  a  sm*  a 

11 

7i(n-l)(n-2)(w-3)       ^  .       .  . 
+  — ^ ^"Vi — cos**"*  a  sm*  a  -  . . . 

li 


\       n)\       n/\       n) 


i-i 

-  n    tan*  a    V       ^7  V       n)  \       n)  tan*a 

IT'T"" ^ ■" 


n'  w' 


A  1 

Now  let  wo  =  ^,  so  that  a  =  -  and  —  =  ^ . 


Thus  cos  ^  =  (cos  ^/n)~x 
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Now  let  n  increase  indefinitely  while  $  remains  constant  and 
finite  80  that  a  decreases  indefinitely. 

Then,  by  Art.  498,  limit  of  ^cos  -V  is  1. 

Also,  since  each  of  the  factors 

12  r 

1-i,  1--,...  1-- 

n  n  n 

reaches  its  limit  1  independently  of  the  number  of  them,  therefore 
the  limit  of  their  product  is  1. 

Similarly  since  the  diminution  of  a  in  ( j  is  inde- 
pendent of  the  index  r,  therefore  the  limit  of  ( j    is  1. 

Thus 

cos(9  =  l-j2-^-g-|6^- 

Exactly  in  the  same  manner,  we  may  prove  that 
.    ,     .     ^      9>     9 

502.  The  student  should  observe  that  the  expansions  of 
cos  B  and  sin  ^  in  powers  of  0  are  obtained  from  those  of 
cos  nQ  and  sin  w^  in  powers  of  cos  Q  and  sin  ^  in  the  same  way 
that  the  expansion  of  6*  is  obtained  from  the  binomial  theorem. 
And  hence  that 

The  terms  of  cos  $  and  of  sin  0  are  taken  alternately  hut  with 
aUemxUe  change  of  sign  from  the  ea^a/nsion  ofe^. 

603.  The  above  expansions  of  sin  $  and  cos  0  hold  for  all 
finite  values  of  6  whatever.     For  the  ratio  of  any  term  to  the 

preceding  is j *  which,  when  n  is  large  enough,  is  clearly 

less  than  a  quantity  less  than  1. 
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Now  if  we  increase  0  by  2ir,  the  values  of  cos  $  and  of  sin  0 
are  unaltered ;  hence  the  valv^  of  these  aeries  a/re  wnaUered  hy^ 
adding  2^  to  0, 

In  other  words,  the  series 

are  periodic, 

504.  All  the  theorems  with  respect  to  the  sine  and  cosine 
that  have  been  investigated  from  the  definition  by  means  of  an 
angle,  may  be  proved  from  the  above  series.  A  few  cases  may 
be  -worked  out. 

505.  Since  every  index  in  sin  6  is  odd^  ,\  sin  (-  tf)  =  —  sin  ft 
Since  every  index  in  cos  6  is  even,  .*.  cos  (-  6)  =  cos  ft 

506.  If  6  measures  an  cuyute  angle,  ^<  Jjt^;   .*.   ct  fortiori 

Hence  each  of  the  above  brackets  is  positive ; 
.-.  8iaO<0;  but>«-J^;  but  <^- J^  +  X^^;  and  so  on. 

Also  <?-sin«  =  |<)»-(^-^)-...<J<>». 

And    ^0-{e-^=^e^-(^^-^)-...<^e^. 

Hence,  since  the  series  beginning  at  any  term  has  the  same 
sign  as  that  term,  ^  difference  bettueen  sin  $  and  any  numher  of 
Us  first  terms  is  less  tham,  the  first  term  omitted. 

Similar  propositions  hold  with  respect  to  the  cosine. 
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507.  The  expansional  values  of  functions  investigated  in  this 
and  the  preceding  chapter  enable  us  to  evaluate  limits  of  the 
form  J.     Thus 

ExampU  1.  ■^~log>(l  +  ^)    ^^^^  ^^^ 

T^  given  fraction  -  .^-^''-f^t^f^-l^ 

=  i^-J?'±^=izM±-=  -J  when  ^=0. 

„         ,  _               etf-6sintf-sin»d      u      i.    « 
Examine  2.  ^75 — a 5"; aa\  ""^^  *=0- 

The  given  faction  =3^_^^A-^^_^^^^^^^^_^^^^^_--^ 
_  iO»-A<^+...  _  A^t::^.  _  A±ir  -  A  when  «-0 

7%e  hyperbolic /unctions. 

508.  We  have 

i/«         ,x     1      ^'      <>*      ^ 

i(e*-«-*)  =  fi+|  +  |  +  |+... 

The  above  expansions  of  |(e^  +  e^*)  and  |(e*-e-^)  are 
<5alled  the  Hyperbolic  cosine  and  the  Hyperbolic  sine 
respectively  of  0 ;  and  are  written  shortly  cosh  0  and  sinh  0. 

Thus  cos  6  and  sin  0  are  obtained  from  cosh  0  and  sinh  S 
respectively  by  changing  the  signs  of  the  alternate  coefficients 
of  the  several  powers  of  ft 

Or   cos  0  and       ^      are  obtained   from   cosh  0  and  — -r- 

respectively  by  changing  0^  into  -  6^. 

Further  sinh  0  -f  cosh  0  is  called  tanh  $ ;  and  so  on. 

509.  The  following  table  of  comparison  between  the  Trigo- 
nometrical (or  Circular)  and  the  Hyperbolic  functions  should  be 
verified  and  studied. 
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It  is  assumed  that  x  has  any  positive  or  negative  value. 


CircJjJar  Fv/nctions. 
cos  (—  aj)  =  +  cos  X. 
sin  (—  .1 )  =  —  sin  x, 
cos  0=1. 
sin  0  =  0. 

limit  (aj  =  0)^  =  l. 
^  ^      X 

_.    .,  sin  a;     x 
Limit  - —  =  - . 
siny     y 

cos  X  lies  between  —  1  and 
+  1. 

sin  X  lies  between  —  1  and 
+  1. 

cos  X  periodically  decreases 
sjid  increases:  its  values  re- 
curring at  period  2^. 

sin  X  periodically  decreases 
and  increases:  its  values  re- 
curring at  period  27r. 

cos*aj  +  sin^a5=l. 

cos  {x  +  y) 

=  cos  05  cos  y  -  sin  a;  sin  y, 

sin  (x  +  y) 

=  sin  a;  cos  y  +  cos  x  sin  y. 


Hyperbolic  Functions, 
cosh  (—  as)  =  +  cosh  x, 
sinh  (-«)  =  -  sinh  x, 
cosh  0  =  1. 
sinh  0  =  0. 

Limit(a:  =  0)^5^'^=l. 


sinhi 


x 

X 


Limit    .  ,      —     . 
sinny     y 

cosh  X  lies  between  +  1  and 


+  CC. 

sinh  X  lies  between  -  oc  and 

+  OC. 

cosh  X  always  increases  nu- 
merically as  X  increases  numeri- 
cally. 

sinh  X  always  increases  alge- 
braically as  X  increases  alge- 
braically. 

cosh^  X  -  sinh^  x-1. 

cosh  (x  +  y) 
=  cosh  X  cosh  y  -\-  sinh  x  sinh  y, 

sinh  {x  +  y) 
=  sinh  X  cosh  y  +  cosh  x  sinh  y. 

These  formulsB  for  the  hyperbolic  functions  may  be  proved 
irom  their  exponential  or  from  their  expansional  equivalents. 

Finally,  in  the  limit,  — : (when  x  and  y  vanish)  =  - . 

510.  If  cos  X  and  sin  x  had  been  defined  by  their  expansions 
in  x,  it  could  easily  be  shown  that  cos^  x  +  sin^  a;  =  1. 

For,  if  each  of  the  expansions  is  multiplied  by  itself  and  the 
two  results  added,  ±  the  coefficient  of  a^  = 

^     l.|2n^l      |2,|27t-2      [i|2w-3  \2n^         ^    ""' 

by  the  binomial  theorem  for  a  positive  integer. 
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Hence  the  only  term  remaining  in  cos^o;  +  sin'  a?  is  1. 

Similarly  cosh* x  —  sinh* x=l. 

This  latter  result  is,  of  course,  obvious  from  the  exponential 
equivalents  of  cosh  x  and  sinh  x^ 

Oeometrioal  lUtLStrattons. 

511.  The  student  of  Conic  Sections  should  observe  the  following 
points ;  where  we  still  define  cos,  sin,  cosh,  sinh  by  their  expansions. 

The  equation  to  an  ellipse,  referred  to  its  semi-axes  a  and  b,  is 

Hence  we  may  put  x=acos<^  and  y==6sin  <^,  where  <f>  has  a  variable 
value  for  the  several  points  of  the  ellipse. 

For,  as  shown  in  the  last  article,  cos^+sin^0=l  for  all  values  of  ^. 
The  equation  to  a  hyperbola,  similarly  referrod,  is 

a;*/a^-yV^=l. 

Hence  we  may  put  x=sacosh0  and  y=(sinh<^,  where  <f>  has  a 
variable  value  for  the  several  points  of  the  hyperbola^ 
For,  as  shown  in  the  last  article,  cosh'  <f>  -  sinh'  <f>^l. 

512.  The  student  of  the  Integral  Calculus  should  flu*ther  observe 
that  the  area  of  the  sector  measured  from  0  to  any  value  0  is 

Now  c?sin0  =co6^c^  ;      c?  cos  0  »  -  sin  0  <]^, 
c2  sinh  0= cosh  ^c^;    c^cosh^^sinh^c;^, 
as  may  be  easily  seen  by  differentiating  the  expansions. 

Hence  in  the  ellipse  \  I  {xdy-ydx)=\ab  I  (cos*  ^+ sin' <^)  c^ 

In  the  hyperbola,  J  I  {xdy  -ydx)  =«  \ab  j  (cosh'  4>  -  sinh'  <f>)cUl> 

Hence,  in  either  conic,  ^  denotes  the  ratio  of  the  sectorial  arm  to  the 
triangle  whose  base  and  altitude  are  respectively  the  semi-axes. 

Putting  a  =  6,  we  have  the  circle  or  the  rectangular  hyperbola.  Ib 
the  case  of  the  circle  we  have  showt^  (Art.  54)  that  <f>  (the  circular 
measure) = the  ratio  of  the  sector  to  the  mangle  whose  base  and 
altitude  are  each  equal  to  the  radius.  And  we  now  see  that  a  similar 
result  holds  for  any  central  conic. 
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513.     To  express  tantf  <md  ootO  as  corUinued  fractions  in 
teirms  ofO, 

By  the  above  expansions  of  cos  6  and  sin  6^  we  have 


cos  ^  =  1  — 


2.1      2.4.1.3     2.4.6.1.3.5 


sintf  _^  ^  ^ 


e  2.3"^2.4.3.5     2.4.6.3.5.7 

BEere  we   have  arranged  the  denominators  with   the  even 
factors  before  the  odd. 
Now  let/(n)  = 

+  ... 


2  (2n  + 1)      2 .  4(2w+  l)(2n+3)      2.4.6  (2n+l)(2ri+3) (2n+5) 
Then/(ri-l)  = 

^  ^ e^ 

2(27^-1)  "*■  2.4(2n-l)(2n+l)      2.4.6  (27i-l)(2n+l)(2w+3)  "^  '" 
:.f{n^\)'-f(n)^ 

-^  n  ^        ,  ^  1       -^/(n+1) 

5n-l)(2n+l)L      2(2w+3)     2.4(2/i+3)(2ri+5)    '"J    {2n-\){2.n+iy 
•  (2n^l)/(n^l)  ^ 

••  f{n)  '(^"•-^>-(2n-.l)/(n)' 

/(n+1) 
Now  cos  tf  =/(0)  and  ?^=/(l). 

.    .     ^.     1 .  /(O)     ,  ^^         ,       ^     ^     ^      . 

/(2) 
tan^         1  1     ^    ^    ^      , 

*^^  -^  =  ^^^r.i^3^5^7::'^'- 

§3.     Resolution  into  Factors. 

Endless  Factorisation, 

514.  The  prodiLct  of  an  infinite  number  of  factors  may  be 
used  with  the  same  limitations  as  the  sum  of  an  infinite  number 
of  terms.     Thus 

J.  T.  24 
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Def.  An  endless  product  is  said  to  be  convergent  if  the 
product  of  its  factors  may  be  made  as  near  as  we  please  to  sotm 
one  finite  quantity  by  increasing  the  number  of  the  factors. 

It  is  convenient  to  understand  the  word  *  finite '  here  to  ex- 
clude zero  as  well  as  infinity,  so  that  if  an  endless  product  is  con- 
vergent so  also  is  its  reciprocal. 

Every  factor  may  be  assumed  to  be  positive^  since  a  change  in 
sign  of  any  one  factor  will  not  affect  the  magnitude  of  the  product. 

515.  The  properties  of  an  endless  product  may  always  be 
investigated  by  taking  its  logaHthniy  by  means  of  which  it  is 
reduced  to  an  endless  sum. 

Thus  the  values  0  and  oo ,  which  we  exclude  for  convergency 
of  a  product^  correspond  respectively  to  log  0  and  log  oo ,  Le.  to 
—  00  and  +  00 ,  which  we  exclude  for  convergency  of  a  sum, 

516.  Corresponding  to  the  distinction  between  positive  and 
negative  in  terms,  is  the  distinction  between  greater  and  less 
than  unity  in  factors.     Thus 

Since  the  n^  factor  of  a  product  is  equal  to  the  ratio  of  the 
product  of  n  factors  to  that  of  n  -  1  factors,  a  prodtict  cannot  be 
convergent  v/rdesa^  when  n  is  infinite^  the  limit  of  the  n***  term  is 
unity.     (Of.  Art.  443.) 

A  few  of  the  more  important  theorems  may  be  given, 

517.  A  product  whose  factors  a/re  alternately  greater  and  less 
than  unity  will  he  finite  for  all  values  of  n  if  the  product  of  each 
factor  into  the  next  is  also  alternately  greater  and  less  than  unity. 

For  consider  the  product  ViV2V8...i;„...,  where  Vi>l;  v^<l') 
,,,;  Si,ndviV2>l;  Vg^s^^i  •••• 

This  product  =  ViV^.  v^v^ .  v^Vq  ...  and  is  .*.  >  1. 

And  it  also  =  v^ ,  v^v^ ,  v^v^ ...  and  is  /•  <  v^.     (Ct  Art.  446.) 

518.  A  product^  all  of  whose  factors  are  grealer  than  unity ^  is 
convergent  if  the  logarithm  of  every  factor  to  the  preceding  as 
base  is  less  than  some  quantity  less  than  unity. 
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Let  Vn+i  <  v»*  where  A;  is  a  positive  quantity  <  1. 

Then  raising  the  product  ViV2Vs»,,Vn*..  to  the  power  l—k,  we 
have  Vj .  Vj"* .  v^ .  '^2"*  •  ^s  •  i^s"*--.  in  which  the  factors  are  alter- 
nately greater  and  less  than  1;  and  also  the  pairs  of  factors 
Vi .  t?i~* ;  i?i~* .  V2 ;  V2~*  •  '^3*  <fcc->  8-^©  alternately  greater  and  less 
than  1.     (Cf.  Art.  450.) 

519.  Ify^  «^W7ays  decreases  as  n  increases  and  is  always  posi- 
tive, then  a^ccording  as  the  series  whose  general  term  is  y^  is  con- 
vergent or  divergenty  so  also  is  the  product  whose  general  factor  is 

1+Vn. 

For  let  log  (1  +  v«)  =  u^^  so  that  1  +  v«  =  e^. 

Then  t:ijzl  =  l^^^^^^<^... 

u^  [2       [3       [4 

This  series  cannot  be  zero  or  infinity  for  any  finite  value  of  u^ 

V  losf  ^1  +  1?  ^ 

{including  zero).     That  is,  neither  , — -r^ r  nor  —^-^ —  can 

^  ^  log(l+i;„)  v^ 

be  infinite  for  any  value  of  n, 

.'.  (by  Art.  453)  according  as  the  series  whose  general  term  is 
Vn  is  convergent  or  divergent,  so  is  the  series  whose  general  term 
is  log(l+v«),  and  so  also  is  the  proc?t^^  whose  general  factor  is 
l+v». 

The  same  argument  applies  to  the  product  whose  general 
factor  is  l-v^,  where  v„  <  1 ;  which  of  course  cannot  be  infinite 
but  may  be  zero. 

Example,  The  limit  of  the  coefl&cient  of  ^  in  the  expansion  of 
(1+^)"*  is  zero  or  infinity  according  as  m  is  greater  or  less  than  -1. 
For  the  coefficient  of  .t?**  is 

.(>--J)(,.,=±2)(..-l)...(,_^) 

This  product  is  always  divergent,  because  the  sum 

J  4-  J  4-  J  4- ...  is  divergent. 

Hence  the  product  is  zero  or  infinity  according  as  m+l  i^  positive  or 
negative,    (See  Art.  462.) 

24^2 
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520.  It  was  shown  in  Arts.  416,  418  that  ^{oc^  +  x-*)  is  the 

same  function  of  ^{x-\-x~^)   as  cosna  is  of  cos  a:    and  that 

flj*  ^  ic"*  Sin  fhOL 

r-  is  the  same  function  of  1  (a:  +  x~^)  as  — ; is  of  cos  a. 

«-a;~^  ^^  '        sina 

Put  «  =  <•;  then  J  (a?  +  ar"^)  =  |(e*  +  e-«)  =  cosh  a ;   ^{x-x'^} 
=  sinh  a;  J  (aJ*  +  «"*)  *  cosh  na;  ^(a*  -  aj~*)  =  sinh  na. 

Thus  cosh  na  is  the  same  function  of  cosh  a  as  cos  na  is  of 

COStt. 

.     ,   sinhna  .    ^,  -       .•         ^        t.  sinna  .      « 

And  — T-i —  IS  the  same  function  of  cosh  a  as  —. is  of 

sinh  a  sin  a 

cos  a. 

Hence  the  second  formulee  of  Arts.  419,  420,  421  become 
cosh  nO  ,.. 

=  2*-^ (cosh tf- cos^  j Tcosh d-cos  2^V..  ^cosh d-cos  ^^^  vj, 

sinh  nd  =  2*-^  sinh  6  Tcosh  fi  -  cos  -  j  ..  Ycosh  6  -  cos^^^  tt  j , 
cosh  ntf  -  cos  na  =  2**-^  (cosh  6  -  cos  a)  icosh  $  -  cos  fa  +  —  j  I 

...  icosh  6  -  cos  (a  + wj I . 

521.  To  resolve  cos  6  and  cosh  $  into/actors. 
We  have  cos  na  and  cosh  na  equal  respectively  to 

2-»(cosa-co8j)(cosa-coS2^)...(co8a-cos^'*i-,'), 

2»-i  (cosh  a  —  cos^  j  (cosh  a  —  COS  «")•••  (cosh  a  -  cos  — ^ —  irj . 

Now  cos  (2n  -  A)  7r/2n  =  -  cos  Air/2n. 

. .  ( cos  a  —  cos  o~  )  (  cos  a  —  cos  — ^ —  ^1  =  sm^  ^ sinhna, 

/      1.  ^'tX/      ,  2n-X  ^\       .  „A7r      .  ,  2 

f  cosha-cos^j(  cosha-cos— ^ —  ^j  =  sin^ ^  +  sinh* o. 
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/.  if  n  is  even,  multiplying  first  and  last  factors  &c.,  we  have 

2»-i  /^sins  ^  +  sinh^  a  j  Tsin^  ^  +  sinh'  a  j . . .  f  sin^  —^ —  v  +  sinh^  a  j . 

Here  put  na  =  0,     Thus  cos  6   and   cosh  $  are  equal  respec- 
tively to 

2'*"^  (  sm^  ^ sm^  -  )    sm^  ^ sm^  -).•.(  sm^  -^ —  tt -  sin^  -  ) , 

\        2n  w/  \        2n  nj      \  An  nj 

:2'*-i  f sin^  ^  +  sinh^  -  Vsin^  ~  +  sinh^ -Y .  Ysin'»  ^?:^ 

V       2w  72/ \        2n  nJ      \  2n  n) 

Here  put  ^  =  0.     Thus 

1=2""^  sm^rr-  sin*  ^r- . . •  sm*  -^ —  tt. 
In  In  2n 

Divide  each  of  the  above  two  equations  by  this  last.     Thus 
.__  /   _  sin*  OIn  \  /         sin*  0/n  \      /  sin*g/yt        \ 

<jos<^-^l     gij^2^/2nA      .sin^37r/2n/"V       sin* (w -  1) ^/2V  ' 

,   .     /-       sin*  6/n  \  /,      sinh*  ^/n  \      /,  sinh*  OIn       \ 

coshg=(l+    .   g    /o    )(^+   '  2Q    /o    )--(l'^-^"27 1(     /o    )' 

\       sur7r/2n/\       sm*37r/27i/      \       sm*(n— l)ir/2n/ 

In  these  last  equations,  make  n  infinite,  while  0  remains 
constant  and  finite.  Then  0/n  and  Xir/2w  become  zero:  and,  for 
the  ratio  of  the  functions  siu  and  sinh  we  may  substitute  that  of 
the  quantities  0/n  and  \ir/2n  themselves.     Thus 

«»'={>-0}{-(D}{-©"}--»-*- 

These  products  are  convergent  for  all  finite  values  of  0, 
because  the  sum  of  the  series 


/2^\*/l       1       1       1  \ 

y  (t^3-*^F*^7*^-) 


is  convergent :  the  n*^  term  being  of  the  form  (2n  + 1)*,  where 
-a;  =  -2<-l. 
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The  first  formulae  may  easily  be  remembered,  by  giving  to  i 
the  values  75 ,  -^ ,  -^  <fec.  which  make  each  side  vanish. 

2        J         la 

522.     To  resolve  sin  $  atid  sinh  $  into  factors. 

We  have 

sin  na  =  2*"^  sin  a  (cos  a  -  cos  -  j  ...  f  cos  a  -  cos ir  J , 

sinh7ta=  2*"^  sinh  a  (cosha  — cos- j...  (cosh  a -cos irj^ 

Now  cos  (n  -  X)  TFJn  =  -  cos  Xir/n; 

(Xw\  /                   n  -  X    \       .  5  Xtt       .5 
cos  a  -  cos  —  )  (  cos  a  —  cos v  ]  =  sm* sm*  a, 
n  J\                      n       J             n 

(cosh  a  —  cos  —  )  I  cosh  a  —  cos ir]  =  sin^  —  +  sinh^o ; 
n/ \                        n      /  n 

.*.  if  n  is  odd,  multiplying  second  and  last  factors  <fec., 
sin  na  =  2*"^  sin  a  (sin*  —  sin*  a  j. . .  (sin*  -^^ —  tt  -  sin*  a  j  , 

sinh  na  =  2**"^  sinh  a  (sin*  -  +  sinh*  a  j . . .  (sin*  -= — •  ir  +  sinh*  a  j . 

Here  put  na  =  6.     Thus 

sin  ^  =  2**"^  sin  -  (  sin*  —  sm*  -)...(  sin*  -^ —  v  -  sin*  -   , 
n\       n  n/      \  2n  nj 

sinh^=2«-i  sinh  -  f  sin*  -  +  sinh*  - V . .  f sin*  ^?^  tt  +  sinh*  -) . 
n\       n  nJ      \  zn  nJ 

Here  put  tf  =  0.     Thus 

27r        .  oW-1 


n  =  2"'"^  sin*  -  sin*  —  ...  sin 


n         n    "  2n      * 

Divide  each  of  the  above  two  equations  by  this  last.     Thus 

.    .         .    ^      /,     sin*^/n\      /,  sin*^/w       \ 

sintf  =  nsm-  .  ( 1 --^-—-i-)...  ( 1 --^-- \  , 

n      \      siBrir/nJ      \       sin*(w-l)7r/2w/ 

'  u/i         •  i.^      /i      sinh*^/n\      /,  sinh*^/n      \ 

sinh^  =  7ismh-  .  ( 1 +  __—/_)...( 1  +  ^__ (       -k 

n      \        sm*ff/w/      \       sin*(n-l)ir/2»/ 
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Here  make  n  infinite.     Thus 

.^«.«{.-0}{,-(0}(.-0}...»i^., 

.inh  <-..  {l  .(?)*}{,  + (0}(..  (0}  ...« i„.»it,. 

These  products  are  also  convergent. 

The  first  formula^may  easily  be  remembered  by  giving  to  $ 
the  values  0,  tt,  2v  &c.,  which  make  each  side  vanish. 

523.     To  resolve  cos  6  —  cos  <^  and  cosh  6  —  cos  <^  iiUo  factors. 
We  have 

cos  noL  —  cos  np  =  2**"^  -^lo  ~    I  ^^  °' "  ^^^  \ —  "*"  ^  )  i  > 
cosh  na-  cos  np  =  2~-^  i^I^ '^  {cosh  a  -  cos  (^  +  )3jl ; 

where  P  denotes  the  product  of  the  factors  obtained  by  giving  to 
A  the  integral  values  between  the  assigned  limits. 

Now         cos  (2Air/n  +  )3)  =  cos  {2  {rh  -  \)  irju  -  )3}, 
.'.  if  n  is  even,  \  =  ^  gives  cos  {^Xirjn  -f  ^)  ==  —  cos  ^,  and 
cos  wa  -  cos  nfi 

=  2^-1  (cos«  a  -  cos^  )3)  i'^^^"^  {cos  a  -  cos  (^  *  ^  , 
cosh  Twx  —  cos  np 

=2«-^  (cosh«  a  -  cos^  )8)  P^"  2"^  {cosh  a  -  cos  ^^  *  ^\  . 
Again  cos  (2Xir/n  *  )S)  =  -  cos  {(n  -  2X)  tt/w  =f  )8} ; 

.*.  -jcosa-  cos  I *i^)f  -j  cos  a -cos  ( 'r:F)3jl 

=  sm^  ( *  p  j  -  sm''  a, 

jcosha-cosT — -*i3U  I  cosh  a- cos  (^?^^^^^ —  TT^ji 

=  sin2^^'^db^^  +  sinh2a. 
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If  then  Jn  -  1  is  even,  writing  na  =  9  and  nfi  =  ^,  we  have 

cosh  ^  -  COS  <A  =  2-^  p^-JC-2)  r^i^,  /2X^  ^  *)  +  8inh«  ?l . 
Here  put  tf  =  0.     Thus 

l-cos</.=  2«-i^"*<"-^in«f?^*^V 

Divide  each  of  the  above  two  equations  by  this  last.     Thus 

n  ^     o   •  2*/i      sin»tf/n\/-  sin^^/7i       \ 

cos^-cos6  =  2sm^^(  1  — .  ^  /,    )( 1 — r-^-j^ — '   ...    ).. 
^  2\       sin^  Kl>/n/\       sin*  (27r  «fc  <^)/n/ 

u/i  ^     o   •  2^/i      sinh»tf/n\/-  sinh*^/n      \ 

cosh  ^  -  cos  <^  =  2  sin*  ^  ( 1  +     .  .  ^  ;     I  { 1  +  .  ..^ — Stt-/- 
^  2  \         sin*  </>/n  /  \       sin*  {2ir  db  <^)/n/ 

Here  make  n  infinite.     Thus 

<50S  tf-cos^ 

cosh  6^  -  cos  </> 

— i{-a)}(-(s^j}{-(!^)]- 

These  products  are  clearly  convergent. 

The  first  formula  may  be  easily  remembered  by  giving  to  9 
the  values  <^,  27r^<^,  4?r^<^  &c  which  make  both  sides  vanii^; 
And  by  putting  ^  =  0  which  gives  1  —  cos  ^  =  2  sin*  J<^. 

524.  Many  important  results  may  be  obtained  from  the 
factorisation  of  cos  6  and  sin  0, 

Thus  we  may  equate  the  coefficients  of  the  several  powers  of 
0  in  the  term-expansions  of  cos  $  and  sin  0  with  those  obtained 
by  multiplying  out  the  factor  expressions. 

Or  we  may  equate  coefficients  after  taking  the  logarithms  of 
the  two  expressions  for  cos  $  or  sin  0, 

Thus  we  have,  from  the  two  expressions  for  sin  0, 
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Equating  the  coefficients  of  B^, 

1111  ..    -.     T^ 

525.  The  method  of  the  following  article  is  of  very  general 
application,  the  process  involved  being  in  reality  merely  to 
differentiate  both  sides  of  an  identity. 

526.  To  find  series  for  cot  B  and  for  tan  6, 

Hesolving  each  factor  of  sin  0  into  two  factors,  we  may  write 

sin<?=«p(l  +  i). 

where  P  denotes  the  product  of  all  values  obtained  by  giving  to 
T  every  positive  and  negative  integral  value,  excluding  zero, 

*-)■ 

Now  for  6  write  B  +  h-, 

logsin(^  +  A)  =  log(tf  +  A)  +  51ogA  +  ^). 

Subtract  the  identity  in  6  from  the  corresponding  identity  in 
^  -f-  h  j  and  expand  the  remainder  in  powers  ofh. 

On  the  left  we  have 
log  sin  (d  +  h)-  log  sin  B  =  log  (cos  h  +  cot  B  sin  h) 
=  log  (l+^cot^-|A^..) 
=  Acot  ^- |/i^-  ...  -^{h  cot  tf...)2  +  .... 
On  the  right  we  have 

log(»  +  i)-l<««.log(l*5).*.l^+... 

h  1  h^ 


log  sin^  =  logtf +  2  log  (l  +  — ). 


rTT-i-B      2{r7r-^By        ' 
Hence  equating  the  coefficients  of  A  in  the  new  identity, 

where  2  denotes  the  sum  of  all  values  obtained  by  giving  to  r 
every  positive  and  negative  integral  value  including  zero. 
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In  the  same  way  from  the  identity 

cos  tf  =  P  fl  +  ,^ TT-T-) 

\       (2r+l)4W 
it  follows  that 

-tantf  =  2.  ^ 


where,  as  above,  r  has  every  value  indiiding  zero. 
In  these  expansions  of  cot  B  and  tan  tf,  the  terms  having  equal 
and  opposite  coefficients  of  tr  should  be  added  so  as  to  form  one 
term.     [Otherwise   the  series   assumes   the  indeterminate  form 
00  -  00  .]     Thus 

1  2d 

cotd  =  ^  +  Srgrr;5;^, 

tand  =  2o*  ^^ 


§.4.    Circular  Measure  in  Terms  of  Ratios. 

527.     To  express  6  in  terms  of  tan  6, 

We  have  shown  in  Art.  359  that  for  all  positive  integral 
values  of  w, 

7icos*"^tf sintf ^    7  ^^o~      cos**-' d sin' d  +  ...  =sinMA 

Divide  by  n  cos*  0,     Then 
.       .     (ri-l)(w-2),     ,.     (7i-l)(w-2)(n-3)(n-4)^     .. 

^^^"       1.2.3    ^^^^- 1.2.3.4>5 ^^^'^-- 

sin  nd 


n  cos**  d ' 

If  now  n  is  wo<  a  positive  integer  the  series  on  the  left  will 
be  endless.  If  moreover  tan  6  is  arithmetically  equal  to  or  less 
than  1,  the  series  will  be  convergent  as  in  the  binomial  theorem. 

Now  in  this  case  the  above  equation — as  will  be  shown  in 
Chap.  XXI. — still  holds,  provided  that,  on  the  right  hand,  we 
make  ^represent  the  positive  or  negative  aciUe  angle  whose  tan- 
gent =  tan  0 ;  and  give  to  cos**  0  its  positive  value. 
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With  this  understanding,  then,  we  may  make  n  as  small  a 
yhr€iction  as  we  please.     Then,  in  the  limit, 

1 


sinw^  _  ^  sin  71^ 


.=^. 


n  cos**  ^  ""  ""    n6     *  (cos  OY 
Hence  from  the  above  equation. 
If  tantf^l  and  6  is  acute;  ie.  if  6  lies  between  -^ir  and 

tantf-^tan«^  +  ^tan»^-...=^. 
This  is  called  Oregorj/a  series. 
B28.     The  geometrical  illustration  of  Gregory's  series. 


Xiet  AOB  be  any  angle  not  greater  than  half  a  right-angle; 
AB  the  arc  opposite  AOB)  AT^  the  tangent  at  A, 

Praw  the  lines  OBT^,  T^T^,  T^T^,  T^T^,...  each  perpendicular 
to  the  preceding  to  meet  AT^  and  OA  alternately.     Then 
a.rc  AB  =  AT,^^AT^-^^AT,-^ATr+,.. 

For,  if  -4  0  =  1,  AB  =  circular  measure  of  AB  =  $  say. 

And  ATi  =  tajiO;  AT^  =  ta.n^e;  ATj^^tan^O;  and  so  on,  by 
EucHd  VL  8. 
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of: 


529.  To  express  0  in  terms  of  sin  0, 
We  have  shown  in  Art.  375,  that  for  all  odd  integral  values 

•    ii     ^'-1'   •  8/)     (n«-l*)(n»-3«)  .  ..  sinn^ 

[3  p  n 

If  now  n  is  not  an  odd  integer  the  series  on  the  left  will  be 
endless.  It  is  always  convergent,  because  sin  6  is  arithmeticallj 
equal  to  or  less  than  1. 

Now  the  above  equation — as  will  be  shown  in  Chap.  XXI. — 
still  holds  provided  that,  on  the  right  hand,  we  make  0  represent 
the  positive  or  negative  acute  angle  whose  sine  =  sin  0, 

Thus  we  may  make  n  as  small  a  fraction  as  we  please.  Then 
in  the  limit,  if  ^  is  acute, 

.    ^     1    sin«  0     1.3    sin'  $     1 .  3  . 5    sin'  ^  ^ 

^^^^^2--^^2:4--5  ■^2:t:6--t-^-=^- 

530.  If  CB  is  any  quantity  arithmetically  not  greater  than  1, 
in  Art.  527,  we  may  write  tan  0  =  x,  and  in  Art.  529,  sin  tf  =  a. 
Thus 

X  -  ^oc^  +  ^oc^  - 1^0^  +  . . .  =  circular  measure  of  the  a^ciUe  angle 
whose  tangent  is  equal  to  x, 

I    a:»     1.3    ««      1.3.5    a^  .      ,  . 

''■'2-3"'2T4-5"  2TT76  •  7  ^  ' '  *  =  "^''''^  ""^^^  ^^ 
the  acute  angle  whose  sine  is  equal  to  x, 

531.  Now  we  have  tan  (r7r  +  0)  =  tan  0  where  r  is  any  integer. 
If  then  <l>  is  any  angle  lying  between  nr  —  Jtt  and  nr  +  ^v,  where 
r  has  some  assigned  integral  vakbe, 

tan</>-^tan'<^-l-^tan''</>-  ...  =  <^-r7r. 
Again  we  have  cot  {rir  -i-  ^ir  -  ^)  =  tan  ^,  where  r  is  any  int^er. 
If  then  ^  is  any  angle  lying  between  nr-^-^ir  and  nr  +  f  ir,  whert 
r  ha^  soms  assigned  integral  value, 

cot  <^ -  ^  cot' <^  +  ^  cot' <^  -  ...  =r7r-l-^7r  — <^. 
Hence  <^  may  be  expanded  in  powers  of  tan  <^,  when  ^  is  in 
the  right  or  left  quadrant,  and  in  powers  of  cot  4>  when  it  is  in  the 
up  or  dovm  quadrant. 
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532.  Now  we  have  sin  {nr  +  ( -  1)**  ^}  =  sin  ^.  If  then  <^  is 
any  angle  lying  between  rTr-^Tr  and  nr  + Jtt,  where  r  has  some 
CLssigned  integral  valite, 

.      ^     1    sin'</»      1.3    sin''<f»    1.3.5    sin^d*  ,    ,,,,, 

Writing  here  <^  =  Jtt  +  i/r,  we  have  if  i/r  is  any  angle  lying  be- 
t'ween  (r  - 1)  tt  and  nr,  where  r  has  some  assigned  integral  value, 

.       1     COS*l/r       1.3     COS*l/r       1.3.5     COS^i/r 

co8,A+2-V^2r4-      6     *2:T:6•^-*••• 
=(-l)••('/'+iT-r,r). 
Hence  any  angle  i/^  may  be  expanded  in  powers  of  sin  if/  or 
o£  cos  ij/. 

The  calculation  of  tt. 

533.  The  two  series  of  Art.  529  enable  us  to  calculate  the 
value  of  an  arc  in  terms  of  its  sine  or  tangent.  In  particular  we 
may  find  from  them  the  j-atio  of  the  circumference  to  the 
diameter  of  a  circle ;  i.e.  the  value  of  tt. 

Using  the  inverse  symbol  to  represent  the  cvrculoAr  measure  of 
an  acute  angle,  we  have 

sm-a.  =  ..  +  2-3^2r4-5^2.T:6-7^- 
tSkDr^x^x-^T^  +  ^a^-^a^  +  ... 

534.  In  the  first  of  the  above  equations,  let  a;  =  ^.     Then 


sin"^  X  =  Jtt.     Thus 

w      I        1         3        1         3.5         1         3.5.7 
6'"2'*'3,2*  '  2  *  5.2^  '     |3    *  7  .  2i«  '        4 

1 
'  9 .  2^5 

o     1          9          3.5      a. 5. 7 

Taking  3  Ijerms  of  this   series,  we   have  ^  =  314   approxi- 
mately. 

.Aft^;r..tbe..flrpt  few  terms,    this   series   does   not  converge 
rapidly  enough  for  convenience  of  calculation. 
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535.     In  the  second  of  the  equations  of  Art.  533,  put  x^l. 
Then  tan"*  x  =  Jir.     Thus 

TT  1      1_1      1_J_ 

4"        3"*"5     T'^Q     ll"^" 
^11  1 


8      1.3     5.7     9.11 

This  series  is  very  slowly  convergent. 

We  may  however  adapt  the  inverse-tangent  series  for  the 
purposes  of  calculation  by  expressing  ^  as  the  sum  or  difference 
of  suitable  angles. 

The  excellence  of  a  series  for  purposes  of  calculation  depends 
on  (1)  the  rapidity  of  its  convergence,  and  (2)  the  simplicity  of 
the  operations  to  be  performed. 

536.  We  shall  make  use  of  the  equation 

tan-^  r = tan-^  t  +  tan"^  ^^ — ^ . 

Here  T  and  t  may  be  chosen  at  will,  and  we  shall  attempt  to 
find  simple  expressions  for  the  remaining  term. 

537.  First,  put  t  =  J. 
Then  if  T=  1,  we  have 

j7r  =  tan-^^  +  tan-^^ (1). 

And  if  7*  =  ^,  we  have 

tan-^  i  =  tan-^  J  -  tan"^  |. 
Substituting  in   (1)   for  tan"^J   or  tan"^  J   from   this    last 
equation  we  have 

j7r=2tan-4-tan-^|... (2), 

J^=2tan-^J  +  tan-^  j (3) 

538.  JV^eaj^,  put  t=  J. 

If  r=l;  i7r  =  tan-^|.  +  tan-^f. 

If  ^=  f ;      tan-i  |  =  tan-^  |  +  tan-^  ^;. 

If  T=^;  tan-^  ^  =  tan"^  i  +  tan-^  ^. 

:.  (adding)         J^  =  3  tan-4 -i- tan"^  ^ (4). 

This  is  convenient,  since  99  has  the  simple  divisors  9  and  11. 
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539.  Next,  putt  =  i. 

If  T=l;  J^  =  tan-4  +  tan-i§. 

If  r=|;       tan-i|  =  tan-i^  +  tan-^3^. 

If  T=^;  tan-^ ^V  =  tan"^ ^  +  tan"^ ^. 

If  T=:^;  tan-^  A  =  tan"^  ^  -  tan"^  ,^. 

.-.  (adding)         iir  =  4tan-i^~tan-i3^ (5). 

This  series  is  quickly  converging,  but  the  divisor  239  is 
inconveniently  large. 

540.  We  have  thus  found  ^ve  substitutions  for  ^  by  means 
of  which  its  value  may  be  calculated  more  or  less  conveniently. 
Thus 

1    /l     1       1        1        \ 

^^^^"3^9-^  579^- 7793-^-) (!)• 

1    _         ,      J_     _l 1_ 

*'^"  3.4"^5.42     7.43'^'' 

■^''0"3:4"9^5T492"7749^^-   )  (^)- 

^  =  *  "^  0  "3716  ^  57T6^"  7^6^'' •••) 

^^H^"3799'2^5799^"7799«"'--V---*---  (^^• 

- 1?4¥><  (^1-372392 +572394- 772396 +  •••)  (^)- 

Series  (1)  is  known  as  Euhr^s;  series  (5)  as  Machines ;  the 
other  series  were  suggested  by  Button,  whose  method  has  been 
followed  in  the  above  derivations. 
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The  last  series  may  be  simplified  by  aoting  that 
tan-^  TFT  =  tan-^  -^  -  tan"^  ^, 
which  the  student  should  prove. 

541.  We  will  now  prove  the  important  proposition  that  t 
and  also  it*  are  incommensurable.  For  this  purpose  it  will  be 
necessary  to  give  a  short  account  of  continued  fractions. 


Continued  Fractions, 
542.     A  continued  fraction  is  a  fraction  of  the  form 

\         and  is  usually  written  shortly  -^ ? —     . 

^     aa*&c. 
We  will  give  a  few  theorems  on  fractions  of  the  form 

61      63     63        ,  ,  , 

- —  - —  - — >  where  Oi,  61,  o^,  6j ... 

are  all  positive.  Such  continued  fractions  are  said  to  be  of  the 
second  class. 

The  simple  fractions  —  ,  —  ,  —  are  called  the  componenis'.  the 

fractions  obtained  by  stopping  at  these  are  called  the  convergerUs: 
and  the  fractions  obtained  by  omitting  them  are  called  the  re- 
mainders. 

Thus  -^  being  the  n*^  component,  -^^ ^^^^      is  the  n^  re- 

mainder. 

The  first  convergent  is  —  ;  the  second  - — ^^^      '^"'^ 


so  on. 

Also,  if  -^  is  the  fraction,  and  /o„  the  w*^  remainder, 

^  =  — ^— ;  pi  =  --^—  ,  and  generally  p^.^  = 
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Liajstly,  if  c^  is  the  n***  convergent  of  F^  and  y„  the  n^  converg- 
ent of  pi^ 

543.  Theorem  I.  The  convergents  are  in  ascending  order 
of  magnitude,  provided  that  they  are  all  positive. 

For  we  have  c-  = ^ —  and  c„ .  j  =  — ^ —  . 

Assuming,  then,  that  a  convergent  y^  of  the  n*^  order  is  greater 
than  y,^_i  of  the  {n-  Vf^  order,  we  see  that  c^^^  of  the  (n+  1)*** 
order  is  greater  than  c^  of  the  rif^  order. 

Now  clearly  the  2***  convergent ^-r—  is  greater  than  the 

!■*  convergent  — .     Hence,  universally,  a  convergent  is  increased 
by  taking  an  additional  component. 

544.  Theorem  II.  If  the  denominator  of  every  component 
exceeds  the  numerator  by  unity  at  least,  the  continued  fraction 
is  itself  positive  and  not  greater  than  unity. 

For  assuming  that  y„  of  the  n^  order  is  not  greater  than  unity, 
Cj»+i  of  the  {n  +  1)***  order  is  at  greatest  — ^  ,  which  is  not  greater 
than  unity  ;  and  is  positive,  since  a^  is  not  less  than  y„. 

Now  clearly  the  1"*  convergent  —  is  not  greater  than  unity. 

Hence  no  convergent  can  be  greater  than  unity;  and  all  are 
positive. 

And,  therefore,  the  fraction  itself  is  positive  but  not  greater 
than  unity. 

545.  Theorem  III.  If  the  denominator  of  every  component 
exceeds  the  numerator  by  unity  at  least,  while  that  of  the  first 
exceeds  its  numerator  by  more  than  unity,  the  continued  fraction 
is  itself  less  than  unity. 

J.  T.  25 
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For  the  fraction  =  — ^  ,  where,  by  the  last  theorem,  p^  is  not 

Ol-pl 

greater  than  unity.    Hence  the  fraction  is  at  greatest  — ^  which 
is  less  than  unity. 

546.  Theorem  IV.  An  endless  continued  fraction  of  the 
second  class,  in  which  the  numerator  and  denominator  of  every 
component  are  finite  integers,  and  in  which  every  remainder  is 
positive  and  less  than  unity,  must  be  incommensurable. 

For,  if  possible,  let  the  fraction  be  commensurable  and  equal 

to  -J  where  A  and  B  are  finite  positive  integers. 


Then 

B 
A 

6i 

'•Pi  = 

B 

C 
=  ^say. 

Here  C  the  numerator  of 

ft  is  a 

finite  positive  integer. 

C*'     - •! 

1 

D 

£ 

-1- 

n        rr 

Similarly    pj  =  -^ ;     p,  =  —  ,  <kc.,  where  i>,  £  are  positive 

integers 

Now,  by  hypothesis,  each  of  the  remainders  pj,  pj...  is  less 
than  unity.  Hence  B,  C,  D^  E.,.  form  a  series  of  positive  integers 
which  are  in  descending  order  of  magnitude  and  yet  infinite  in 
number:  this  is  absurd.  Hence  the  endless  continued  fraction 
cannot  be  commensurable. 

547.  Since  the  convergents  of  a  continued  fraction  of  the 
second  class  (if  positive)  are  in  ascending  order,  such  a  fraction 
resembles  a  series  all  of  whose  terms  are  positive.  Hence  more- 
over such  a  fraction  cannot  have  more  than  one  finite  limit. 

It  should  be  observed  that  the  assigned  characteristics  may 
be  supposed  to  begin  to  hold  after  any  finite  number  of  compo- 
nents. For  example,  the  n*^  convergent  of  any  continued  fraction 
must  be  commensurable  if  its  components  are  commensurable. 
Hence,  if  the  remainder  after  the  n^^  convergent  is  incommen- 
surable, the  whole  fraction  is  incommensurable. 

Digitized  by  VjOOQIC 


CIRCULAR  MEASURE  IN   TERMS  OF  RATIOS.  387 

548.     To  prove  that  tt  is  incommensurable. 
By  Art.  513, 

If  possible,  let  t  =  — ,  where  m  and  n  are   finite  integers. 

INit  ^  =  |7r.     Then  tan  ^=  1 ;  thus 

-  _  m/n  m^/n^  m^/n^ 
T^  T^    "5^^'' 


n  —   3n  —   5n  -  '  *  * 
If    r    is    taken    large    enough,   in    every   component   from 
onwards,  the  denominator  will  exceed  the  numerator 


(2r+l)n 

by  more  than  unity.  Hence,  by  Theorem  III.,  every  remainder 
from  this  point  onwards  will  be  positive  and  less  than  unity. 
Hence,  by  Theorem  IV.,  the  fraction  must  be  incommensurable. 
But  it  is  not      Hence  ir  cannot  be  commensurable. 

549.     To  prove  that  i^  is  incommensurable. 
By  Art.  513, 

If  possible  let  -j-  =  — ,  where  m  and  n  are  finite  integers. 

Put  ^  =  ^.     Then  cot  ^  =  0  ;  thus 

_  m/n  m/n  m/n 

^  =  3^  "53  yr  ••• 

m      mn    mn 
~  Zn-  5n  —  In-'' 

As   before   this   is  impossible.     Hence  tt^  cannot   be   com- 
mensurable. 

Observe,     This  proposition  includes  the  last. 

25—2 

Digitized  by  VjOOQIC 


388  EXAMPLES  XIX. 


Examples  XIX. 


26  11^ 

1.     tantf>tfand<^r — ^.  2.     cot  ^<2  and>  ^ -^. 

3.  Given  tan  tf  >  tf  and  cos  tf  >  1  -  ^^,  show  that 

sin^>tf-^^. 

1      tf 

4.  Given  tan  tf  >  tf,  show  that  cot  ^  <  ^  -  j  >   *^^  further 

1      0 
that  cot  tf  <  ^  -  ^ . 

5.  If  a;  >  J,  cot  - — ^^  ^  -  a  +  a:*. 

6.  sin^>tan^-Jtan*^. 

7 .  (2  cos  tf  - 1 )  (2  cos  2^  - 1 )  (2  cos  2«  tf  -  1 ) 

.    ^  2  cos  2*^  +  1 

...  to  n  factors  =  -tr ;; — ;— . 

2  cos  ^  +  1 

8.  (l-w|)(l-tan»|;)(l-w|;)...adt«/=^. 

9.  J  tan  J^  +  ^  tan^^  +  I  tan  ^^  +  ...ac?  inf.  =  1/^  -  cot ^. 

1  V 

10.  tan-H  +  tan-^ i  +  ...  +tan-^-5 r  +  ...  adinf.  =  -:. 

11.  Find  the  limits,  when  x  is  zero,  of 

(cos  «)«>**,  (l-sin2aj)«»®c*  (cos  aa;)«»ec«^a;^  (sec  cuc)«>t'^*. 
2  +  ^3     2+^(2  4.^3)     2 +  ^{2  + 7(2  +  ^3)} 


12 


adin/.=^. 


t  rt  -rtt   n  1         n  ^  SlU  0 

13.  If  ^  measures  an  acute  anirle,  d  >  ^ 7; . 

*    '        2  +  cos^ 

cos^        ^ 

14.  If  —pr—  + 2  has  its  least  positive  value,  ^  >  J3  - 1. 

u        cos  c^  ^ 
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15.  The  chord  of  a  circle  subtending  an  angle  0  at  the 
•centre  =  2  sin  \0, 

1 6.  Without  using  any  trigonometrical  formula,  but  assuming 
only  that  the  chord  of  a  circle  changes  its  sign  without  changing 
its  magnitude  when  the  arc  changes  its  sign  without  changing 
its  magnitude,  and  that  the  chord  is  nearly  equal  to  the  arc 
iwrhen  both  are  small,  prove  the  following  three  propositions 
for  approximating  to  the  value  of  the  arc  : — 

(1)  Subtract  the  chord  of  the  arc  from  8  times  the  chord  of 
the  half-arc  and  divide  the  result  by  3. 

(2)  Add  the  chord  of  the  arc  to  256  times  the  chord  of  the 
quarter-arc,  subtract  40  times  the  chord  of  the  half-arc,  and 
divide  the  result  by  45. 

(3)  If 

(4a;-  1)  (42aj-  l)...(4«aj-  1)  =  Xa;"  -  /na^-^ -h kb*-^ -  ...  -h  (-  If 
then 

(4 -l)(42-l)...(4»-l)a  =  A.2«c„-/ii.2'^-ic,».i+.. .  +  {-!)» Co 
where  a  =  the  arc,  and  c„i  =  the  chord  of  djV^, 

17.  Find  the  limit,  when  cc  =  1,  of  -^^ . 

rind  the  following  limits,  when  cc  =  0;  or  ^  =  0 ;  (18—33). 

18.  ^Zi!.  19.     ^■"^^.  20.     _?^5!^^. 

X  a?  1  -  cos  qx 

^-      sinh  05-05  ^jj      cosh  05  -  1  ^^      cosh  x  —  cos  05 

05  —  Sin  05  1  -  cos  05  smh  05 

2L     ^-'' (sin  ^ -I- sinh  ^- 2^).  25.     ^-«  (cosh  ^  -  cos  ^  +  ^). 

-      m  sin  05  —  sin  mo5  ^        sin^  wo5  -  sin*  mo5 

X  (cos  05  —  cos  mx)  1  —  cos  Jt?05 

^      2  sin  3o5  ~  3  sin  2a;  ^      sin  2a;  -»•  2  sin*  a;  -  2  sin  x 

05  — sin  05  *  *  cos  05  — cos*  05 

(sin  05  +  sin  2o5  —  sin  3o5f 
(cos  a;  -  2  cos  2a;  +  cos  3o5)^  * 


Digitized  by  VjOOQIC 


390  EXAMPLES   XIX. 

^    (5  sin  a;  *  4  sin  2a;  +  sin  3«)* 
(5  cos  ar-  8  cos  2a:  +  3  cos  3aj)*  * 

32.  (-g-j  .  33.  (cos-4-sm-)  . 

Prove  the  following  statements :  (34 — 49). 

34.  cosh  2x  =  cosh^aj  +  sinh*  a;  =;  2  cosh^  aj  —  I  =  1  +  2  sinh*  x, 

35.  sinh  2a;  =  2  sinh  x  cosh  a;. 

«/,.!/         ^      tanh  a;  +  tanh  1/ 

36.  tanh  (a;  +  y)  =  ,— -— 1-— — ^  . 

^       ^'     1  +  tanh  a;  tanh  2/ 

37.  tanh  x  =  cosech  2a;  -  coth  2a;. 

38.  coth  X  =  cosech  2a;  +  coth  2a;. 

39.  cosh  3x  =  4  cosh*  aj  -  3  cosh  x, 

40.  sinh  3a;  =  4  sinh*  ac  +  3  sinh  x» 

41.  The  terms  in  the  expansion  of  coshwa;  and  of  sinhrior 
are  taken  alternately  from  the  expansion  of  (cosh  x  +  sinh  a;)*. 

42.  sech*  X  +  tanh*  x=l.  43.     cosech*  a;  +  1  =  coth*  x, 

44.  Cosh  and  Coth  are  always  greater  than  1 ;  Sech  and 
Tanh  are  always  less  than  1 ;  Sinh  and  Cosech  may  have  any 
value. 

45.  coshy  cosecaj  +  sinhy  cota;>  1. 

46.  If  cosa5  =  sechy;  then  sin  a;  =  *  tanh  y  and  tan  05  =  ±  sinh  y. 

47.  If  sin  a?  =  sech  y ;  then  cos  x  =  ^  tanh  y  and  cot  a;  =  «fc  sinh  y. 

48.  cosh,r=(^l  +  |;)(l+J)(l+|J)...a^m/ 

49.  0  =  tanh  0-^-^  tanh'^  +  \  tanh«  e  +  .,,ad  inf. 

Sum  the  following  series  to  infinity:  (50 — 55). 

50.  X  sinh  a  +  a;*  sinh  2a  +  x^  sinh  3a  +  ... 

51.  X  cosh  a  +  TH"  cosh  2a  +  -r^ cosh  3a  +  ... 

[J  (3 
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--.       -      COS  a       ,   ^     cos^a       ,  ^.-     cos*  a       ,   «^ 

52.  1 ry- cosh  )8+-T^— cosh  2)8 _.cosh3)8+  .. 

53.  sinha  — ^  sinh  2a  +  ^8inh  3a— ... 

54.  cos  ^  cosh  <^  +  J  cos*  0  cosh  2</>  +  ^  cos*  ^  cosh  3</>  +  . . . 

55.  1  4-  -  cos  a  sinh  B  +  ^,^"0    cos*  a  sinh  2^8 

^^(^-^)(^-^^>cos3asinh3^^... 
Prove  the  following  statements  :  (56 — 65). 

07.      p+  32+52  +  72  +  ---  -  g  • 

»«•     12+52+72+  1P+  132+----  9  • 

59.  The  sum  of  the  reciprocals  of  the  squares  of  all  integers 
except  the  multiples  of  r  is  (r*  -  1)  7r*/6r*. 

60.  The  sum  of  the  reciprocals  of  the  squares  of  all  odd 
integers  except  the  multiples  of  2r  +  1  is     ^^ — '—^ . 

61.  The  sum  of  the  reciprocals  of  the  squares  of  the  products 
of  all  pairs  of  integers  is  xii^^^i  *^^  ^^  *^  pairs  of  odd  integers 
is^^^. 


1111 


62.    Y*"^  2"*"^  s^'^i^'^-'-So- 
63.     f4+ 3-4+ 54+74+ •••=9e' 


64. 
65. 


ir       4*         8*  12^ 


4  "3.  5  "7.9  •  11.13  •• 
2"  1.3  •  3.5  '5.7  •  • 
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66.  Show  that  ^"^^.^t*"^  =  p(l+  --^^  and  hence  that 

sin  ^  \       nr-^BJ 

1  /     1     \^ 

COttf-S   2  and  00860*^=2  (  ;:)    . 

67.  Show  that 

coB$      ~     \    '^{2r  +  l)^Tr  +  0j 
and  hence  that 

1  /  1  \^ 

-tan  tf  =  2.-^5 r-r-i ^and  sec*tf=S(7ft tt-^ ^)   . 

{2r  +  l)^ir+0  \(2r  +  1)  Jir  +  ^/ 

68.  Hence,  using  the  identity,  cosec  0  =  ^  cot  ^^  +  ^  tan  J^, 
show  that  cosec  ^  *  2  (-  1  )** 7» , 

and  sectf  =  S(-iy  ^ 


(2r+l)i7r  +  ^* 


cft      T£  u         1    4.U      sinos-sinha;  x  ^x 

69.  If  cos  X  cosh  aj  =  1,  then  t—  -  tan  7:  or  -  cot  -zr . 

cos  03- cosh  05  2  2 

70.  Prove  that  sin  2tf  =  2  sin  ^  cos  0  from    the   factor    ex- 
pressions of  sin  ^  and  cos  0, 

71.  Resolve    vers^  into   factors  without    making    use    of 
expression  for  sin  0, 

,^/tan2^-t-tanh2<^^^  ^ /tan^--tanh_^\ 

^"^^     ^"^     Vtan2^-tanh2<^;^**''     Un  ^  +  tanh  <^; 

=  tan"^  (cot  6  coth  ^). 

,3.  ^..^..(,.M)(,.«)(,,^)(..«)... 

,  .  7r»       1        1        1        1 

and  hence  _=___+-__  +  ... 
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75.     =  cosh  ^x  cosh  ^  cosh  ^  ... 

And  hence         -z  =  cosech^ »  +  tto  sech^ «  +  7^  sech^  t  +  •  •  • 

111111 

and  , = =^  +  75  .  ,  +  -r  .  -+  ... 

loga     03-1      2      i+ai     4      i  +  ai 

^/^^xi'raj  1  1  1 

76.  7-tanh-2r=^ — 7^  + 


4a:  2       ar»+l»     ar»  +  3«     ar»  +  5^ 

^^  "T  ^,  11  1 

77.     27- coth  mc  =  27-5  + -= — ^  + 


78. 


2aj  2ar»     ar»+  P     ar»  +  2'     ar»  +  3« 

/,         2  2  2  \ 

/  1       1       1       \  ^ 

V4  +  P^4  +  3«"^4  +  52'*""7~  8' 


79.  tanha;  =  ^  ^    ^  7.-  ... 

14-34-5+7  + 

80.  sin    05  =  = — 


81.       cos     05  = 


1+  6-ar»+   20-ar'+    42-ar»  +  " 
1  ar»  2a:2  i2ar» 


1+  2-ar'+  12 -ar»+  30-ar»+"* 
82.     Find  the  general  form  of  the  component  in  80  and  81. 
X        Qi?  3V  5W 


83.     tan-^aj  = 


1+  3-ar»+  5-3ar»+  7-5x»  +  **' 


84.  Calculate  ^  to  3,  4,  5,  6,  7  decimal  places  respectively 
from  the  formulae  1,  2,  3,  4,  5  of  Art.  539. 

85.  Calculate  tt  to   5   decimal  places    from   the   formulae 
of  Art.  533. 

86.  The  equation  ^  =  cos^  has  one  and  only  one  root:  and 
this  root  lies  between  ^tt  and  \v. 
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CHAPTER  XX. 

THE  CONSTRUCTION   OF  TABLES  AND  INTER- 
POLATION. 

§  1.    The  Construction  of  Tables. 
550.     To  calculate  the  valvs  of  v, 

X -04= -032 

„  =-00128 

„  =-0000512 

„  =-000002048 

„  =-00000008192 

„  =-0000000032768 

„  =-000000000131072 

„  =-0000000000052429 

„  « -0000000000002097 

„  =-0000000000000084 
1  ^  702 = -0002040816326531 
4-70  =-0000029154518950 
^70  =-0000000416493128 
4-70  =-0000000005949902 
-70  =-0000000000084998 
^70  =-0000000000001214 
1  -r  992= -00,01,02,03,04,05,06,07 
-r99  =-00,00,01,03,06,10,15,21 
4-99  =-00,00,00,01,04,10,20,35 
4-99  =-00,00,00,00,01,05,15,35 
-^99  =-00,00,00,00,00,01,06,21 
-J.  99  =-00,00,00,00,00,00,01,07 


^  1= 

-8             4 

4-  3  = 

•0106666666666667- 

-r  5  = 

•   256        4- 

-r  7  = 

73142857143- 

-r  9- 

2275555556  + 

-rll  = 

74472727- 

4-13  = 

2520615  + 

-rl5  = 

87381  - 

^17  = 

3084+ 

4-19  = 

110- 

-21  = 

4  + 

T^  = 

-0142857142857143- 

4-3  = 

9718172983  + 

-r  5  = 

1189980- 

4-  7  = 

174+ 

*= 

-0101010101010101  + 

-r  3  = 

3435367174- 

4-  5  = 

210307  + 

^   7  = 

15- 

= 

-8103582097472824+ 

•0249600463498340- 

iTr  = 

•7853981633974484 

.-.  «■= 3-141592653589793 

^^  +  tan-^A^ 


We  will  use  the  formula  J  tt  =  4  tan~^  \  —  tan" 

The  multiplier  ^j,  which  occurs  in  4tan~^^,  may  be  written 

4 .  10-«. 

Any  pair  of  digits  in  any  power  of  -^  may  be  found  by 

adding  the  preceding  pair  of  digits  to  the  corresponding  pair  i^ 

the  preceding  power.     See  above. 
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551.  Tojini  sin  10". 

TSTehave    ir^-lOO  =-03141592653589793, 

.-.IT  4- 600  =-00523598775598299, 

TT  ^  600  ^  9  =  -00058177641733144, 

TT  H-  600  ^  9  ^  12  =  -00004848136811095. 

Now  let  0  =  circular  measure  of  10"=  ^  ir  -r-  90  4-  60  h-  6  =  above 

calculated  decimal. 

Then,  by  Art.  485,  sin  0  lies  between  6  and  tf  -  J  ^  for  any 
acute  angle. 

But  if  0  measures  10",  6  <  -00005,  i.e.  <  ^ .  10-^ 

.-.  I^<^i5.10-^<i.l0-". 
Hence  writing  0  for  sin  0,  the  error  in  sin  10"  will  be  less 
than  ^.10-^.     That  is, 

JF^or   13   places    of  decirnalsy    sin  10"  =  circular    measure    of 
10"  =  -0000484813681. 

552.  Similarly  we  have  sin  5"  =  -00002424  nearly  by  halving 
the  circular  measure  of  10". 

Thus  sin^  5"  =  (2424  x  \0-y  =  5876  x  lO"", 

.-.  i  (1  -  cos  10")  =  -0000000005876, 
.-.  2  (1  -  cos  10")  =  -0000000023504. 

553.  To  calctUate  the  sines  of  angles  which  are  multiples 
of  10", 

If  a  denotes  any  angle,  we  have 

sin  (n  +  1)  a  +  sin  (ti  -  1)  a  =  2  sin  na  cos  a, 
.*.  sin  (n  +  1)  a  -  sin  na  =  sin  na  -  sin  (ti  -  1)  a  -  (2  -  2  cos  a)  sin  na. 

In  this  equation  let  a=  10".  Then  we  have  found  sin  a  and 
2-2  cos  a. 

Putting  n  =  1  gives  us  sin  20"  -  sin  10". 

Putting  71  =  2  gives  us  sin  30"  -  sin  20". 
And  so  on. 

The  advantage  of  the  above  mode  of  working  is  that  the 
labour  is  reduced  to  the  mere  multiplication  by  the  small  quantity 
2-2  cos  a. 
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654.  To  teat  the  error  involved  in  the  process  of  calculating 
t/ie  sines  of  multiples  of  10". 

Whatever  error  was  originally  involved  in  the  value  used  for 
sin  10"  is  increased  n.  fold  in  calculating  sin  n.  10". 

For  the  error  arising  from  the  term  (2-2  cos  a)  sin  na  is  less 
than  10"*  X  (the  error  in  sinna)  and  may,  therefore,  be  neglected. 

Assuming  then  that,  if  the  error  in  sin  a  is  3,  the  errors  up  to 
sin  na  aro  multiples  of  8,  we  have 

sin  (n  +  1)  a  =  2  sin  na  -  sin  (n  -  1)  a  -  . . . 
in  which  the  error  is  clearly  2n8-  (n  -1)8,  i.e.  (w  +  1)  8. 

Thus,  by  induction,  tve  have,  universally^  the  error  in  sin  na  is 
n  times  the  error  in  a. 

Let  us,  then,  use  the  value  of  sin  10"  which  is  correct  to 
within  ^ .  10"".  Then  the  error  in  60°  would  be  less  than 
60x60x6x  J.  10-",  i.e.  less  than  ^.lO-^.  Hence  the  above 
value  will  enable  us  to  calculate  the  sines  up  to  60°  correctly 
to  the  first  8  decimal  places. 

555.  When  the  sines  of  angles  up  to  60°  have  been  calculated, 
the  remaining  sines  may  be  found  by  simple  addition  from  the 
formula 

(1)  sin  (60°  +  il)  -  sin  (60°  -  il)  =  2  cos  60°  sin  il  =  sin  A, 

Or,  stopping  short  at  45°,  the  remaining  sines  may  be  found 
by  approximating  to  the  value  of  J2  from  the  formula 

(2)  sin  (45°  +  1)-  sin  (45°  -A)  ==2  cos  45°  sin  .4  =  ^2  •  sin  A, 
Or,  stopping  short  at  30°,  the  remaining  sines  up  to  60°  may 

be  found  by  approximating  to  the  value  of  ^3  from  the  formula 

(3)  sin  (30°  +  il)  -  sin  (30°  -A)  ^2  cos  30°  sin  ^  =  ^3  .  sin  A. 
After  this  we  may  use  formula  (1)  to   find   the   remaining 

sines. 

556.  Having  found  the  sines,  the  other  ratios  may  be  found 
from  the  following  : — 

cos  i4  =  sin  (90° -/I), 
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tan  A  =  sin  A -7-  cos  A  and  tan  (45**  +  A)-  tan  (45°  ~A)  =  2  tan  2A, 
cot  A     =tan(90'-il), 
cosec  A=^  (tan ^A  +  cot  ^A), 
sec  A     =  cosec  (90**  -  -4). 

567.  The  accuracy  with  which  the  calculations  are  per- 
formed may  be  tested  by 

(1)  The  known  values  of  the  ratios  of  certain  angles  (as 
proved  in  Chap.  TV.),  the  surd  expressions  in  which  may  be 
evaluated. 

(2)  The  known  values  of  the  ratios  of  certain  differences  in 
the  angles. 

Thus  since  the  ratios  of  3°  are  known  frora  those  of  18** 
and  15°,  the  ratios  of  angles  differing  by  3*  may  be  successively 
iound  independently. 

(3)  The  following  two  so-called  Formulce  of  Verification^ 
viz.  : 

sin  {W  +  A)  -  sin  (36'  -  ^)  -  sin  (72°  +  il)  +  sin  (72°  -  il)  =  sin  ^. 
cos(36°  +  ^)  +  cos(36°-^)-cos(72°  +  .4)-cos(72°-^)  =  cosil. 

558.  The  method  of  constructing  the  tables  of  the  logarithms 
of  given  numbers  has  been  explained  in  Chapter  XVIII.  Having 
found  the  ratios  of  angles  as  above,  we  may,  therefore,  use 
the  table  of  logarithms  to  find  the  logarithms  of  the  ratios.  But, 
by  the  method  explained  in  the  following  article,  we  may  find  the 
logarithms  of  the  ratios  without  using  the  table  of  the  ratios. 

559.  To  find  the  logarithm  oftlie  cosine  of  any  angle. 

In  order  to  calculate  logarithms  we  require  to  use  factor 
formulae.     Thus  we  have 

costf=(l-^)(l-^)(l-g^j... 
Nowputtf  =  -  .  ^.     Thus 

'("»-)-('-S)('-^-)('-^)- 
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Taking  logarithms,  we  have   log  cos  (  —  90° ) 

=  log  (n  +  m)-^  log  (n  -  w)  -  2  log  n 

+  log  (3w  +  m)  +  log  (3n  -  m)  -  2  log  3n  +  ... 
The  logarithms  of  the  first  one  or  two  factors  may  thus  be 
found  from  the  table  of  logarithms ;  those  of  the  remainder  should 
be  found  from  the  formula 

logio(l-aj)  =  -logioc(a;  +  ^ar^  + ^0*+  ...). 

Thus  after  finding  the  logarithms  of  the  first  two  factors  by 
the  tables,  we  have  for  the  remainder  to  subtract 

These  series  converge  with  sufficient  rapidity  for  purposes  of 
calculation. 

560.  After  calculating  the  logarithms  of  any  one  ratio,  to 
find  the  others  requires  no  more  complex  operation  than  mere 
subtraction. 


§  2.     The  Theory  of  Interpolation. 

561.  We  shall  now  examine  the  basis  and  limits  of  the 
theory  of  Proportional  Differences,  which  is  applied  to  inter- 
polate values  of  quantities  intermediate  between  two  tabulated 
values.  The  general  nature  of  the  discussion  may  be  thus  in- 
dicated. 

Let/(a;)  be  some  function  of  x,  whose  values  are  tabulated  to 
cm  assigned  degree  of  accuracy  for  successive  values  of  x  differing 
by  am,  assigned  amount.  We  shall  show  that  to  a  certain  deter- 
minable degree  of  accuracy 

/(x  +  d)~/{x)  =  dx  (some  function  of  x) 
when  d  does  not  exceed  a  certain  amount. 

The  coefficient  of  d  in  the  above  equation  is  independent  of  4 
but  dependent  upon  x  and  upon  the  form  of  the  functional    It  is 
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called  the  Differential  Coefficient  oif{x)  with  respect  to  Xy  and  is 
-writtenyi  (a?).     Thus  approximately 

/{x^d)-/{x)^d.Mxy 

The  degree  of  accuracy  of  the  above  equation  increases  as  d 
decreases.  The  general  object  of  the  discussion  is  to  determine 
w^ith.  what  degree  of  accuracy  it  holds  in  any  case. 

562.     After  showing  how  far  the  equation 
f(x  +  d)-/{x)  =  d.Mx) 
holds   true   in  any  case,  we  may,  by  varying  d  and   fixing   x, 

^'^  f{^^d')-f{x)^d',Mx), 

Thus  f{x^d)-f{x)_d 

■''''"  f(x^d')-f(x)      d'' 

If  then  d'  is  the  amount  by  which  the  successive  values  of  x 
in  the  tables  differ,  this  equation  gives  us  either 

(1)    /{oj  +  d)  —f{x)  in  terms  of  c?, 
or   (2)     d  in  terms  oi/(x  +  d)  —/{x)» 

Though  these  two  problems  are  theoretically  identical,  yet 
they  require  a  different  discussion  when  applying  the  theory 
to  interpolate  in  the  tables.  For,  firstly^  the  tabulated  differences 
in  X  are  constant  so  that  those  iny(a;)  are  variable;  and,  secondly^ 
the  accuracy  with  which /(a;)  is  determined  for  any  value  of  x  is 
constant^  but  that  with  which  x  is  determined  for  any  value 
oif(x)  is  variable.  In  consequence  of  this  distinction,  it  will  be 
found  that /(a;  +  d)  must  be  expanded  in  powers  of  dy  not  x  +  d 
in  powers  oi/(x-\-  d)  —/(«). 

563.     To  find  the  difference  of  the  logarithms  of  two  members 
approximately  m  terms  of  the  difference  of  the  numbers. 
Let  d  be  less  than  n.     Then 

log  (n  +  d)-  log  n  =  log =  log  ( 1  +  -  ) 

n  \       nj 

where  /u,  stands  for  the  modulus  logi^  e. 
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In  this  series  the  terms  are  continually  decreasing  and  alter- 
nate in  sign. 

Hence,  the  series  differs  from  ^—  by  a  quomtity  less  than  ^ . 

Now  iL  =  logio e  <  log,  3,  Le.  <  J. 

Suppose  then  t 
greater  than  10"**, 


d  (P 

Suppose  then  that  -  is  not  greater  than  10"^;  then  -^  is  not 


.•.g<i.io-* 

Hence,  if  -  is  not  greater  than  10"^,  the  equation 
n 

log  (n  +  c?)  —  log  n  =  IX- 
holds  as  far  as  2p  decimal  places. 

564.  To  apply  the  logarithmic-difference  formvla  to  the  inter-    ^ 
polation  of  the  required  logarithm  of  a  given  number. 

Tables  are  published  of  the  logarithms  of  all  integral  numbers 
from  10000  to  100000.  Hence,  if  we  require  the  logarithm  of  a 
fraction  lying  between  two  such  integers,  the  ratio  of  c^  to  n  is 
never  greater  than  10"*.  Hence,  if  the  logarithms  were  tabu- 
lated to  8  decimal  places,  we  might  interpolate  in  such  a  table, 
correctly  to  8  decimal  places^  the  logarithms  of  any  fractional 
numbers  by  means  of  the  formula 

log  (n-k-d)-\ogn  _d 

log(7H-  l)-logw""  T' 

565.  Conversely,  to  apply  the  logarithmic-difference  formula 
to  the  interpolation  of  the  required  number  corresponding  to  a  given 
logarithm. 

The  logarithms  are  tabulated  to  7  decimal  places.  In  the 
difference  formula,  put  c?=  1.     Thus 

log  (n  -I- 1)  -  log  w  =^  -  =  iV.  10"^  say. 
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Sere  N  is  the  tabulated  difference  in  the  logarithms  corre- 
sponding to  the  difference  I  in  the  numbers  at  any  part  n  of  the 
taUe.  Hence  we  can  find  N  different  numbers  between  n  +  1 
and  n  whose  logarithms  differ  in  the  first  7  places  of  decimals. 
Sence,  at  this  part  of  the  table,  we  can  find  accurately  to  an  ilT*** 
of  unity  any  intermediate  number  whose  logarithm  is  given  cor- 
rectly to  7  decimal  places. 

Now  N  varies  inversely  as  n. 

Hence,  as  we  proceed  in  the  table,  we  can  interpolate,  between 
numbers  differing  by  the  constant  amount  unity,  a  continually 
smaller  number  of  values  corresponding  to  given  logarithms 
calcidated  to  a  fixed  number  7  of  decimal  places. 

566.  To  Jind  the  difference  of  the  sines  of  two  angles  approxi- 
mately in  terms  of  the  difference  of  the  angles* 

'  Let  8  <  1  be  the  circular  measure  of  an  angle.     Then 
sin  (a  +  8)  —  sin  a  =  cos  a  sin  8  —  sin  a  (1  —  cos  8) 

=  cosa(8-i8«+...)-sina(^8»-3ij8*+...). 

In  this  series  after  8  cos  a  the  terms,  taken  in  pairs,  are  con- 
tinually decreasing  and  alternate  in  sign. 

Hence  the  series  differs  from  8  cos  a  by  a  quantity  less  tiian 
JS"  sin  a  +  ^8*  cos  a. 

Let  8  be  the  circular  measure  of  an  angle  less  than  y.     Then 

.'.  82  <  9  .  10-8  and  8«  <  27 .  10-^^ 
Also  sin  a  and  cos  a  are  <  1. 

.-.  ^8^  sin  a  +  ^^  cos  a  <  ^ .  10-^ 

Hence,  if  8  is  not  greater  than  the  circular  measure  of  1',  the 
equation 

sin  (a  +  8)  —  sin  a  =  8  cos  a 

holds  as  far  as  7  decimal  places^^ 

J.  T.  26 
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567.  To  interpolate  the  sine  of  any  given  angle  between  a  and 
a  + 1',  we  may  use  the  above  formula  which  will  give  the  reqxdred 
sine  correctly  to  7  decimal  places. 

568.  But  conversely,  to  interpolate  an  angle  corresponding  to 
a  given  sine,  in  the  sine-difference  formula  put  for  3  the  circular 
measure  of  T.     Then 

sin  (a  +  1')  -  sin  a  =  -  aqaa  cos  a  =  JV.  10~'  say. 

Here  iT  is  the  tabulated  difference  in  the  sines  corresponding 
to  the  difference  1'  in  the  angles  at  any  part  a  of  the  table. 
Hence  we  can  find  iT  different  angles  between  a  +  1'  and  a  whose 
sines  differ  in  the  first  7  decimal  places. 

Now  as  the  angle  a  increases  up  to  90°,  cos  a  and  therefore  N 
decreases.  Hence  we  can  find  intermediate  angles  from  their 
sines  with  continually  decreasing  accuracy  as  we  approach  90'. 

For  example,  sin  78°  5'  and  sin  78°  6'  differ  by  60O.  lO"'. 
Hence  up  to  78°  6'  we  can,  from  the  sines  of  angles  given 
correctly  to  7  places,  interpolate  angles  correctly  to  within  a 
600***  of  a  minute ;  i.e.  a  10***  of  a  second.  Again  sin  84°  3'  and 
sin  84°  4'  differ  by  300  .  10"^  Hence  up  to  this  point  we 
can  similarly  interpolate  correctly  to  within  a  5***  of  a  second. 
And  so  on. 

569.  To  find  the  difference  of  the  tangents  of  two  angles 
approximately  in  terms  of  the  difference  of  the  angles. 

Here  we  have 

..      .  sin  (a  +  8)  cos  a  -  cos  (a  +  8)  sin  a 

tan  (a  +  8)  -  tan  a = ^ ^- — -. sr — ^ 

^         '  cos  (a  +  d)  cos  a 

sin  8  sec*  a 


cos^  a  cos  8  —  cos  a  sin  a  sin  8     cot  8  ~  tan  a ' 

1 

Now  cot  8  <  «; .     Hence  the  difference  of  the  tangents 

sec  ci 
>  7-7« — r—^-  ,  ^  fortiori  >  8  sec*  a. 
1/8  -  tan  a 
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1    s 

But  cot  8  >  -s  —  H  •     Hence  the  difference  of  the  tangents 
0      ^ 


8sec« 


a 


l-8tana-i8*' 


Thus  tan  (a  +  8)  -  tan  a  differs  from  8  sec'  a  by  a  quantity  less 

t^lian 

8*  sec*  a  (tan  a  +  i8)  ,    -^       ,     ^ 

-^ — =— ^^ =-s|-^  =  nearly  cr  sec*  o  tan  a. 

1—6  tan  a  —  ^O'* 

This  quantity  increases  as  a  and  as  8  increase. 

Now  it  will  be  found  by  examining  the  tables  that  approxi- 
mately tana  sec*a=l,  when  a  is  34*;  =10,  when  a  is  64'; 
=  100,  when  a  is  78°;  =  1000,  when  a  is  84°:  and  so  increases 
more  and  more  rapidly  up  to  90°,  when  it  is  infinite.  Hence  the 
tangent-difference  formula  is  less  and  less  accurate  as  the  angle 
Approaches  90°. 

570,  Hence,  to  interpolate  a  tangent  corresponding  to  a 
given  angle  between  a  a/nd  a  +  1',  the  equation 

tan  (a  +  8)  -  tan  a  =  8  sec*  a 

holds  for   7   places,  up   to  34°;  for   6  places,  up  to   64°;    for 
5  places,  up  to  78°;  for  4  places,  up  to  84°;  and  so  on. 

571.  Conversely,  to  interpolate  an  angle  corresponding  to 
a  given  talent,  in  the  tangent-difference  formula  put  for  8  the 
circular  measure  of  1'.     Thus 

tan  (a -I- r)  -  tan  a  =  YTxoTvQ  sec*a  =  iV^.  10"'  say. 

Here  iT,  which  varies  as  sec*  a,  increases  as  a  increases.  Its 
smallest  value,  viz.  the  difference  between  tan  0  and  tan  1',  is 
about  3000.  Hence  even  here  we  could  find  an  angle  correctly 
to  within  nearly  x?7  ^^  *  second  corresponding  to  a  tangent  given 
correctly  to  7  decimal  places. 

Now  the  difference  in  the  tangents  for  1'  is  at  34°  about 
4000  X  10-';  at  64°,  1500  x  10-«;  at  78°,  600  x  10-»;  at  84°, 
270  X  10"*;  and  so  on. 

26—2 

Digitized  by  VjOOQIC 


404      CONSTRUCTION  OF  TABLES  AND  INTERPOLATION. 

Hence  we  can  find  angles,  when  the  tangents  are  giveo 
correctly  to  7  decimal  places  from  0  to  34'',  with  an  accuracy 
increasing  from  ^  to  ^  of  a  second:  when  the  tangents  ara 
given  to  6  places  from  34*  to  64',  with  an  accuracy  increasing 
from  -^  to  ^  of  a  second:  when  the  tangents  are  given  to 
5  places  from  64*"  to  78°,  with  an  accuracy  increasing  from 
^  to  -^  of  a  second:  when  the  tangents  are  given  to  4  places 
from  78**  to  84**,  with  an  accuracy  increasing  from  1  to  ^  of  a 
second :  and  so  on. 

572,  To  find  the  d\fferenc6  of  the  secants  (fttvo  angles  approxi- 
puUely  in  terms  of  the  difference  of  the  cmgles. 

Here  we  have 

,       ^.  sec  a  sec  8 

sec(a  +  o)-seca=- — -     -  -     -^  — seca 
^        '  l~tanatan3 

=  sec  a  sec  8(1  +  tan  a  tan  8  + tan' a  tan' 8 +...)  — sec  a. 

Now  sec8>l  and  tan 8 > 8.  Hence  the  difierence  of  the 
secants  >  8  sec  a  tan  a. 

But  cos  8  >  1  -  ^8*  and  sin  8  <  8.  Hence  the  difference  of  tiie 
secants 

seca 
^l«8tana-i8''"^'*' 

Hence  sec  (a  +  8)  -  sec  a  differs  from  8  sec  a  tan  a  by  a  quantity 

8'seca(i+tan'a  +  i8tana)  ,    ^  /      ,        ,v 

< ll8tMia>^8» ^  =  wear/y  8'8eca(sec'a-i). 

This  quantity  increases  as  a  and  as  8  increase. 

Now  it  will  be  found  by  examining  the  tables  that  approxi- 
mately sec  a  (sec' a  -  ^)  =  1  when  a  is  33°;  =  10  when  a  is  63°; 
=  100  when  a  is  77°;  =1000  when  a  is  84°;  and  so  increases 
more  and  more  n^idly  up  to  90°  where  it  is  infinite. 

Hence  the  secant-difference  formula  is  less  and  less  accurate 
as  we  approach  90°. 
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573.  Hence,  to  interpolate  a  secant  corresponding  to  a  given 
a/ngU  between  a  and  a  +  T,  the  equation 

sec  (a  +  8)  -  sec  a  =  8  sec  a  tan  a 

holds  for  7  places  up  to  33** ;  for  6  places  up  to  63*;  for  5  places 
up  to  77° ;  for  4  places  up  to  84* ;  and  so  on. 

574.  Conversely,  to  interpolate  an  angle  corresponding  to  a 
given  secant,  in  the  secant-difference  formula  put  for  B  the  circular 
measure  of  1'.     Thus 

sec  (a  +  V)  -  sec  a  =-  .  sec  a  tan  a  =  N .  10"'  say. 

Here  iV  increases  as  a  increases.  Hence,  as  we  approach  zero, 
-we  can  interpolate  an  angle  with  less  and  less  accuracy  correspond- 
ing to  a  given  secant.  For  instance  sec  11°  28'  and  sec  IV  29' 
differ  by  600  x  10"^  Hence  here  we  can  find  angles  to  within  ^ 
of  a  second  corresponding  to  secants  given  correctly  to  7  places. 
Again  sec  3°  13'  and  sec  3°  14'  differ  by  160  x  10"^  .Hence  here 
we  can  interpolate  an  angle  correctly  to  within  only  f  of  a 
second.     And  so  on. 

On  the  other  hand  as  we  approach  90°  we  find  the  following 
results.  The  difference  in  the  secants  for  1'  is  at  first  about 
2xl0-^  and  at  33°  about  2000  xlO"';  at  63°,  1200x10-'; 
at  77°,  600  X  10-*^ ;  at  84°,  250  x  10-* ;  and  so  on. 

Hence  we  can  find  angles,  when  the  secants  are  given  correctly 
to  7  decimal  places  from  1'  to  33°,  with  an  accuracy  increasing 
from  30"  to  -^j^  of  a  second;  when  the  secants  are  given  correctly 
to  6  decimal  places  from  33°  to  63°,  with  an  accuracy  increasing 
from  1^  to  ^  of  a  second ;  when  the  secants  are  given  correctly 
to  5  decimal  places  from  63°  to  77°,  with  an  accuracy  increasing 
from  ^  to  ^  of  a  second ;  when  the  secants  are  given  correctly 
to  4  decimal  places  from  77°  to  84°,  with  an  accuracy  increasing 
from  1  to  J  of  a  second;  and  so  on. 

575.  The  secondary  ratios  cosine,  cotangent,  and  cosecant  of 
an  angle  being  simply  the  sine,  tangent,  and  secant  respectively 
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of  the  complementary  angle  need  not  be  treated  separately.  As 
the  secondary  ratios  vary  incongruently  with  the  angle,  their 
differences  will  be  negative  when  the  difference  in  the  angle 
is  positive.     Thus  approximately 

cos     (a  +  8)  -  cos     a  =  -  S  sin  a, 
cot     (a  +  8)  —  cot     o  =  —  8  cosec*  a, 
cosec  (a  +  8)  —  cosec  a  =  —  8  cosec  a  cot  cu 

Precisely  similar  limits  of  accuracy  attach  to  these  equations 
as  to  those  of  the  primary  ratios;  if  we  substitute  0  for  90*, 
greater  angle  for  less  angle,  and  so  on. 

576.  To  find  the  difference  in  the  log  sines  of  two  angles 
in  terms  of  the  difference  of  the  angles. 

H6re  we  have 

log  sin  (a  +  8)  -  log  sin  a  =  log  (cos  8  +  cot  a  sin  8). 
Now  cos  8  <  1  and  sin  8  <  8. 

Hence  the  difference  of  the  log  sines  is  <  log  (1  +  8  cot  a) 
<fi(8cota- J8*cot*a+  ...)  if  8  cota<l. 

This  series  has  terms  alternate  in  sign  and  decreasing  in  magni- 
tude.    Hence,  d,  fortiori^  the  difference  in  log  sines  is  <fi8  cot  a. 

Again 

log  sin  (a  +  8)  -  log  sin  a  =  log  cos  8  +  log  (1  +  cot  a  tan  8). 
Now  cos  8>  1  —  ^8*  and  tan 8> 8. 

Hence  the  difference  of  the  log  sines  is 
>/Lt{8cota-i8»(l+cot3a)  +  |88cot«a-^(J  +  cot*a)+  ...}. 

Thus  log  sin  (a  +  8)  -  log  sin  a  differs  from  fi8  cot  a  by  a 
quantity  which  is  <  ^/Ji8*  cosec'  a. 

This  quantity  decreases  as  a  increases. 

Now  if  8  measures  an  angle  not  greater  than  T,  ^/xS*  i& 
not  greater  than  2 .  lO"*. 

Now  it  will  be  found  on  examining  the  tables  that  approxi- 
mately cosec' a  =  5   when   a  is   27°;   =50  when  a  is  8*;   =500 
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i^hen  a  is  2 J° ;  =  5000  when  a  is  48' :  and  so  increases  more  and 
more  rapidly  down  to  0  where  it  is  infinite. 

Sence  the  log  sine  difference  formula  is  less  and  less  accurate 
as  ^we  approach  0. 

577.  Hence,  to  interpolate  a  log  sine  corresponding  to  a  given 
angle  bettveen  a  and  a  + 1',  the  equation 

log  sin  (a  +  8)  —  log  sin  a  =  fi8  cot  a 
holds  for  7  places  down  to  27°;  for  6  places  down  to  8';  for  5 
places  down  to  2^  \  for  4  places  down  to  48' ;  and  so  on. 

578.  Conversely,  to  interpolate  an  angle  corresponding  to 
a  given  log  sine,  in  the  log  sine  difference  formula  put  for  8  the 
circular  measure  of  1'.     Thus 

log  sin  (a  +  1')  -  log  sin  a=y^^Y)  ^^*  ^  -  ^'  ^^"^  ^7* 

Here  JV  varies  as  cot  a  and  therefore  increases  as  a  decreases. 
Hence,  as  we  approach  zero,  we  find  the  difference  in  the  log 
sines  for  1'  is  at  27"  about  2478x10"';  at  8',  900xl0-«; 
at  2Y,  300  X  10-»;  at  48',  90  x  10-^ 

Hence  we  can  find  angles,  when  the  log  sines  are  given 
correctly  to  7  decimal  places  down  to  27**,  with  an  accuracy  that 
increases  up  to  ^  of  a  second;  when  the  log  sines  are  given 
correctly  to  6  places  from  27°  down  to  8°,  with  an  accuracy  that 
increases  from  ^  to  -^  of  a  second ;  when  the  log  sines  are  given 
correctly  to  5  places  from  8°  down  to  2^°,  with  an  accuracy 
that  increases  from  §  to  ^  of  a  second;  when  the  log  sines 
are  given  correctly  to  4  places  from  2^'  to  48',  with  an  accuracy 
that  increases  from  2  to  §  of  a  second :  and  so  on. 

As  we  approach  90°,  cot  a  decreases;  hence,  we  can  inter- 
polate angles  from  their  log  sines  with  continually  less  and  less 
accuracy  as  the  angle  increases  to  90°.     Thus 

The  difference  in  log  sines  for  1'  is  at  64°  35'  about  600  x  10"'; 
at  81°  54'  about  180x10"'^;  at  84°  34'  about  120x10"';  at 
87°  19'  about  60  x  10"';  and  so  on. 
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ThoB  when  the  log  sines  are  given  correctly  to  7  dedmal 
places,  we  may  find  the  corresponding  angle  at  64*"  35'  within 
;^  of  a  second;  at  81*  54'  within  J  of  a  second;  at  84**  34' 
within  ^  a  second ;  at  87**  19'  within  1  second ;  and  so  on. 

579.  Since  approximately 

log  sin  (a  +  8) -log  sin  a  ==fi3  cot  a    L 

.*•  changing  a  into  Jir  +  a, 

log  cos  (a  +  8)  -  log  cos  a  s  -  ;jiS  tan  a 11. 

.'.  subtracting  II.  from  I, 

log  tan  (a +  8) -log  tan  a  =  2fiS  cosec  2a III. 

Again,  since  log  (I  +  a:)  =  -  log  as, 

from  m,         log  cot  (a  +  8)  -  log  cot  a  =  -  2/a8  cosec  2a IV. 

from  II,  logsec  (a  +  8)  -  log  sec  a  = /a8  tan  a V. 

from  I,  log  cosec  (a  +  8)  -  log  cosec  a  =- /i8  cot  a  VI. 

Similar  limits  of  accuracy  attach  to  these  latter  equations  as 
to  I, 

580.  We  have  seen  that  as  the  angle  decreases  to  zero,  the 
degree  of  accuracy  with  which  we  can  interpolate  from  the 
log  sine  difference  formula  decreases  rapidly.  Hence  it  is  im- 
portant to  overcome  this  difficulty.  The  method  is  explained  in 
the  following  articles. 

581.  We  have  log  sin  tf  =  log  ^-^— +  log  tf  L 


6 


-^       ,      sin(^  +  8)     ,      sin^     ,      sin(tf  +  8)     ,      d  +  S 
=  log(l  +  8cot^-i8^+...)-log(l  +  |) 

=/i8  Uote-^^^iii.^  UoB^e-^  + ... 

:The  terms   in   this   series   after  the  first  are   alternate  itt 
sign  and  diminishing  in  magnitude.     Hence  the  difference  of  t)ie 
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£uzLot>ions  log  — ^—  differs  from  /a8  Tcot^  — ^  j  by  a  quantity  lesa 

ZNow  when  0  is  small  cosec^  6  is  nearly  equal  to  ^ ;  hence,  8 

l>eirLg  less  than  the  circular  measure  of  1',  the  above  quantity  is 
leBs  than  10-'. 

Hence  a  table  of  functions  of  the  form  log(sind-r^)  for 
every  minute  would  be  one  in  which  we  could  use  the  formula  of 
proportional  differences  correctly  to  7  decimal  places. 

It  is  necessary  to  explain  how  such  a  table  could  be  used. 

582.  To  explain  how  a  tahle  of  functions  of  the  form 
log  (sin^-t-  $)  eouM  be  used^ 

Let  6  contain  n  seconds.  Then  equation  I.  of  last  article 
may  be  written 

Zsinw"  =  log  — ^—  +  10  +  log<r  +  logw II. 

where  o-  denotes  the  circular  measure  of  1"  =  4*848137  x  10"'. 

By  reference  to  the  table  of  logarithms  we  shall  find  that 
logo- =6-6855749. 

Hence  a  table  might  be  constructed  in  which  the  constant 
4*6855749  is  added  to  the  value  of  log  (sin  B-^B)  for  every  minute 
(or  smaller  interval)  of  small  angles. 

Then  to  find  the  log  sine  corresponding  to  an  angle  of  n'\  we 
should  add  to  this  tabulated  value  the  logarithm  of  n  found  from 
the  table  of  logarithms.  Morieover  since  n  would  not  be  more 
than  100000  we  could  interpolate  for  fractional  values  of  n  if 
required  to  find  log  w. 

Conversely,  to  find  the  angle  corresponding  to  a  log  sine,  we 
should  first  interpolate  in  the  ordinary  tables  to  find  an  approxi- 
mate value  of  the  angle.     We  should  then  use  this  value  to  find 
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log  — n    +  10  +  log  <r  from  the  tables :  and  subtract  this  from  the 

given  Z  sin  in  order  to  find  logn  by  equation  II.  The  error 
arising  from  using  this  approximation  would  be  proportional  to 
/i(cotd— 1/d),  which  is  a  very  small  quantity  compared  with 
/i  cot  $^  to  which  the  error  in  log  sin  0  is  proportional. 

The  above  method  is  known  as  Delamhre^a  MetJiod, 

583.  A  modification  of  Delambre's  Method  is  applicaUe  to 
the  log  sines  and  also  to  the  log  tangents  of  small  angles.  It  is 
called  Masihdyn^B  Method. 

We  have 

Zsinn"  =  log  -^—  +  10  + logo- +  log w II. 

u 

L  tann"  =  log  -^  +  10  +  log <r  +  logn III. 

Now  sintf=:tf-J^  and  tantf  =  tf  +  ^^  and  costf=l-J^ 
approximately  for  small  angles. 

*.   sind     .  \        ,  tan^     .       ..-I  .      ^, 

. .  — ^—  =  (cos  B)    a/nd  — ^—  =  (cos  6)      approximately. 

•*•  log  — ^  =  ^logcosd  and  log  — ^  =  - 1  log  cos  d. 

Hence  the  equations  II.  and  III.  may  be  used  by  employing 
the  ordinary  tables  of  the  log  cosines. 

584.  The  method  of  argument  in  this  section  may  be 
summed  up  as  follows  : 

By  expanding  /(x  -hd)-/  (x)  in  powers  of  d,  we  find  that  it 
is  approximately  equal  to  a  quantity  involving  d.  It  diflFers, 
however,  from  this  quantity  approximately  by  a  second  quantity 
involving  cP. 

The  limit  of  the  term  involving  cP  assigns  the  limit  of  accuracy 
with  which  the  formula  of  proportional  differences  may  be  used. 
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Thus,  in  interpolating  a  value  of  f{x)  when  the  value  of  x  is 
given,  the  degree  of  accuracy  vcui'ies  inversely  with  this  second 
term  which  involves  cP. 

But,  in  interpolating  a  value  of  x  when  the  value  of  f{x)  is 
given,  the  degree  of  accuracy  varies  directly  with  the  first  term 
^which  involves  d, 

585.  When  the  term  involving  c^  is  so  loflrge  as  to  incon- 
veniently restrict  the  degree  of  accuracy  with  which  a  value  of 
y  (a?)  may  be  interpolated,  then  the  differences  in  f{x)  are  said  to 

be  irregular. 

When  the  term  involving  c?  is  so  smodi  as  to  inconveniently 
restrict  the  degree  of  accuracy  with  which  a  value  of  x  may  be 
interpolated,  then  the  differences  in  f{x)  are  said  to  be  in- 
sensible. 

586.  In  the  preceding  two  articles  it  is  essential  to  note  that 
the  possibility  of  applying  the  formula  of  proportional  differences 
depends  primarily  upon  the  smallness'  of  the  second  term  in- 
volving cP. 

Hence  the  absoliUe  smallness  of  this  term  measures  the 
accuracy  for  interpolating /(a;)  from  x. 

And  the  relative  smallness  of  this  term  as  compared  with  the 
first  term  measures  the  accuracy  for  interpolating  x  from /(a;). 

587.  The  general  conclusions  are  summed  up  by  using  the 
terms  irregular  and  insensible. 

I.  The  differences  in  sin  a  are  insensible  as  a  approaches  90" : 
hence  the  accuracy  for  interpolating  a  from  sin  a  diminishes  as  a 
increases. 

II.  The  differences  in  tan  a  and  in  sec  a  are  irregular  as  a 
approaches  90";  hence  the  accuracy  for  interpolating  tana  or 
sec  a  from  a  diminishes  as  a  increases :  and  the  differences  in 
tana  and  sec  a  are  insensible  as  a  approaches  zero;  hence  the 
accuracy  for  interpolating  a  from  tana  or  sec  a  diminishes  as 
a  diminishes. 

Digitized  by  VjOOQIC 


412   CONSTRUCTION  OP  TABLES  AND  INTERPOLATION. 

III.  The  differences  in  log  sin  a  and  log  tan  a  are  irregular  as 
a  approaches  zero;  hence  the  accuracy  for  interpolating  log  sind 
or  log  tana  diminishes  as  a  diminishes:  and  the  differences  in 
log  sin  a  and  log  tan  a  are  insensible  as  a  approaches  90® ;  hence 
the  accuracy  for  interpolating  a  from  log  sin  a  or  log  tan  a 
diminishes  as  a  increases. 


Errors  in  measurement, 

588.  The  determination  of  a  required  length,  or  angle  by 
means  of  trigonometrical  formulae  illustrates  the  value  of  the 
investigations  of  this  chapter. 

Thus  the  required  magnitude  is  a  certain  function  of  magni- 
tudes directly  measured.  But  any  magnitude  directly  mMzsu/red 
is  subject  to  an  error^  whose  limit  is  generally  known.  Hence  it 
becomes  important  to  evaluate  the  possible  error  in  the  derived 
magnitude. 

A  few  examples  will  illustrate  this  point. 

Example  1.  The  height  A  of  a  tower  is  determined  by  measuiiiig 
a  horizontal  line  a  from  its  base  and  the  ande  of  elevation  B  of  the  top 
of  the  tower  at  the  end  of  the  line.  Find  the  possible  error  in  the 
height  h  due  to  the  possible  error  b  in  the  angle  B. 

Here  we  have  A=a  tan  B  for  estimated  height 

and  A' = a  tan  {B + d)  for  real  height. 

.'.  possible  error,  i.e.  A'  -  A = a  {tan  (^ + 5)  -  tan  B} 

=a5sec2^  approximately. 

Hence  the  absolute  possible  error  varies  as  sec*^,  and  therefore 
increases  as  B  increases. 

But  the  relative  possible  error,  i.e.  the  ratio  of  the  absolute  possible 

error  to  the  whole  height  =  — r — -r  =2d  cosec  2^ :  which  is  least  when 
^  atan^ 

^=45°. 

Example  %  The  height  A  of  a  hill  is  determined  by  measuring  the 
angles  of  elevation  a  and  j3  of  the  top  and  bottom  of  a  tower  of  hekjit 
h  on  the  top  of  the  hill.  Find  the  possible  error  in  h  due  to  a  possible 
error  5  in  the  angle  a. 
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Sere  we  have  (h+b)  cot  a^hoot^ 
bcota 


and  A'  = 


cot  j3- cot  a     tana  cot  j3-l' 

b 
tan(a+d)coti3-l' 
.  ^-^'^tan(a+^)  cotjS-l 
'•     h'    "      tanacotjS-l 

dsec^acotjS  .      .  , 

=d{cot(a-i3)+tano}, 
-wrliich  gives  the  relative  error. 


Examples  XX. 

1.  Show  that  the  equation  sin^  =  ^  may  be  used  with  the 
following  degrees  of  accuracy  : 

From  zero  to  18'  up  to  7  places :  from  zero  to  52'  up  to 
6  places;  from  zero  to  95'  up  to  5  places;  from  zero  to  164'  up  to 
4  places. 

Hence  calculate  the  sines  of  7'  12";  30'  15";  1°;  and  2°  11'  2" 
as  accurately  as  is  possible  from  the  formula  sin  0  =  $, 

2.  Given  that  the  moon  subtends  at  the  earth  an  angle  of 
half  a  degree,  find  the  distance  at  which  a  circular  plate  of  six 
inches  diameter  must  be  placed  so  as  just  to  conceal  it. 

3.  Given  that  the  radius  of  the  earth  is  3960  milesj  show 
that  the  number  of  miles  in  the  visible  horizon  from  a  point  of 
observation' at  a  given  number  oi  feet  above  the  ground  may  be 
found,  approximately,  by  adding  to  the  number  of  feet  its  half 
and  taking  the  square  root  of  the  result. 

4.  Given  that  the  tangents  of  32'  11',  32*'  12',  57'  48'^ 
57'  49' are  respectively  -6293274,  -6297336, 1-5879731, 1-5889979,. 
find  the  cosecant  of  64'  22'  26". 
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5.  Given  that  sin  (45* +  .4)= '71,  show  that  A  is,  ap- 
proximately, 14'  or  89*  46',  the  circular  measure  of  1'  being 
•0002909. 

6.  Given  that  — ^—  =  .^^^-^ ,  show  that  $  is  the  circular  mea- 

u         17o4 

sure  of  3'  22'  approximately. 

7.  Given  that  the  tangents  of  21°  20'  and  34*  20'  are 
•3905541  and  -6830066  respectively,  find  the  tangent  of 
55*  40'. 

8.  From  a  table  of  tangents  calculated  for  every  minute, 
show  that  an  angle  may  be  determined  to  within  about  ^th  part 
of  a  second  when  the  angle  is  about  30* :  and  to  within  about 
^th  part  of  a  second  when  the  angle  is  about  60*. 

9.  From  a  table  of  log  sines  calculated  for  every  minute, 
show  that  an  angle  may  be  determined  to  within  about  |^  of  a 
second  when  the  angle  is  about  88°  or  about  3J*. 

10.  Find  Zsin  1*  40'  15"  by  interpolating  in  the  table  of 
log  sines  directly.  Then  find  its  value  by  Maskelyne's  method  : 
and  hence  compare  the  degrees  of  accuracy  of  the  two  methods. 

11.  Find  the  angle  whose  log  sine  is  2-7523456. 

12.  If  the  angle  (7  of  a  triangle  be  very  obtuse,  the  number 
of  seconds  in  its  defect  from  180*  is  very  nearly 

206265    /!H<*  +  b)(a  +  b-c)X 


,     /(2{a  +  b){a 


13.     An  angle  a  +  8  is  found  by  interpolating  in  the  table  of 
logarithmic  sines  given  for  every  minute. 

Show  that  the  circular  measure  of  the  error  involved  is, 
approximately, 

(ft8-8^)cosec2a, 

where  /A  is  the  circular  measure  of  1'. 

Hence  show  that  the  maximum  error,  in  calculating  an  angle 
between  a  and  a  +  1',  is  about  0"  00435  cosec  2a. 
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14.  If  the  area  of  a  triangle  is  calculated  by  measuring  two 
sides  a.nd  the  included  angle  as  197  ft.,  2030  ft,  and  60' 
respectively,  and  if  there  is  an  error  of  2"  in  the  measurement  of 
the  angle,  show  that  this  will  involve  an  error  of  about  1  sq.  ft. 
in  the  area. 

15.  If  the  angles  B  and  (7  of  a  triangle  are  found  from 
Ay  by  c,  and  if  there  is  a  small  error  8  in  -4 ;  show  that  the  errors 
in  S  and  C  are  to  one  another  as  tan  B  to  tan  G :  and  hence  that 
they  are,  respectively, 

—  8  sin  ^  cos  G  cosec  A  and  —  8  sin  C  cos  B  cosec  A, 

16.  If  errors  a',  6',  c'  are  made  in  the  measurement  of  the 
three  sides  a,  5,  c  of  a  triangle,  show  that  the  error  in  il  is 

-  Ja  (6' cos  (7  +  c' cos  ^  -  a'^^S: 

17.  If  an  error  a!  is  made  in  a  and  no  errors  are  made  in  h 
and  c ;  then  r',  r/,  E^  the  errors  involved  in  r,  ri,  -5  respectively, 
will  be  given  by 

r'  =  a'  {Rjs  -  K) ;  n'  =  a'(^/»  "  ¥)  5 
R  ^a'  cot  B  cot  G  cosec  A, 

18.  The  height  A  of  an  object  is  estimated  by  measuring  its 
angles  of  elevation  a,  j8,  y  at  three  points  -4,  -B,  (7  in  a  straight 
line,  such  that  BG  =  a,  AG  =  b,  AB  =  c,  If  a',  ^y  y'  be  the  errors 
in  <!,  j8,  y,  show  that  the  error  in  A  is 

A'  /a  cos  a     ,     bcosB    ^    ccosy     A 
<wc  \  sm'  a  sin'  p  sin'  y    '  / 
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CHAPTER  XXI. 
IMAGINARY  AND  COMPLEX  QUANTITIES. 

§  h    General  Theorems. 

589.  It  was  pointed  out,  in  the  introduction  to  Chap.  XL, 
that  the  square  of  every  positive  or  negative  quantity  is  positive. 
Hence,  a  quantity  whose  square  is  negative,  is  neither  positive  nor 
negative.  Such  a  quantity  is  usually  called  Imagina/ry;  while 
positive  or  negative  quantities  are  called  Real. 

In  this  chapter  we  shall  exhibit  the  use  of  Imaginary 
quantities.  By  their  means  the  results  of  the  preceding  ten  chapters 
may  be  systematised  and  extended.  We  shall  not  interpret 
imaginary  quantities  at  present,  but  shall  merely  use  them 
sywbolically :  Le.  we  shall  deduce  results  by  their  use  whicli 
involve  only  real  quantities.  To  accomplish  this  it  is  necessary 
to  postulate  that 

Iraaginary  quantities  shall  he  governed  by  the  sa^ne  laws  of 
operation  as  real  qiumtities. 

In  the  same  way  (as  was  indicated  in  the  introduction  to  Chap.  XL) 
negative  quantities  may  be  introduced  symbolically  without  interpreta- 
tion, by  assuming  that  they  follow  the  same  laws  as  positive  (quantities. 
It  was  afterwards  shown  that  the  relation  of  negative  to  positive  could 
be  used  to  represent  oppositeness  of  direction. 

590.  In  confining  ourselves  to  positive  and  negative  quantities 
we  confine  ourselves  to  quantities  which  have  the  saans  or  the 
opposite  sign :  ie.  the  addition  of  two  such  quantities  is  always 
equivalent  to  addition  or  subtraction. 
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So  in  introducing  imagina/ry  quantities,  these  may  be  either 
positive  imaginary  or  n^ative  imaginary.  That  is,  we  shall 
imply  that  the  addition  to  any  imaginary  of  a  negative  imaginary 
is  equivalent  to  the  subtraction  of  the  corresponding  positive. 

Thus  we  have  four  affections  of  quantity ;  viz.  positive  real, 
negative  real,  positive  imaginary,  and  negative  imaginary. 

591.  If  a  is  any  positive  real  quantity,  Ji  —  o)  is  an 
imaginary  quantity,  to  which  we  may  attribute  either  sign. 

But  since  we  postulate  that  all  our  symbols  shall  obey  the 
same  laws,  we  have  (see  Art  233) 

V(-«)  =  7{«x  (-!)}  =  >  xV(-l). 

Hence  the  squan'e  root  of  any  negative  nurnher  can  be  expressed 
08  the  product  of  a  real  nwmher  into  the  equa/re  root  q/*  —  1, 

Thus  the  only  symbol  we  need  use  is  ^(  —  1). 

The  symbol  i  will  be  used  as  the  equivalent  of  the  positive 
value  of  the  ^(  —  1);  and  —%  therefore,  as  the  negative  value  of 
theV(-l). 

592.  Wholly  imagina/ry  quantities.  A  real  number  xt  is 
called  a  wholly  imaginary  quantity. 

Wholly  imaginary  quantities  are  incomparable  with  wholly 
real  quantities. 

Thus,  if  a  and  b  are  both  real  quantities,  the  equation  a  —  bi 
involves  a  contradiction,  unless  a  =  0  and  6  =  0. 

Thus,  the  one  equation 

a-bi    , 

is  interpreted  to  mean  the  same  as  the  tivo  equations 

a  =  0  and  5  =  0. 

This  is  the  fundamental  principle  which  enables  us  to  make 
use  of  symbols  of  imaginary  quantities. 

593.  Complex  quantities.  The  sum  of  a  wholly  real  and  a 
wholly  imaginary  quantity  is  called  a  complex  quantity. 

J.  T.  27 
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Such  a  sum  cannot  be  interpreted  at  present ;  but  its  use  is 
explained  by  a  corollary  from  the  last  article.     Thus 

If  a,  b,  Cy  d  are  wholly  real,  the  equation  a-hbi  =  c  +  €U  is 
equivalent  to  a  —  c  =  (rf  —  b)i. 

Hence  it  is  also  equivalent  to  the  two  equations 

a-c  =  0  and  d  —  b  =  0,  i.e.  a  =  c  and  b  =  d. 

Thus  if  one  complex  expression  is  equal  to  another,  tve  may 
equate  separatdt/  the  real  and  imaginary  terms. 

In  the  symbol  a  +  W,  we  may  suppose  that  either  a  or  5  is 
zero:  so  that  complex  quantities  include  wholly  imaginary  and 
wholly  real  quantities.  The  remainder  of  this  chapter  deals 
mainly  with  complex  quantities. 

ConjtigateSf  Norms,  and  Moduli, 

594.  The  complex  quantities  y-hzi  and  y  —  zi  are  called 
Conjugates  of  one  another. 

The  quantity  y*  +  «*  is  called  the  Norm  oi  y-hzi. 

The  positive  value  of  the  squ^are  root  of  the  Norm  is  called 
the  Modulus, 

Thus  the  nxyrm  of  either  of  two  conjugate  complex  quantities 
is  their  product. 

And  the  mK>dulus  of  either  of  two  conjugate  complex  quantities 
is  their  geom^etric  mean. 

595.  The  necessary  and  sufficient  condition  that  a  complex 
quarUii/y  should  vanish  is  thai  its  norm  \or  modulus]  shcfM 
vanish^ 

For,  if  y  and  z  are  real  and  not  zero,  y*  and  »*  must  both  be 
positive.  Hence  y^-^s^  cannot  vanish  unless  both  y  and  z  vanish. 
Thus,  if  2/'  +  «^  =  0,  y  +  «i  =  0. 

Conversely,  if  y  +  «fi  =  0,  we  must  have  y  =  0  and  »  =  0 ;  and 

.\f  +  Z^=:0. 
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596.     The  nonn  [or  modulus]  of  the  product  of  i/uso  complex 
luarUities  is  equal  to  the  product  of  their  norms  [or  moduli]. 

For  (a  +  bi)  (c  + di)=(ic-'bd+  {ad+hc)  i,    " 

Mid  (ac-6(f)2  +  (a<;  +  6c)^  =  aV  +  6«c^  +  a^i2  +  6V 

Cob.     The  norm  [or  modulus]  of  the  n^  power  of  a  complex 
quaiitity  is. the  n^  power  of  its  norm  [or  modulus]. 

597.     If  the  product  of  two  complex  quamJtitiea  vanishes  one  oj^ 
the  factors  Trmat  vcmiah. 

For,  by  Art.  595,  in  order  that  (a  +  6t)  (c  +  di)  may  vanish,  itd 
Tioirm  must  vanish. 

That  is,  by  Art.  596,  (a^  +  h^)  (f  +  cP)  must  vanish. 
.*.  either  a^  +  6^  or  c^  +  c^  must  vanish. 
/.  by  Art.  595,  either  a  +  6i  or  c  +  di  must  vanish. 

Theorems  on  Hqiuitions, 

598.  The  theorems  on  factors  in  Arts.  412,  413,  414  may  be 
expressed  as  theorems  on  eqimtions,  and  thus  be  applied  to  any 
complex  (including  real)  quantities. 

Thus,  if  Oi,  ajjj  %•••  are  (complex)  roots  of  the  equation 
y{x)  =  0  (oi,  aa,  a^  -being  all  different),  then  f{c^)  =  0,  f(a^)  =  0, 
/{a^  =  0,  and  so  on.     Thus,  for  all  values  of  ou,    , 

/(a;)=<^(a:)(aj-ai)(a;-a2)(aj-a3) 

If /(aj)  is  of  the  n^  degree,  poif'  being  its  highest  term,  and  if 
«i,  a^...a^  are  n  roots  of/(a;)  =  0 ;  then,  for  all  values  of  a;, 
/(a:)  =  ;?  (a;  -  Oi)  («  -  aa). .  .(a;  -  a„). 

599.  Hence,  cm  equation  of  the  n*^  degree  cannot  have  m,ore 
tha/n  n  roots. 

For,  if  possible,  let  a^^^  be  an  {n  + 1***)  root  of  the  above 
equation/(aj)  =  0 :  so  that /(a,t^i)  =  0. 

Then,  putting  a;  =  a^^i  in  the  above  identity, 

/K+i)  =  :?>  (^n+i  -  Oi)  (a«+i  -  arf>  •. . .  (a«+i  -  »»)• 

27—2 
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But  the  factor  p  is  not  zero,  because,  bj  hjpotheais,  the 
equation  is  of  the  n^  degree.  Hence  one  of  the  factors  a^^x  *  <*i» 
«S»+i~«i>'-«  ni^ist  ^  «ero  by  Art.  597.  That  is,  a^^^  must  be 
equal  to  one  of  the  roots  Oj,  a^,.»a^, 

600.  The  complex  roots  of  an  equation  with  real  coefficients 
enier  in  ooi^ugate  pairs. 

Let  /(x)  be  any  integral  function  of  x,  in  which  the  co- 
efficients  of  the  several  powers  of  x  are  all  real. 

Then  writing  y-^ziior  a?,  the  real  terms  must  be  those  which 
involve  even  powers,  and  the  imaginary  terms  those  which 
involve  odd  powers  of  «.     Hence 

If/(y  +  »i)  =  P  +  ^,  then/(y-»t)=P-^. 

Therefore,  if  y  +  »t  is  a  root  of/(aj)  =  0;  we  have  P  =  0  and 
Q  =  0;  and  .'. /(y  -  «t)  =  0.     That  is 

If  y  +  «i  is  a  root  of  /{x)  =  0,  then  y  -  «t  is  also  a  root  of 
/(«)=0. 

601.  To  express  the  product  of  any  nuanber  of  factors  of  iks 
form  cos  a  +  i  sin  a  as  a  complex  quantity. 

We  have  shown  geometrically,  that 

cos  (a +)3)  s:  cos  a  cos  j3  -  sin  a  sin  )3, 
and  sin  (a  +  )3)  =  sin  a  cos  )3  +  cos  a  sin  )3. 

Hence,  since  i*  =  —  1,  (cos  a  + 1  sin  a)  (cos  j8  +  f  sin  )8) 
=  cos  a  cos  ^  + 1  sin  a  cos  )3  +  i  cos  a  sin  p  —  sin  a  sin/3 
=  cos  (a  + j8)  +  isin  (a  + j8). 

Hence  again  (cosa  +  tsina)(cosj3  +  tsinj3)(cosy  +  tsiny) 
=  {cos  (a  +  )3)  +  »  sin  (a  +  j8) }  (cos  y  + 1  sin  y) 
=  cos  (a  +  ^  +  y)  + 1  sin  (a  +  ^  +  y)  • 

And  so  on.     Thus  the  product  of  any  number  of  factors 
(cosa  +  tsina)(cosj9-i-isin)3)...(cos^  +  tsin^) 
=  cos  (a  +  ^  +  . . .  +  f )  +  i  sin  (a  +  ^  +  . . .  +  ^). 
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602,  To  find  the  cosine  and  sine  of  the  sum  of  cmy  wwrnher  of 
<vngles,  in  terms  of  the  cosines  and  sines  of  the  aaigles. 

Mlnltiply  out  the  product  on  the  left-hand  side  of  the  above 
equation :  and  equate  the  real  and  imaginary  parts.  Then ; 
obaerring  that 

i'  =  -l;  t^ss-t;  t*  =  +  l;  i*  =  t;  and  so  on; 

i^e  have 

cos  (o  +  j8  +...+  f)  =  cos  a  cos)8...cos  ^—  2  sin  a  sin  )8  cos y ,..  cos  i 
+  2  sin  a  sin  j8  sin  y  sin  8  cos  c.  ..eos^— ... 

siii(a+)8+...+  ^)  =  2sinacos)8...cosf-Ssinasin)8sinycos8...cosf 
■^"  •%% 

where  the  symbol  S  denotes  *  the  sum  of  all  terms  of  the  form 
obtained  by  interchanging  the  letters  a,  ^,  y...^  in  the  product  to 
which  it  is  attached.' 

This  conclusion  is  the  same  as  that  obtained  in  Art.  350. 
The  two  methods  of  proof  should  be  carefully  compared. 


De  Moivre^s  Theorem. 

603.     As  in  Art.  601  we  have,  for  all  real  values  of  m  and  71^ 
(cos  mO  +  ismmJd)  (cos  n$  +  i  sin  nO)  =  cos  (m  +  w)  ^  +  »  sin  (m  +  w)  $, 

That  is,  calling  cos  mO  +  i  sin  mtf,  /(m), 
/(m)  x/(w)  =/(m  +  n). 

Hence,  by  the  Index  Theorem  of  Art.  463,  m  and  n  being 
real, 

f{n)  is  one  value  of  {/(I)}*, 

ie.  cos  wtf  + 1  sin  inJO  is  one  value  of  (cos  O  +  i  sin  tf)*, 
for  all  positive  and  negative  values  of  n. 

This  result  is  so  important  that  we  will  give  a  proof  of  it 
without  introducing  the  index  theorem  in  its  general  form. 

It  is  usually  known  as  De  Moivre^s  theorem. 


Digitized  by  VjOOQIC 


422  DfAGINART  AND  COMPLEX  QUANTITIES. 

604.  Whatever  posiUve  or  negative  value  n  may  have, 
oosnO  +  iemnS  is  one  of  the  values  of  (cos  ^  +  t8in  d)\ 

We  have  008  (tf  +  ^  + ^ +...)  + 1  sin  (d  + ^  + ^  +  ...) 

s  (ooB  0  +  •  sin  (^  (cos  ^  + 1  sin  <^)  (cos  ^  + 1  sin  ^) . .:. . 

Now  let  0  =  ^s^=...  and  let  there  be  n  of  these  angles. 
Thus,  if  n  is  a  positive  integer, 

oo8ntf  +  tsinnS  =  (costf  +  tsind)* ..(1). 

Ne?,t  let  n  be  a  n^ative  integer  =  —  w  say.     Then 
coBn0  +  i8inn0  =  cosm0-tsinm0 
_  cos*  md  - 1*  sin*  w»tf 
~  cosm^  +  tsiniTitf 

"(cos^  +  isintf)"^^^^^ 

=  (cosd  +  tsind)-" i...(2). 

Lastly,  let  n  be  a  fraction  =  -  say,  where  p  and  q  are  integral 

Then    (cosntf  +  tsinntf)«=^cos^d  +  tsin^dy 

=  cos/?tf  +  tsinjp^  by  (1)  and  (2) 
=  (cosd  +  isintf)*  by  (1)  and  (2) 
/.  cos  n0  + 1  sin  n0  is  one  of  the  values  of  ^(cos  d  + 1  sin  d)^:  or 
cosntf-t-  tsinnd  is  one  of  the  values  of  (cos  ^  + 1  sin  d)*. 

p 

605.  To  find  q  valuee  of  (cos  ^  +  i  sin  tf)«  xohere  p  amd  q  am 

prime  to  one  another. 

We  have  cos$-hisinO  =  cos ($  +  2Xir)  +  i sin (6  +  2\v)  where  X 
has  any  integral  value. 

.'.  any  one  of  the  values  of  cos-  {6  +  2Xir)  +i sin  - (^  +  2Air)is 

a  value  of  (cos  ^  +  »  sin  $y. 

Giving  to  X  any  two  values  /a  and  ft',  the  expressions 

cos  ^  (^  +  2/iir)  +  i  sin  ^  (^  +  2fjLw) 
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-^//J  .  o'\^-- «;«-?/ 


and  cos-^  {$  +  2/aV)  + 1  sin  ^  (^  +  2ftV) 

would  be  equal,  only  if  cos  -  (tf  +  2/Air)  =  cos  -  (^  +  2/aV) 

and  sin^  (^  +  2/ifl-)  =  sin  ^  (^  +  2/x'ir) ; 

ie.  if  the  angles  -  (^  •»-  2/Air)  and  -  (^  +  2/A'ir)  were  equi-cosinal  and 
equi-sinal ; 

le.  if  ^  (^  +  2ft7r)  -^  (tf  +  2/aV)  were  a  multiple  of  2v ; 

i.e.  if  jt?  (/A  -  /x')  were  a  multiple  of  q. 

If  then  p  and  g  are  prime  to  one  another,  this  condition 
becomes  *  if  /x  -  /x'  is  a  multiple  of  qJ 

Hence,  if  we  give  to  X  the  q  values  0,  1,  2...W  — 1,  we  shall 

obtain  q  different  values  of  cos  -  (^  +  2Xir)  + 1  sin  -  (tf  +  2Xir) :  and, 

if  we  give  to  X  higher  values,  the  values  of  this  expression  will 
simply  recur. 

Hence  q  values  of  (cos  ^  + 1  sin  Sy  are  given  by  the  q  values  of 

cos^  {$  +  2Xir)  +  i  sin^  {0  +  2Xir). 

606.     To  find  q  values  of  the  q***  root  of  any  complex  quantity. 
Let  a  +  6i  be  any  complex  quantity:   and  let  p  denote  the 
positive  value  of  J(a^  + 1^),     Then  p  is  the  modulus  of  a  +  6i. 

Since  a/p  and  b/p  are  each  numerically  less  than  unity,  and 
are  such  that  the  sum  of  their  squares  is  equal  to  unity,  therefore, 
there  is  one  and  only  one  angle  between  0  and  2ir  whose  cosine  is 
ajp  and  whose  sine  is  hjp.     Let  this  angle  be  B, 

Thus  a  +  6*  =  p  (cos  ^  + 1  sin  0). 

Now,  since  p  is  positive,  there  cannot  be  more  than  ooie 
positive  q^  root  of  p.     And  there  is  one  positive  q^^  root  of  p, 
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whose  value  can  be  approximately  determined  by  the  Binomial 
Theorem. 
1 
Let  p«  denote  this  ponHve  value  of  ^p. 

Then,  by  the  proposition  of  the  last  article,  q  values  of  the 
q^  root  of  cos  ^  + 1  sin  ^  are  given  by  the  q  values  of 

&+2k7r     .  .    0+2\7r 
008 +  tsin • 

Hence  q  values  of  the  q^  root  of  a  +  5t  are  given  by  puttangX 
successively  equal  to  0,  1,  2,.,.q-l  in  the  expression 

1/       d  +  2XTr     .  .    ^+2Xir\ 
p«  ( cos + 1  sin ) . 

607.  There  is  one  point  in  the  above  result  tiiat  requires 

special  attention. 

p 
In  the  theory  of  indices,  we  use  the  symbol  a«  as  the  equivalent 

of  f/{aP)  or  ii/ay. 

t         !? 

Now,  by  the  theory  of  fractions,  €fi  =  a^.  Is  it  then  legiti- 
mate to  infer  that  ^(aP)  =  "H/ioT^)  ? 

By  the  above  proposition  ^(a^)  has  q  values;  and,  by  Art.  599, 
it  cannot  have  more  than  q  values.  Similarly  ^{a^)  has  rq 
values  and  no  more. 

Hence  {/(o^)  and  ^(a^)  have  not  the  same  number  of  values: 
and,  therefore,  cannot  be  said  to  have  the  same  meaning. 

The  q  values  of  ,j/(a^)  are,  however,  all  contained  amongst  the 
rq  values  of  *i/{a^) :  as  the  student  may  show  for  himself. 

The  roots  o/*  + 1  -  1,  +  i,  and  -  L 

608.  In  De  Moivre's  theorem,  Art.  605,  let  /?  =  1. 
Now  put  &  =  0.     Thus  cos  ^  =  1,  and  sin  d  =  0. 

Hence  the  q  q^  roots  of  unity  are  given  by  the  q  values  of 

2\v     .  .    2Xir 

cos +  •  sm . 

9  9 
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Next  put  tf  =  w.     Thus  cos  tf  =  —  1  and  sin  d  =  0. 

Sence  the  q  q^  roots  of  minus  wnUy  are  given  by  the  q 

values  of 

2X-rl          .    .    2X+1 
cos IT  +  »  sin IT. 

JNext  put  0  =  Jir.     Thus  cos  d  =  0  and  sin  0  =  1. 

Sence  the  q^  roots  of  i  are  given  by  the  q  values  of 

4X+1    v     .  .    4X  +  1    w 

cos —        .^  +  «sm .^r, 

q        2  9        2 

Next  put  0  =  |ir.     Thus  cos  tf  =  0  and  sin  d  =  —  1. 

Hence  the  q  ^  roots  of  - 1  are  given  by  the  q  values  of 

4X+3    V     .  .    4X  +  3    V 

cos    .    2T  +  »Sin  .  ;r. 

q        2  <l        2 

609.     Again,  in  Art.  606,  put  ^  =  0.     Then  a  +  M  reduces  to 
Oi  Le.  /o,  a  real  poaitwe  quantity. 

Hence  the  q^  roots  of  a  are 


1/      2kw     .  .    2Xir\ 
a' (cos +  ism —  J, 

\        9  9  / 


where  the  expression  in  the  bracket  represents  the  q^^  roots  of 
vmiUy, 

Again  put  ^  =  ir.     Then  a  +  6i  reduces  to  a,  \,Q,—py  a  real 

negative  quantity. 

Hence  the  t^  roots  of  a  are 

,      ,1/      2X+1         .  .    2X  +  1    \ 
(—  a) « I  cos IT  + 1  sin  -^ v ) , 

where  the  expression  in  the  bracket  represents  the  ^  roots 
of  ndnua  unity. 

•    We  may  illustrate  the  important  result  of  Art.  606  by  showing  that 
the  ratio  of  any  two  q^  roots  of  a  quantity  is  a  j^  root  of  miity. 

Thus  giving  to  X  any  two  values  ft  and  /*',  the  ratio  of  the  two 
corresponding  ^  roots  of  a + 6t  is 

cos  {6 + 2jm)lq + i  sin  {6  -f  2fiir)/q 
cos  {6 + 2iiir)lq + i  sin  [d + 2iiir)lq ' 
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Multiplj  numerator  and  denominator  of  this  fraction  by 

C08  (d + 2ti*w)/q  - 1  sin  {$  +  2tiw)lq. 
The  new  denominator  becomes  unity. 
And  the  new  numerator  becomes 

2ii-2u'      .   .    .     2/i~2/i'  ^        X    r       M_ 

i.e.  cos  -^- — ^  ir+t  sm  -^-- — ^  ir.  a  a*  root  of  umty. 

q  q        '    ^ 

610.     To  express  x"  - 1  in  real  factors^  n  66iti^  integral. 

Solving  the  equation  os^  =  1,  ie.  =  cos  2Xir  + 1  sin  2X7,  we  haye 

2Xv     .  .    2\v 

x=cos —  +*sm , 

n  n 

This  expression  has  n  values  obtained  by  putting  X  sac- 
oessively  equal  to  0,  1,  2...n  - 1. 

/.  byArt  698,«*-l  =  P^"*"*V«-cos  — -isin— Y 

Putting,  here  X  =  0,  we  have  for  the  first  factor  x—1. 
The  other  factors  may  be  paired  thus  :  . 

a5-cos-2ir  —  »sin-2ir)(aj  —  cos 29r  - 1  sm 2v  ] 

n        .         n     J  \  n  n        J 

=  (aj-cos  -  2ir  I   -  ( tsin -  2ir  j  =aj*-  2x cos  —  +1. 
\  n     J       \        n      J  n 

If  n  is  even,  the  value  X  =  ^  is  unpaired,  and  gives 
a?  —  cos  w  ~  »  sin  w  =  05  +  1. 

Hence,  if  n  is  even,  as*—  1  =  (aj*—  1)  x 
f  a:"-2ajcos  — +  lVa:?-2ajcos  — +lj...(a:?-2ajcos x  +  lj. 

And,  if  n  is  odd,  aj*-l  =  (aj-l)x 
f^aj*-2ajcos  — +  1  j(aj*-2«cos  —  +  1  j,..raj*-2ajcos ir  +  lj. 
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61  !•     Ta-eaypreaa  x"  +  1  in  recU/ctctors,  n  being  integrals 
Solving  the  equation  ac**  =  —  1,  ie.  cos  (2X  +  1)  ir  +  tsin  (2X  +1)^, 

,  2X+1         .  .    2X  +  1 

we  have  a  =  cos tt  + 1  sin  v. 

n  n 

This  expression  has  n  values  obtained  by  putting  X  suc- 
cessively equal  to  0,- 1,  2...n - 1. 

/.by  Art,  598,  05*+!  =  P,   ^     (aj-cos ir-*sm v). 

The  factors  here  may  be  paired  thus : 

/  2X+1       .  .   2X+1    \/  2n-2X-l       .  .   2w-2X-l   \ 

( 05— cos  • IT— isin  v  |(  aj-cos ir-isin tt  J 

\  n  n      J\  n  n  ) 

/  2X+1    V     /.  •    2X+1    V      .    ^         2X+1        , 

=  (as— cos TT)  -  (♦sin tt)  »ar-2a;cos ir  +  1. 

\  ^       /       \  ^       /  ^ 

If  9»  is  odd,  the  value  X  =  ^  (n  -  1)  is  unpaired,  and  gives 

«— cos  IT  - 1  sin  7r=aj  + 1. 

Hence,  if  n  is  even,  aj**  +  1  = 

(as"— 2ajcos-+  1  j  f  a^-2ajcos— +  1  j...(aj*-2»cos ir+1  j. 

And,  if  n  is  odd,  as*  +  1  =  (a;  + 1)  x 
(»"-  2ajcos-  +  l  j  faj*-2a;cos  — +  1  j...ra^-2ajcos^^ir+ 1  j, 

612.     To  resolve  x**  —  2x"  cos  ntf  +  1  into  /actors,  where  n  is 
integrcU  cmd  cos  n^  is  not  +  1  nor  —  1. 

Solving  the  equation  a^  -  2a5*  cos  wtf  =  - 1, 
we  have    a?** -  2a^ cos  w^  +  cos'' w^  =  -  (1  - coa^nO)  =  -Bm^n6, 
/.  a^  =  cos  w^  *  t  sin  w^  =  cos  (nO  +  2Xir)  *  t  sin  {n$  +  2Xir) 
2Xir\      .  .    /^     2Xir\ 


aj  =  cos(^  +  —  \^isml6  +  —  j. 


If  to  X  we  ^ve  different  values  /a  and  fjLy.  then  the  two  values 
of  X  will  be  different  unless 
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eith^  (0  +  2/Mr/n)  +  (d  +  2/ir/n)  or  {O-h  2fivln)  -  (tf  +  V*/**) 
is  a  multiple  of  2v; 

Le.  unless  either  n0  is  a  multiple  of  v,  or  fi^fi  ia  a  multiple 
of  n. 

If  n0  is  a  multiple  of  ir,  cos  n0  =  i^  1 :  which  has  been  ezcludedl 

Hence,  giving  to  X  the  n  values  0,  1,  2...n-  1  we  have2» 
values  of  x. 

Hence 
a*»  -  2a?' cos  ntf  + 1  =  i^j-' {«  -  00.  (O  +  ?^)  >,  »  sin  (O  +  ^)) 

2Xjr\ 


.P^^:^-^{^-2.cos(0j^).l}, 


where  the  two  factors,  obtained  bj  taking  the  upper  and  lower 
signs  before  f ,  are  multiplied  together. 

613.     Putcosd  +  »sintf  =  a^ 

Multiply  by  cos  0  - 1  sin  A     Thus 

l--=x  (cos  tf  - 1  sin  ^)  or  cos  tf  -  »  sin  tf  =  x~'\ 
Also,  by  De  Moivre's  theorem,  n  being  integral 

cos n$ -hi sin n6  =  af^  and  cos nO -i sin n$  =  oj"*. 
Moreover  by  addition  and  subtraction 

2 cos ^  =  aj  +  x~^ ;  2isia0  =  x- x^K 

2  cos  w^  =  af  +  a5~* ;  2i  sin  wtf  =  as*  —  as"*. 

These  are  extremely  useful  transformations. 
We  showed,  in  Arts.  416,  418,  that 

iC"  +  a?""*  and  (a^  -  a?"*)  -5-  (aj  -  a;"^) 

are  respectively  the  same  functions  of  x  +  x"^  as  2cosw^an^ 
2sinwtf/2sin^  are  of  2cos^.  But  we  did  not  there  eqv^ 
the  corresponding  expressions.  To  do  this  we  must  implicitlf 
introduce  imaginaries.  For  2  cos  $  must  be  <  2  for  any  recU  angH 
and  X  +  aj"^  must  be  >  2  for  any  real  value  of  aj  (•/  a? -  2  -hx"^  ^ 
a  square  quantity). 
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614.     In  Art.  610,  where  n  is  even,  write  2m  for  n  and 
livide  both  sides  by  nd^.     Thus 

aj*-aj"**  =  (a;-a;"^)  x 

[aj  +  ar^  -  2  cos  —  )(«  +  a?"^  -  2  cos  — j ...(»  +  a?"^  -  2  cos ir\. 

Now  put  X  +  x'^  =  2  cos  0',  then  » — a;"^  =  2»  sin  ^;  and 
05*"  ~  05"*"  =  2%  sin  m^. 
Thus  sin  m^  =  sin  0  X 

('2cos^-2cos-V2cos«-2cos— V..f2cos«-2cos^?^irV 

Again,  in  Art.  611,  where  n  is  even,  write  2m  for  n,  and 
divide  both  sides  by  af*.     Thus 
OB**  +  a?"**  = 

(«  +  «--2co8^)(a,  +  x-»-2c<«g)...(a,+x--2cos2^^). 

Now  put  aj  +  aj"^  =  2  cos  tf ;  then  a;"*  +  x~^  =  2  cos  mO.     Thus 
2co8m^  = 

(2oostf-2cos^y2cos^-2cos^y..^2costf-2cos?|^A 

Again  in  Art.  612,  divide  both  sides  by  as*.     Thus 

a^  +  aj~*-2cos«^  =  (aj  +  a;"^-2cos^)  ja;  +  a;"^ - 2 cos  I  ^+  — ]l  ... 

ja:  +  a;-^  -  2  cos  ^^  +  ^^  2ir)l . 
Now  put  X  +  x"^  =  2  cos  a ;  then  a;*  +  x~^  =  2  cos  no.     Thus 
2  cos  na'-'2  cos  wtf  =  (2co8a-2  cos  tf )  ■{  2  cos  a  -  2  cos  ( tf  +  —  U . . . 

J2cosa-2cos/^^  +  ^?^^  2ir^l. 

These  6  results  are  the  same  as  those  obtained  in  Arts.  419 
420,  421. 

Digitized  by  VjOOQIC 


430  nCAGINABT  AND  COMPLEX  QUANTinES. 

§  2.     Expansions  bt  Db  Moiyrb's  Theorem. 

615.  In  the  following  propositions  we  shall  require  to  mabl 
use  of  the  Principle  of  Continuity. 

Def.  a  function  of  a  variable,  whose  value  may  be  made  to 
change  by  as  small  a  quantity  as  we  please,  by  making  the 
change  in  the  variable  sufficiently  small,  is  said  to  be  con- 
tinuous. 

Prop.  An  endless  series  in  ascending  integral  powers  of  « is 
a  continuous  function  of  x^  for  all  values  for  which  it  is  Qcm- 
vergent. 

For  let,/(a;)=  c<j  +  Ciaj  +  c^+ ... +c,jaf  +  ... 
Then  changing  x  into  x  +  d,  we  have 
f(x  +  rf)  =  Co  +  Ci  (a;  +  cf)  +  Cj  (a;  +  c?)'  +  ...  +  c,j  (a;  +  cQ*  +  ... 
Here  the  first  term  in  c,^  («  +  d)*  is  c^a^. 
,\ /(«+  d) -f{x)  =  d.S  where  S  is  finite,  since /(x  +  d)  is 
convergent. 

Now,  if  a  is  any  assignable  quantity  not  zero,  we  can  make 
d  less  than  a-i-S,  since  S  is  not  infinite.  Hence /(a?  +  d)  -/(«) 
may  be  made  less  than  assignable  quantity  a  by  sufficiently 
diminishing  d.     That  is,  /  (x)  is  contvntiofis. 

The  above  proposition  is  required,  when  we  know  the  yalue  of 
a  series  for  some  particula/r  value  of  x,  but  cannot  otherwise 
determine  which  of  a  number  of  different  forms  must  be  assigned 
to  its  general  value.  The  proposition  shows  that  we  must  assign 
such  a  form  to  the  general  value. of  the  series  as  will  make 
it  change  continvxmaly  from  its  known  value  when  x  changes 
continuously. 

616.  In  deducing  expansions  involving  complex  quantities, 
our  results  are  based  on  the  Binomial  Theorem. 

We  have,  then,  f/rst  to  examine  whether  the  expansions 
are  convergent.  This  will  require  that  both  the  series  of  rtd 
terms  and  the  series  of  imagina/ry  terms  are  convergent. 
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^We  have,  seconcUi/,  to  show  how  the  proof  of  the  Binomial 
riieorem  is  to  be  applied  to  complex  qttantities.  The  student  will 
[lotdce,  then,  that  the  index  theorem  required  that  the  index 
rrh  involved  should  be  real  (positive  or  negative)  and  that  /{m) 
sliould  be  dngle-valtced.  If  these  conditions  are  fulfilled /(m) 
[nay  be  itself  complex.  Then,  if  /(m)  x/(n)  =/(m  +  n),  /(n)  is 
one  of  the  values  of  /(I)*.  This  theorem  applies,  as  shown  in 
-A.rts.  465,  466,  to  any  series  of  the  form  of  the  Binomial  Ex- 
psbnsion,  whether  x  be  complex  or  real,  provided  n  is  real.  It 
"wrill  remain,  therefore,  to  determine  to  which  of  the  values 
of  ^(1)*  the  series  must  be  equated,  when  n  is  fractional. 

617.  In  De  Moivre's  theorem,  let  n  be  a  positive  integer. 

Then  cos n0-^ismn6  =  (cos  ^  +  i sin d)\ 

Expanding,  by  the  binomial  theorem  for  a  positive  integer, 
and  equating  the  real  and  imaginary  terms,  we  have 

cos7i^  =  cos*^ \  "   ^cos**~^gsin'^+  ... 

1  •  ^ 

suin9  =  n  cos*-^  ^  sin  ^ ^ — j^-^ cos*~'  6  sin'  tf  +  . . . 

Dividing  we  have 

.     wtan^-lw(w-l)(n-2)tan»^+... 
1  — j^n(n  — l)tan*^+  ... 

t  ntf  =         cot'' $-in(n  -  1)  cot^-^ g  +  . .. 
^^*^"wcot*-i^-|n(w-l)(n-2)cos»-»«  +  ... 
These  results  have  already  been  obtained  (Art.  369). 

618.  Let  n  be  a  negative  integer,  =  -  m  say. 
(1)     Lettantf<l.     Then 

coBnO  +  ia.nn6  =  (cos  ^  +  »  sin  ^)*  =  cos*  0(l+i  tan  0)\ 

We  may  expand  in  ascending  powers  of  tan  By  since  tan  d  is 

<  1.     Thus,  equating  real  and  imaginary  terms, 
cosn^  =  cos*tf{l-|w(w-l)tan»^+...} 
sinwtf  =  cos*^{wtan^-Jw(n-l)(n-2)tan»d+...} 

where  n  is  negative.     Or 
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oofliirf»8ec*d{l  -  Jm(i»i+  l)tan«tf +...} 
ammtf =8ec~  tf{m  tan  ^  -  ^  (m  +  l)(m  +  2)  tan'tf +'...} 
where  m  is  podtive. 

(2)     Let  tan  ^>1.     Then 

coBntf  +  »smntf  =  (cosd  +  »smtf)*  =  sm*^(»  +  cottf)*. 
/.  »"*  COB  n$  (n  even)  or  t-*+^  sin  ntf  (n  odd) 

=  sin»  « {1  -  Jw  (»  - 1)  cot*  tf +...} 
»-»"*•*  sin  9itf  (n  even)  or  i"**^  cos  n^  {n  odd) 

=  sin»^{ncot^-^(n-l)(w-2)cot^d+...} 
where  n  is  negative     Or 

(-  1)»  COS  mtf  (m  even)  or  (-  1)  «  sin  m^  (m  odd) 

=  cosec*  ^  {1  -  ^  (m  + 1)  cot*  tf +...} 

(-  1)"^  sin  mB  {m  even)  or  (-  1)~«~  cos  md  (m  odd) 

=  cosec**  tf  {m  cot  ^  -  ^  (m  +  1)  (m  +  2)  cot*  6  +...} 
where  m  is  positive. 

619.     Let  n  be  fractional  -p/q  saj. 

Then,  by  De  Moivre's  theorem,  the  q  values  of  (cos  O  +  ianOy 
are  given  by  cos  -  ^  + 1  sin  -  ^  where  ^  is  any  angle  whose 
cosine  =  cos  0  ai^d  whose  sine  =  sin  0. 

Now  suppose  tan  d<l. 

Then,  by  the  binomial  theorem,  since  p/q  is  real  so  that  the 
argument  of  Art.  466  holds  although  coaO  +  isbiO  is  complex, 

p 
the  q  values  of  (cos  ^  + 1  sin  ^)«  are  given  by  the  series 

^(cosptf)  [i  p(p-^)(^^^\p{P'9){P'^q){p-^)r^^' 

\  '        ^      --} 
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T-here,  by  Art.  606,  the  multiplier  ^(cos^  0)  has  q  values ;  and 
he  series  into  which  it  is  multiplied  is  finite  and  single-valtied, 
ince  tan  ^  <  1. 

Now  suppose  cos  6  is  positive, 

Tlien  ^''(cosP  0)  has  one  real  positive  value.  Using  this  value 
n  the  above  series,  the  upper  line  is  wholly  real  and  the  lower 
ine  is  wholly  imaginary. 

Hence  the  upper  line  =  cos  -  <^  and  the  lower  line  =  i  sin  -  «/>, 

where  ^  is  some  angle  whose  cosine  =  cos  $  and  whose  tangent 
=  tan  e. 

It  remains  to  determine  which  of  the  alternative  values  of  <f>  is 
to  be  taken.  To  do  this  we  apply  the  principle  of  continuity. 
Thus 

As  cos  6  approaches  the  limit  +  1  and  tan  0  the  limit  0,  the 
upper  line  approaches  the  limit  +  1  and  the  lower  line  the  limit  0. 

Hence,  in  the  limit,  the  upper  line  =cos-0  and  the  lower  line 
=  i  sin  -  0.     Hence  the  general  values  of  the  upper  and  lower 

line  are,  respectively,  cos  -  $  and  t  sin  -  ^,  where  0  is  the  (positive 

or  negative)  a>cute  angle  whose  cosine  =  cos  0  and  whose  tangent 
=  tan^. 

For,  if  any  other  values,  e.g.  cos  -  (27r  +  6)  and  i  sin  -  (27r  +  0) 
were  given,  then  as  $  approached  the  limit  0,  the  two  series 
would  approach  the  limits  cos  -  2ir  and  isin-  2ir,  and  yet  when  6 
reached  its  limit,  the  two  series  would  be  1  and  0  respectively. 

This  would  involve  a  breach  of  continuity,  which  we  have 
shown  to  be  impossible  in  a  convergent  series. 

J.  T.  28 
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Hence  we  conclude  as  follows : 

If  n  is  fractional,  and  if  tan  ^  <  1,  and  if  cos  6  is  positive,  then 
cos»^{l-Jn(n-l)tan*^  +  ^n(n-l)(n-2)(n-3)tan*^...}  =  co8w^ 
cos»tf{ntand--Jn(n-l)(n-2)tan»^+...}  =  sinn^ 
where  d  is  actUe,  and  cos**  0  has  its  real  positive  value. 

620.  Next  let  cos  tf  be  negative,  and  let  q  be  odd. 

Then  taking  the  real  negative  value  of  ^/(cos^  6)  ii  p  is  odd, 
and  the  real  positive  value  of  ^(cos^  0)  if  p  is  even,  the  upper 
line  is  wholly  real  and  the  lower  line  wholly  imaginary. 

Now  as  cos  6  approaches  the  limit  - 1  and  tan  6  the  limit  0, 

the  upper  line  approaches  the  limit  +1  or  —  1  according  as  j?  is 

even  or  odd,  and  the  lower  line  the  limit  0.     Hence,  in  the 

P  P 

limit,  the  upper  line  =  cos  -  qv  and  the  lower  line  =  i  sin  -  qr- 

Hence,  by  the  principle  of  continuity,  the  general  values  of  the 

upper  and  lower  line  are,  respectively,  cos  -  6  and  *  sin  -  tf ,  where 

6  is  the  angle  nearest  to  qv   whose   cosine   =cos^  and  whose 
tangent  =tan^. 

621.  Next  let  cos  6  be  negative ;  and  q  even,  but  ^  odd. 

Then  p  and  q  being  supposed  prime  to  one  another,  p  is  odd. 

Then,  by  Art.  608, 

//      «m      -//         «/ix    /       2A.  +  1           .  .    2A.+  1       \ 
y (cos^  6)  =  ^(-  cos^  0)  .  (  cos pir-k-i  sm ptr  \ 

where  X  has  any  integral  value.     Put  2A.  +  1  =  ^.     Then  one 

value  of  ;^(cos^^)  is  t  «/(-cos^^) .  (-  1)  *  ,  where  ^(-cosP^)  has 
its  real  positive  value. 

Giving  to  iJ{QO^^  0)  this  value,  the  upper  line  becomes  wholly 
imaginary  and  the  lower  line  wholly  real. 

Thus 
,/(-cos..){l-^-ip)(**|-7....}=(-l)^^sin|^; 
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=  (-1)2  cos|^; 

Tvliere  ^  is  some  angle  whose  cosine  =  cos  0  and  whose  tan  =  tan  6, 
!Now  as  cos  6  approaches  the  limit  -  1  and  tan  6  the  limit  0, 
tlie  upper  line  here  approaches  the  limit  1  and  the  lower  line  the 
limit  0. 

Hence,  in  the  limit,  upper  line  =  (—  1)  '  sin  - .  ~r- ; 

q     Z 

and  lower  line  =  (-  1 )~«~  cos  -  .  ^ . 
^     '  q     2 

Hence  the  general  values  of  the  upper  and  lower  line  are, 

^       p  1^       p 

respectively,   (-  1)  *  sin-  ^  and  (- 1)  *  cos  -  6,  where  0  is  the 

angle  nea/rest  to  ^tt,   whose  cosine  =  cos  6  and  whose  tangent 
=  tan  ^. 

622.     Let  cos^  be  negative,  and  p  and  q  have  any  values 
prime  to  one  another.     Then,  by  Art.  608, 

«//      «/»v      «//           /»v«/       2r+l           .  .    2r+l       \ 
^(cos^  $)  =  */(-  cos  $y  f  cos pir  + 1  sin pwj . 

Hence  giving  to  ;{/(—  cos  $y  its  real  positive  value,  we  have 
^r-hl  „,,  .,„  f-     »(»-g)/tantfV         1 


\1 


2r+l  „,,  ..„f    tan^     p(p-q)(p-2q) /taD.$\»        ) 


=  cos-^:  and 

.    2r 
sin  — 

2r+l 

+  COS 


nii         m«  f   ^^^     /?(;?-g)(i)-2g')/tan^8         \ 
pirx^(-cos^y^|;7-^-^^-^    ^3^^        \—)  +...} 


=  sin^^, 
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\ 


where  0  is  the  angle  nearest  to  (2r+l)ir  whose  cosine  =cqs$ 
and  whose  tangent  =  tan  6. 

This  result  includes  those  of  the  preceding  two  articles. 

For,  if  J  is  odd,  we  may  put  2r+l=q,  so  that  cos jjir=(- 1)', 

2r4"l 
and  sin  —      pv^O,    Hence  the  series  for  cob  pB/q  and  sin  pO/q  reduce 

to  the  forms  given  in  Art.  620. 

And,  if  J'  is  even  and  ^  odd,  we  may  put  2r+l=^,  so  that 

cos  -       j[>fr=0  and  sm j9»r=(-l)  «  .     Hence  the  senes  reduce 

to  the  forms  given  in  Art  621. 

Moreover,  if  q  and  ^q  are  both  even,  we  cannot  make  either 
coej9(2r+l)7r/^  or  sin/>(2r+l)ir/3'  vanish,  so  that  cob  p3/q  and 
mnpOlq  cannot  be  expressed  in  a  single  series. 

623.  The  result  of  the  last  article  follows  immediately  from 
Art.  619. 

For,  liO—  {2r  +  1)  tt  is  acute,  the  multipliers  of 
cos  (2r  +  1) pvjq  and  sin  (2r  +  \)p'rrjq 
in  the  series  of  Art.  622  are,  by  Art.  619,  respectively 

cos  {6  ~  (2r  + 1)  v}  p/q  and  sin  {^  -  (2r  +  1)  w}  p/q. 

Hence  the  expressions  given  for  co&  p6/q  and  ^npO/q  are 
equal  respectively  to 

/2r+l        p^     2r+l      \       ,  .    /2r+l         p^    2r+l      \ 
cos( pw-h-O ©IT  Iowa  sin  ( pw  +  ^O pv). 

624.  Lastly  suppose  tan  0>  1. 

p  p  p 

Then         (cos  ^  + 1  sin  ^) « =  (t  sin  ^)  ^  ( 1  -  ♦  cot  tf ) «  . 

If  sin  6  is  positive,  by  Art.  608, 
(i  sin  ey^  =  il  (sinP^)  ^cos .  ^ 

If  sin  ^  is  negative,  by  Art.  608, 

/.  .    /).-     «//     •    m«/       4r  +  3     pir     .  .    4r  +  3     pvX 
(isin^)^=«/(-smtf)P(^C08-y  .  ^  +  tsm-^  .  ^ j  , 

where  ^  {bvdP  6)  and  «/  (-  sin  Oy  are  taken  as  real  positive. 
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Write  G  for  the  series  1  ^pAEzJ1(^\  ... 

and  S  for  the  series  p  -^  ^^  -.    V.    o — ^  •  ( )  +  ... 

q  1.2.3  \    g   / 

Here,  when   cot^  =  0,  G  =\  and  aS'=0.     This  gives  us  the 
clue  for  discovering  their  general  value. 

Thus,  if  sin  ^  is  positive, 

and  «/(sin^0)((7.8in^*:±l  .-^-^.cosi^  .f)=sm?0, 

where  6  is  the  angle  nearest  to  \  (4r  +  1)  w  whose  sine  =  sin  6  and 
whose  cot  =  cot  6. 

But,  if  sin  0  is  negative, 

^(-sm^)*'((7.cos .  ^  +  /S'.sm .  ^j  =  cos-^, 

and  «/(-smtf)^(C.sm .  ^-^S.cos .  %-)  =  sin-^, 

^  ^  'V  q  2  q2J  q    ' 

where  6  is  the  angle  nearest  to  J  (4r  +  3)  tt,  whose  sine  =  sin  0  and 
whose  cot  =  cot  0.     Thus 

(A)  If  JO  is  even,  q  of  the  form  4r  +  1,  and  sin  6  positive, 
<7.  «/(sin*'^)  =  (-l)2cos"^  awrf  aS.  «/(sin^^)  =  (- 1) "«"  sin^^. 

(B)  If  p  is  even,  q  of  the  form  4r  +  3,  and  sin  6  negative, 
0.'i«/(-sin^)P  =  (-l)»cos?^amf^.^(-sin^y'  =  (-l)  «  sin"^. 

(C)  If  JO  is  odd,  q  of  the  form  4r  +  l,and  sin  6  positive, 
C.  «/(sinP^)  =  (-l)^sin^^an(?^.  «/(sinP^)  =  (-l)^'cos^^. 

(D)  If  jt>  is  odd,  q  of  the  form  4r  +  3,  and  sin  0  negative, 

C.  «/(-sin^)^  =  (- 1)''^-  sin  ^ OandS,  «/  (-sin e)P  =  {-iy^  cos  ^  tf. 
In  (A),  (B),  (C),'(D),  0  is  the  angle  nearest  to  ^qw. 
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625.  In  the  following  article,  an  important  application  is 
made  of  the  Binomial  Theorem..  The  proof  given  is  equivalent  to 
establishing  an  equation  involving  the  first  and  second  differential 
coefficients  of  the  function  to  be  expanded. 

626.  To  eocpand  {(1  +  x')*  +  x}"*  in  potoera  o/x,  where  x  <  1. 
We  may  write 

1  +wa;  +  a,aj*  +  aga:'+...+  a^+...=  {(l  +ar')*  +  a;}*  ...(1), 
the  first  two  terms  being  immediately  derivable  from  the  bi- 
nomial theorem. 

Now  write  a:  +  A  for  x.     The  left-hand  becomes 

1  +  w  (a;  +  A)  +  a,  (a;  +  A)* +...+  a,,  (a  +  A)**  +... 
The  right-hand  becomes 
{(l+«»  +  2Aaj  +  A^)*  +  aj  +  A}*={(l+ar»)*+i.2Aa;(l+aj2)-i+a;+A+..4* 
={(l+«')Ua;}«{l+A(l+ar»)"*+..4H(l+a;")*+a;}«{l+wA(l+a:«)-*+ 
Thus,  equating  the  coefficients  of  A,  after  substituting  from 

(1). 

Again  in  (II)  write  as  +  A  for  x.     Then 
{(l+a;»)*  +  Aa;(l+a;»)~*+...}{n  +  2a2(a;  +  A)+...+ra,.(a;  +  A)*-i+...} 
=  w{l+w(a;  +  A)  +  a2(a;  +  A)*+...+  a,.(aj  +  A)''+...}- 
Equating  the  coefficients  of  h  again,  we  have 
(l+ar»)*{2aa+...+r(r-l)a,iif-*+...}+a;(l+ar')~V+2a2+...-H-a^ 
=  71  (n  +  2(1205 +...+ ra^ic**"^ +... ) 
=  71" {I  -{- a^)~^ (1  +  nx  +  a^  +...+  a^  +..,)  by  (II). 
Multiply  by  (1  +  ar»)^     Thus 
(l+ar»){2a2+...+  ^(^-l)aX"^+...}  +  aj(w  +  2a2+...+  ra,^-^+...) 

=  n*(l  +nx  +  a^+,,,+  a^^-\'..,)    (Ill) 

In  (III)  equate  the  coefficients  of  of.     Thus 

(r  +  2)  (r  +  1)  ar+2  +  r  (r  - 1 )  a,.  +  m^  =  n^a^ ; 

••^'•+2-(r+l)(r  +  2)'''- 
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Putting  r  in  succession  0,  1,  2,  3....  we  have 
{(1 +a^)*  +  a,}«=l +r«r+ j-^*» +^-3-3-^  +  5-^3--^  a^+... 
(n-r  +  2)(n-r  +  4)...(w  +  r-2)      ^ 

Also  substituting  for  a,,  a,...  in  (II),  we  have 

{(1  +  ar-)* +  »}"  =  (1  +  iB')*  xFl+Tiai+'^i' a:' +  "/'"'" f^a;»+... 

^-(n-r+l)(7i-r  +  3)...(n  +  r-l)^  ^      1 
[r  '"J* 

627.  In  these  two  expansions,  the  multiplier  of  the  alternate 

terms  is  — =--7 —  a^,  the  limit  of  which  is  -  05*.     Hence,  if 

X  is  wholly  real  and  lies  between  +  1  and  -  1,  or  if  »  is  wholly 
imaginary  and  if  ix  lies  between  +  1  and  -  1,  the  series  are 
convergent. 

628.  The  above  formulae  may  be  transformed  in  many  ways. 
If  a;  is  wholly  real  and  less  than  1,  the  series  are  positive 

(as  the  student  may  show) :  hence  the  real  positive  values  of  the 
fractional  powers  must  be  taken. 

629.  A.     Let  (1  +  ar')*  +  aj  =  « ;  then  (1  +  ar')*  -  aj  =  z-\ 

and  2x  =  z-z~\ 

If  X  lies  between  -  1  and  +  1, « lies  between  ,^2  ~  1  and  >^2  +  1 ; 
and  we  have 

^     -     n/      1\       n^    /      ly     n(7i«-P)/      IV 

^=^^n*-.-)^2:4r^}^4:4V(^-^)^-- 

Hence  any  power  of  z  may  be  expressed  in  ascending  powers 

of  2J  —  in  a  series,  which  is  convergent  if  z  lies  between  ^2-1 

and  V2  +  1. 

It  would  thus  appear  that,   by  expanding  the  powers  of 
z  -  z"^  by  the  binomial  theorem,  we  could  expand  any  power  of  z 
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in  positive  and  negative  integral  powers  of  «.  And  this  is  in  a 
sense  true.  But  the  resulting  series  would  be  divergent,  unless 
we  took  the  terms  in  groups  corresponding  to  the  integral  powers 
of  a;  -  «~*. 

630.  B.  Let  a;  =  cottf;  then  ^(l+iB*)+a;=cosec^+cottf=cotJ(^. 
If  then  X  lies  between  - 1  and  + 1,  we  may  take  6  between 

\w  and  fir,  so  that  cot  }^$  is  positive.     Thus 

cot*^^  =  l+ncot^H-^^cot^^  +  y~Pcot»g+.... 

631.  To  expand  cos  nO  and  sin  nO  in  powers  of  sin  ^,  whm  n 
hoA  any  real  v(due. 

In  the  formulae  of  Art  626,  put  aj  =  t  sin  $.  Then  ^(1  +  a^) + a? 
=  cos  ^  + 1  sin  tf .  Hence  the  series  represent  some  value  of 
(cos  tf  +  »  sin  tf )*,  i.e.  of  cos  n<^  + 1  sin  w^  where  <^  is  some  angle 
whose  cosine  and  sine  are  equal  to  those  of  0  respectively. 

If  ^  =  0,  a;  =  0 ;  and  the  series  become  =  1  =  cos  nO. 

Hence,  by  the  principle  of  continuity,  if  ^  is  acute, 

n^  n^  W  —  2') 

1  -  T^  sin*  $  +  — ^— pj — -  sin*  ^  - . . .  =  cos  n^ ; 

.    .     n(n^-V)   .  ,  .     n(n*-P)(n»-3»)   ...  .      . 

1-    -,.     sin*  6  +  ' ^-rj ^sin*tf-...= ^, 

12  ^  cos  6 

wsintf ^^-r^ — ^sin'tf +~^^ ^^^ ^sm«6-...=      -^. 

13  |5  cos  cr 

The  first  and  last  of  these  series  terminate  only  if  w  is  an 
even  integer;  the  middle  two  terminate  only  if  n  is  an  oild 
integer.  For  these  special  cases,  the  above  formulae  were  proved 
in  Art.  375. 

632.  To  show  that,  if  n  is  positive,  the  aeries,  obtained  by 
multiplying  all  the  terms  in  the  eocpansion  of  (1  —  1)*  by  anj/ 
positive  or  negative  finite  quantities,  is  convergent. 
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As  soon  as  r  becomes  greater  than  w,  the  terms  in  the  ex- 
pansion of  (1  —  1)**  after  the  r*^  have  all  the  same  sign. 

If  n  is  positivBy  the  series  is  convergent  by  Art.  461,  and  is 
in  fact  equal  to  zero.  Hence  the  sum  of  the  terms  after  the  r^^  is 
finite,  being  numerically  equal  but  opposite  in  sign  to  the  sum  of 
the  terms  up  to  the  r**^. 

Hence,  if  all  the  terms  after  the  r*^  are  multiplied  by  any 
positive  finite  quantities,  the  resulting  series  will  be  conver- 
gent by  Art.  453.  And  if  any  of  the  signs  are  then  choMgedf 
the  resulting  series  will  still  be  convergent  by  Art.  445. 

Hence,  the  series  obtained  by  multiplying  all  the  terms  in 
the  expansion  of  (1—1)*,  where  n  is  positive,  by  a/ny  positi/ve 
or  negative  finite  quantities  is  convergent.  Q.  E.  d. 

633.  To  expand  (2  cos  0)^  in  ratios  of  multiples  of  0,  where  n 
has  any  {integral  or  fractional)  positive  valus. 

The  general  value  of  (2  cos  $)*  is  given  by  the  expression 

(2  cos  0)^  (cos  2Xir  .n  +  iain  2Xir .  n). 
Again      (2  cos  d)*  =  {cos  0-^ism$  +  (cos  ^  +  i  sin  0)-^}\ 

Expanding  by  the  binomial  theorem,  the  general  value  of  the 
above  is 

(cosd  +  iainO)^+n{cos0  +  i  aiaO)^'^  +  Jw(w-l)  (cos  $+isia$)^-^+ . . . 
where,  though  each  of  the  expressions  (cos  $-\-iaiii  Oy*-^  is  many- 
valued^  yet  each  is  obtained  from  the  preceding  by  dividing  by 
the  singU-vdLued  expression 

(cos  ^  +  i  sin  fffy  ^•®*  ^os  2d  +  i  sin  2d. 
Hence,  by  De  Moivre's  theorem,  the  above  expansion 
=  cos  wd  +  n  cos  (n  —  2)  d  +  J  n  (n  -  1)  cos  (n  -  4)  d  +  . . . 
+ 1  sin  wd  +  in  sin  (w  -  2)  d  +  J  m  (ri  -  1)  sin  (n  -  4)  d  +  . . . 

where  d  must  have  the  same  value  throughout. 

Since  n  is  positive^  this  series  is  convergent  by  the  last  article. 

Hence  also,  by  making  a  sufficiently  small  change  in  the 
value  of  d,  we  may  make  the  change  in  the  value  of  the  series  as 
small  as  we  please. 
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Now  suppose  0  =  2nry  where  r  has  any  specified  int^ral 
value.     Then  the  series  becomes 

(cos  2nr .  n  +  i sin  2nr .  n)  {1  +  n  +  Jn (n  -  1)  + ...} 
=  (cos  2nr .  n  + 1  sin  2nr .  n)  (positive  value  of  2*) 
by  the  binomial  theorem,  n  being  greater  than  -  1.     (Art  46i) 
Thus,  if  cos  ^  =  1,  we  have 

(cos  2nr .  n  + 1  sin  2nr .  n)  {positive  value  of  (2  cos  $)% 
=  cos ntf  +  n cos  (n -  2)  tf  +  Jn (w - 1)  cos  (w -  4)  ^  + ... 
+  isinntf  +  tnsin(n—  2)^  +  |tn (n - 1)  sin  (n - 4)  ^  + ... 
where  0  =  2nr. 

If  then  0  changes  continuously  from  2r7r  to  (2r*J)7r,  cos# 
remains  positive,  the  positive  value  of  (2  cos  0)^  also  changes  con- 
tinuously, and  the  above  series  changes  continuously.  Hence 
the  multiplier  cos  2r7r .  n  + 1  sin  2r7r .  n  must  not  change  dis- 
continuously  into  cos  2rV .  n  + 1  sin  2rV .  n. 

Thus,  if  cos  0  has  any  positive  value,  the  above  equation  still 
holds  if,  in  the  series,  we  take  ^  to  be  the  angle  nearest  to  2nr 
whose  cosine  »  cos  0. 

Next  suppose  d  =  (2r  +  l)ir,  where  r  has  any  specified  value. 
Then  the  series  becomes 

{cos  (2r  +  1)  IT .  n  + 1  sin  (2r  +1)  ir  ,n}  (positive  value  of  2*). 
Thus,  if  cos  ^  =  -  1,  we  have 
{cos  (2r  +  1)  IT .  w  + 1  sin  (2r  +  1)  ^ .  n}  {positive  value  of  (-  2  cos  $)% 
=  cos ntf  +  w  cos  (n -  2)  ^  +  ^n  (n  -  1)  cos  (n  -  4)  ^  +  ... 
+ 1  sin  w^  +  m sin  (n -  2)  ^  +  ^in (n  —  1)  sin (w  -  4)  ^  +  ... 
where  tf  =  (2r  +  l)^. 

As  before  then,  if  cos  0  has  any  negative  value,  this  equation 
still  holds,  if,  in  the  series,  we  take  tf  to  be  the  angle  nearest  to 
(2r  +  1)  IT  whose  cosine  =  cos  0, 

634.  In  the  first  result  of  the  last  article  suppose  0  is  acute. 
Then,  r  =  0;  and,  equating  real  and  imaginary  terms,  we  have 

cosn^  +  ncoa(n-2)0  +  ^(n-l)  cos  (w-  4)  ^  +... 
arid  sinn^  +  nsin(n-2)^  +  ^w(n-  1)  sin(?i-4)tf +... 
equal,  respectively,  to  the  real  positive  value  of  (2  cos  0)^  and  to  0 
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A.  If  however  6  is  7U)t  acute,  but  differs  from  2nr  by  an 
acute  angle,  the  above  series  are  equal  to  the  real  positive  value 
of  (2  cos  Oy  multiplied,  respectively,  by  cos  2nr .  n  and  sin  2nr .  n. 

Thus,  if  n=p/qy  where  q  is  even,  we  may  put  2r  =  q,  and  the 
above  series  become  equal  respectively  to  the  real  value  of 
-  (2  cos  ^)~  and  to  0. 

If  further  ^q  is  even,  we  may  put  2r  =  ^q,  and  the  above 
series  become  equal,  respectively,  to  0  and  to  the  real  value  of 

(- 1)^(2  cos  d)». 

B.  If  $  differs  from  (2r+  l)ir  by  an  acute  angle,  the  above 
series  are  equal  to  the  real  positive  value  of  (-  2  cos  0)*  multiplied, 
respectively,  by  cos  (2r  +  1 )  tt  .  n  and  sin  (2r  +  1)  tt  .  ri. 

Thus,  if  n  =p/qy  where  q  is  odd,  we  may  put  2r+l=q;  and 
the  above  series  become  equal,  respectively,  to  (-  1)**  (-  2  cos  0)^ 
and  to  0. 

If  q  is  even  and  ^  is  odd,  we  may  put  2r  +  1  =^q;  and  they 

become  equal,  respectively,  to  0  and  (- 1)  ^  (-2  cos  0)\ 

635.  To  extend  the  above  results  to  the  case^  when  n  is 
negative. 

Liet  (n)r  represent  the  coefficient  of  of  in  (1  +a;)**. 
Then,  as  shown  in  Art.  464, 

This  formula  follows  at  once  from  the  fact  that  (1  +  a;)**"*"^ 
must  be  obtainable  from  (1  +  xY  by  multiplying  by  \+x. 

Now  let 
f{n)  =  cos  n^  +  (n)i  cos  (t*  -  2)  ^  +  . . .  +  {n\  cos  (n  -  2r)  0 

•f  i  sin  n6  +  i  {n)i  sin  (w  -  2)  tf  +  . . .  +  i  (n\  sin  {n  —  2r)  0 
where  the  coefficients  are  those  of  (1  +  a;)**  and  the  series  termi- 
nates at  (n)r^  Multiply  by  2cos^,  and  resolve  each  product 
2  cos  6 COB pO  into  the  sum  of  cos  {p+\)0  and  cos {p-\)0,  and 
2  cos  6  sin  jod  into  sin(jt?  +  l)d  +  sin(jt?-l)d.  Thus,  by  the  above 
relation  between  the  coefficients  of  the  binomial  expansions, 
2costf./(w)=/(n+l) 

+  {n\  cos  (w  -  2r  -  1)  ^  +  i  (n)^  sin  (n  -  2r  -  1)  ^. 
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If  then,  when  r  is  indefinitely  increased,  (l)/(w  +1)  remains 
finite,  (2)  (n)^  remains  finite,  (3)  cos  0  is  not  zero,  then  y (n)  will 
be  finite. 

Now  it  was  shown  in  Art.  519  (and  also  in  Art.  462),  that, 
when  r  is  infinite,  (n)^  is  zero  or  infinite  according  as  n  is  greater 
or  less  than  -  1.     If  n  =  ~  1,  {n\  becomes  ±  1. 

If  then  n  lies  between  0  and  -  1,  the  series  ^(n)  is  convergent 
and  =  (2  cos  tf )*  provided  cos  6  is  not  zero. 

If  n  =  -  1,  the  series y(n)  is  finite,  but  indeterminate. 

If  n  <  - 1,  the  series  f{n)  is  infinite  for  all  but  certain 
special  forms  of  r,  when  r  is  infinite. 

636.  In  the  expansions  of  the  ratios  of  nO  in  terms  of  the 
ratios  of  tf ,  we  may,  by  putting  ti  =  oc,  obtain  expansions  of  the 
ratios  of  ^  in  terms  of  0,     This  has  been  done  in  Art.  501. 

637.  But,  by  putting  n  =  0,  we  obtain  expansions  of  B 
in  terms  of  the  ratios  of  0, 

The  results  are  true,  in  each  case,  only  if  0  represents  the 
circular  measure  of  an  acute  angle. 

Thus,  from  Art.  619,  we  have,  if  tan^<l, 
^      .     (n-l)(n-2)^     3^     (n-l)(n-2)(n-3)(n-4)^     ,^ 

**^*-— 1-7273       ^^^^  1,2.3.4.5   -'*^'^-- 

sinn^ 


ncos*d* 

n-l^     ,.     (ri-l)(ri-2)(n-3)^     ,.  cosn^-cos»^ 

o— *a»^+  1    o   -<i    A   -       tan*^-...= -^ — . 

2  1.2.3.4  n  cos*  0 

Putting  n  =  0,  and  observing  that  the  expansion  of  cos*  0  in 
powers  of  n  gives  1  +  w  log  cos  0  +  \{n  log  cos  ^)'  +  . . .,  we  have 

tand-^tan»d  +  |tan»d-...=tf    (1), 

|tan^d-itan*d  +  Jtan«d-...=logsec^    (2). 

[The  latter  result  follows  at  once  from  the  equation 
secd  =  (l+tan«d)^] 
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Again,  from  Art.  631,  we  have 

|3  |5  n 

j2  [4  |6  n^ 

Putting  w  =  0,  we  have 

.    .    1  sin'd     1.3sin«d  .  .^, 

^^^-^2-3-^274-5-^-=^  <^)^ 

sin*^     2sin*^     2.4sin<^^  0^ 

Again,  from  Art.  634,  we  have 
sin(2-n)d  +  -Y-^  sin(4-n)d  +  ^ — 121 — ^sm(6-n) tf  +  ... 

sinnd 

cos(2~y^)g+^cos(4-n)^4-^''Vl^V^^cQs(6--n)^-h... 

_(2cos^)"--cosn^ 

—  -—  ^ 

Putting  71  =  0,  we  have 

sin2d-isin4^  +  |sin6tf-...  =  d (5), 

cos2tf-icos4tf  +  |co86tf-...=log2cos^  (6). 

Other  results  may  be  obtained  on  the  same  principle. 

§  3.     Complex  or  Imaginary  Indices. 

638.  The  use  of  complex  expressions  of  the  form  a  +  bi,. 
where  a  and  b  are  real,  is  explained  for  symbolical  purposes  by 
the  understanding  that  the  equation  a'¥bi  =  c  +  di  shall  be 
interpreted  to  mean  that  a  =  c  and  b  =  d. 

It  remains  then  to  examine  what  use  can  be  made  of 
imaginary  or  complex  indices. 
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639.  Def.  Let  f{x)  be  some  single-valued  algebraical 
function  of  ce,  not  containing  a;  as  an  index,  such  that  for  any 
complex  values  of  x  and  y, 

then,  if  f{x)  =  X  and/(l)  =  a, 

X  is  said  to  be  a  value  of  the  a;*^  power  of  a ;  and  x  is  said  to 
be  a  logarithm  of  X  to  base  a. 

Thus  the  several /ortiw  oif{x)  which  will  satisfy  the  conditions 
that  /(l)  =  a,  and  /(x)  ^f(y)=/(x-i-y)y  will  be  the  several 
values  of  a'. 

And  the  several  volumes  of  a:,  which  will  satisfy  the  equation 
f{x)  =  X  for  any  of  the  above  forms  of  /,  will  be  the  values  of 
logoX  for  that  particular  form  of/. 

640.  To  find  the  forma  of  i  (x). 
Suppose  that 

f{x)  ^C^  +  CX-^  CjCC*  +  C^  4-  . . . 

Since  the  relation/(a;)  x/(y)  =f{x  +  y)  requires  that/(0)  =  1, 
we  see  that  c^  =  1.     The  same  relation  gives 

1  +c(a;  +  y)  +  C2(a;  +  y)*+  ...  +c^(a;+.y)*'+  ... 
=  (1  +ca;  +  Cja:^+  ...  +c,._iaf-^+  ...)(l+cy+ ...). 

By  multiplying  out  the  term  c,.  {x  +  y)**,  the  coefficient  of  y  is 
clearly  rCfOT'K     Hence  equating  the  coefficients  of  yaf  ~\ 

rCr=C,Cr-i,       ..Cr=—- . 

T 

Putting  r  successively  equal  to  1,  2,  3,...  we  have 

\r 
Hence 

The  coefficient  c  is  obtained  from  the  condition  that  /(I) 
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sliall   have   any  given   value  a;   i.e.  c  is  any  solution  of  the 
^M][uation 

If  c  is  any  root  of  this  equation,  the  several  values  of  a^  are 
■felie  several  corresponding  values  of 

And  the  several  values  of  log<^X  for  each  value  of  c,  are  the 
several  values  of  x  found  from  the  equation 

641.     To  find  the  nature  of  the  roots  of  the  equation  f  (x)  =  1, 
larhere 

/(«,)  =  ! +«  +  _  +  __  +  ...  +  _  +  ... 

I.  /(a;)  =  1  has  no  real  root,  except  a;  =  0.     For,  if  a;  is  real, 
J'{x)  is  the  real  positive  value  of  {/(I)}*      But  /(I)  >  1.     Hence 

all  real  positive  powers  of  /(I)  are  >  1 ;  and  all  real  negative 
powers  of  ^(1)  are  <  1.  Hence  f{x)  cannot  =  1,  for  any  real 
value  of  aj,  other  than  zero. 

II.  f{x)  -  1  has  no  complex  root. 

For,  since  the  coefficients  in  f(x)  are  real,  if  a  +  5i  were  a 
root  oif(x)  =  1,  a  — hi  would  be  a  root. 
But/(a  +  hi)  xf{a  -  M)  =/(2a). 

If  then  both  f(a  +  hi)  and  f{a  —  hi)  were  equal  to  1,  /(2a) 
would  be  equal  to  1 ;   .'.  by  I.,  a  must  be  zero. 

Hence  all  the  roots  oif{x)  =  1  are  wholly  imagirw/ty, 

III.  Any  integral  multiple  of  the  common  measure  of  any 
two  roots  oif{x)  =  1  must  also  be  a  root. 

Let  rfii  and  r^fii  be  two  roots  having  the  common  measure  fii, 
so  that  r  and  r'  are  integers. 
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Then,  since  f{x)  ^/(y)  =/(«  +  y),  and  since  /(r/d)  =  1  and 
/{r'fii)  =  1,  therefore 

/{pr  '^p'r')  /A»  =  1,  where  p  and  p'  are  any  integers. 
But,  by  the  theory  of  numbers,  we  may  make  pr  '^p'r'  =  1. 

Hence  /xt  is  a  root  of  fioc)  -■  1 ;  and  .'.  any  multiple  of  \Li  is 
a  root. 

IV.  All  the  roots  of  f(x)  =  1  must  be  integral  multiples  of 
some  common  root. 

For,  if  fi*  and  any  root  outside  the  series  r/d  have  any 
common  measure,  all  the  multiples  of  this  common  measure  will 
be  roots.     And  these  will  include  the  series  r/x,i. 

Hence,  as  long  as  we  take  two  comTnensurable  roots,  all  the 
roots  will  be  included  in  the  multiples  of  their  common  measure. 

But,  if  two  roots  \i  and  k'i  were  incommensurable,  we  could 

find  a  fraction  -  as  near  as  we  please  to  -7 ;  so  that  p\'i  -  q\i, 

which  would  also  be  a  root,  could  be  made  as  small  as  we  please. 
And  since  any  multiple  of  this  root  would  be  a  root,  it  would 
follow  that  any  wholly  imaginary  value  whatever  would  be  a 
root.   That  is,  writing  x  —  *y,  the  equations 

[2     li     \1 

would  be  true  for  all  real  values  whatever.  But  this  is  im- 
possible since  the  coefficients  of  these  equations  are  not  zero. 

Hence 

The  roots  of  f(x)  =  1  a/re  all  the  positive  and  negative  int^ral 
multiples  of  some  wholly  im/ogirui/ry  root  which  we  rrvay  call  2irt.* 

*  The  introduction  of  the  symbol  «■  will  be  justijaed  later  by  showing  that 
it  has  here  its  usual  value. 
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642.     To  find  the  general  form  of  the  values  of  log  J). 
The  general  values  of  \ogJb  are  the  roots  of 

1c  QCr        C  Xr 

^"^^    |2  ■'-|3^-=* <^>' 

where  c  is  any  root  of 

c^      c* 

Xiet  X^a  be  any  one  of  the  roots  of  this  equation :  and  X^a  +  k 
any  other  root.     Then,  the  left  hand  being /(c),  we  have 
/(V)x/W=/(V  +  A); 
.-.     axf{k)  =  a,         .'.    /W=l. 
.*.  A;  is  any  solution  of  the  equation /(a;)  =  1 ;  i.e.  k  =  2mn. 

the  roots  oif(x)  =  a  are  X^a  +  2/iiri, 
and  the  roots  oif{x)  =  h  are  Xjb  +  2miri, 

Hence  the  roots  of  (1)  are  — ,  where  c^Xfa-h^niri, 

That  is, 

the  general  values  of  log^ft  are  ^ ^^. 

°  X^a  +  2mn 

This  means  that  there  is  some  function  of  a;,  viz. : 

If 
such  that 

(1)  ^(a:)x<^(y)  =  .^(a;  +  y). 

(2)  ^(l)  =  a. 

(3)   «(.)  =  6,  ^f-  =  ^^q:2^. 

where  X^  (<)  is  any  solution  of  1  +  a?  +  j^  +  r^  +  . ..  =  ^. 

\^    li 

Particular   cases  of  this  result  .  should   be  carefully  noted. 
Thus  we  will  put 

,,114 

J.  T.  29 
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Then  for  a  write  e.    Then  one  value  of  X^  is  1.    Thus 

the  general  values  of  logeft  are  -^   ,^  ^V . 
Or  again,  put  6=1.     Then  one  value  of  X^  is  0.     Thus 

the  general  values  of  log^l  are ^ — . . 

Here  put  a  =  «.     Thus 

the  general  values  of  log^l  are  ^ — ^ — -  • 

Putting  m  and  n  equal  to  0,  we  see  that  \Jb  is  a  special 
value  of  logjb.  Putting  n  =  0,  we  see  that  2mTri  is  a  value 
of  logel. 

And  in  general  we  find : 

Each  logarithm,  stick  as  loggby  has  a  doithle  infinity  of  values, 
which  is  obtained  by  giving  a  single  infinity  of  values  to  \ogj)  and 
to  logea. 

643.     To  find  the  general  values  ofc^. 

The  expansion  l+aj+-^+-j^  +  ... 

I 

may  be  called  the  expansional  value  of  e^. 

Thus,  since  the  general  value  of  o^  is 

where  c  =  X^a  +  2mn ;  we  have 

The  general  values  of  a^  are  the  expansional  values  of 
^(M+aniri)x  f^^  ^jj  integral  values  of  n. 

Assuming  then  that  a  may  be  complex,  we  will  apply  this  to 
the  three  cases  according  as  a;  is  wholly  real,  wholly  imaginary,  or 
complex. 

(1)     Let  X  be  wholly  real  ^pjq  say. 

Then  the  expansional  values  of  e^^^^"^^'^  are  those  of 
^Ka        2.2»ir» 
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Here  putting  n=0,  1,  2...q—ly  we  get  q  different  values, 
since  2^  is  the  smallest  value  of  x  for  which  the  expansional 
value  of  e*  is  1.     After  this  the  values  recur.     Hence 

If  x=-;  p  and  q  being  real  integers  prime  to  one  another, 
€^  has  q  different  values ;  which  form  a  geometrical  progression, 

2pni 

whose  common  ratio  is  a  q^  root  of  unity,  viz.  e  ^   . 

(2)  Let  X  be  wholly  imaginary  =  yi. 

Then  the  expansional  values  of  e<^«+2nirt)yi  ^^^  ^^^^^  ^^ 
giyA^^  ^-2nyv      rjij^g  givBS  a  different  value  for  every  value  of  w. 

Hence,  if  x  is  wholly  imaginary,  a*  has  an  infinite  number 
of  values,  which  form  a  geometrical  progression  whose  common 
ratio  is  the  expansional  value  of  e^^, 

(3)  Let  X  be  complex  =  y  +  zi. 

Then  the  expansional  values  of  e(^+2»iri)iy+z*)  ^^^  ^^^^  ^^ 

^yX^  ^  ^izX^    ^-2nzn    ^^nyni^     ^^^  ^^^^^  ^-2nzn  ^^  ^^  .^^^.^  UMmUv 

of  values  in  geometric  progression  :  and  the  nuipber  of  values  of 
e    ^'^  is  equal  to  the  denominator  of  y, 

644.  To  trace  the  changes  in  the  expansional  value  of  e^\ 
where  x  is  real. 

Writing /(aji)  =  the  expansional  value  of  6**, 
we  have 

Let  X  (^)  and  iif/  (x)  be  the  real  and  imaginary  parts  oif{xi). 
Then 

{x  ip^)  +  ^'A  {^)}  {x  (2^)  +  ^^  iy)}  =  X  («^ + y)  +  ^'A  («  +  y\ 

Hence  equating  the  real  and  imaginary  terms 

x(^+y)=x(^)'X{y)-^(:'^)'^{y) OX 

xl^{x  +  y)=il;{x),x{y)  +  x(^)'^(y)   (2). 

29-2 
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Now  since  x  {^)  contains  only  even  and  ^  (x)  only  odd  powers 

of  flS, 

•*•     X(-«)  =  X(«)  and  ^  (-«)  =  - (/r  (a;) (3), 

also  XW  =  1        »^d        ^(0)  =  0 (4), 

and  x(«-y)=x(«)-x(y)  +  'AH.^(y) {^h 

^(«-y)  =  ^(«)-x(y)-x(«)-^(y) i^h 

From  (1),  (2),  (5),  and  (6)  we  have 

x(y)-x(«^)  =  2iA{H«+y)}.'A{i(^-y)} (7)» 

Putting  in  (5)  y  =  «,  we  have 

l={x(«)}'  +  {f(«)}» •..; (9). 

Hence  x  (^)  *iid  i/r  (a;)  are  arithmetically  not  greater  than  I. 
Now/(27rt)  =  1,  .\  /(a»+  2iri)  =/(«»);  i.e.the  values  of/(a») 
recur  whenever  x  is  increased  by  2ir. 
Again,  since 

f{2^)  =  1,  /.  f(wi)  -  ^1  =  +  1  or  - 1. 

But  /(^)  cannot  be  + 1,  because,  by  definition,  2ir  is  the 
smallest  value  of  x  for  which /(a:i)  =  1. 

/.    /{iri)  —  1;        i.e.  xW  =  -l  and  iA(^)  =  0, 

.*.  X  ( -  ^)  =  -  1  and  ij/ {  —  w)  =  0. 
.'.    /(ict  +  ^)  =  -/(xi) ; 
i.e.     X  (^  "^  '^)  =  ~  X  (^)  and  tjf  (x  •¥  w)  =  -  ij/  (»). 
.*.     X  (^  "-*)=""  X  (^)  and  xj/ (w  -  x)  =  xj/  (a?). 
Again,  since 

/(^)  =  -  1,        .*.  /(ifri)  =  ^(-  1)  =  +  i  or  -t ; 
so  that  X  ( J^)  =^  ^  and  ^  (  Jtt)  =  +  i  or  - 1. 

We  must  show  that,  from  a;  =  0  to  a;  =  Jtt,  x  (aj)  and  ^  (a)  9>re 
both  positive.  If  a;  is  a  small  positive  quantity,  x  (a?)  and  ^  {^) 
are  clearly  positive.  Hence,  being  continuous,  they  cannot 
become  negative  without  passing  through  the  value  zero. 

If  possible,  let  x  (y)  or  i/r  (y)  =  0  for  some  value  of  x  between 
0  and  ^TT.     Then,  since 
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{X (y)P  +  {'A(y)}'=l  and/(yt)  =  x(3/)  +  *«A(y), 
J'{y%)  would  equal  ±1  or  *t.     Hence  f{^yi)  would  be  *1  and 
y  (^yi)  would  be  1.     Buty*(a»)  is  not  1,  until  a;=  2ir,  /.  neither 
if/  (y)  nor  ^  (y)  can  vanish  if  y  is  between  0  and  ^^. 

.*.  ^{x)  and  X  (^)  are  always  positive  from  «=  0  to  a;  =  \ir. 
/.     /(i7ri)  =  +  i;        i.e.     x(i^)=0  ai^d  i/r(i^)  =  l. 

/.     x(-i^)  =  0  and  ^(-i^)  =  -l. 

i.e.     x(«^  +  J^)  =  -^(«')  aiid  «A(«J  +  H  =  XH 
•*•  .  X(i'r-«)  =  'A(^)  a^d  iA(i^-a;)  =  x(aj)- 

•*•      X  (i'»-)  =  '/^  (t'^)  =  -72  s^^®  {X  (^)P  +  {'A  («)}'  =  1 :  and  so  on. 

Finally,  by  (7)  and  (8),  as  long  as  J  (a;  +  y)  and  \{x  —  y)  lie 
between  0  and  Jir,  \ff  {x)  must  increase  and  x  (^')  must  decrease  as 
05  increases. 

Thus,  between  0  and  Jtt,  ^  {x)  continually  increases  from  0  to 
1 ;  and  x  {x)  continually  decreases  from  1  to  0. 

Hence  the  values  of  i/r  (a;)  and  x  {x)  cannot  be  repeated  as  x 
pa.sses  from  0  to  Jtt. 

645.  To  find  a  vcUtie  for  \  (1  +  y),  *.«.  a  root  of  tlie 
equation 

01?        01? 

The  value  of  X^  (1  +  y)  has  to  satisfy  the  condition 

^e(A+y;+  — 12 —  + — 13 —  +  •••  =y  > 

.-.    when   X,(l  +  y)  =  0,  y-O  and  r-r=?^ — -  =  1. 

If  then        A.«  (1  +  y)  =  Co  +  Ciy  +  Cay*  +  Csy*  +  ..., 
we  must  have  c^  =  0,  and  c^  =  1 ;  so  that 

^«  ( 1  +  y) = y + <J22/^ + ^'s?/'  +  •  •  •  +  c^y*"  +  •  •  • 
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Writing /(ac)  for  the  series  1  +  a;  +  J**  +  Jos'  +  . . .,  we  have 

/(*)x/(x')  =/(«  +  «'); 
/.  if  a  is  a  root  of  f{x)  =  1  +  y ;  and  a!  of  f(x)  =  1  +  « ;  then 
a  +  a'  is  a  root  oif{x)  =  (1  +  y)  (1  +  «)  =  1  +  y  +  (1  +  y)  ». 

That  is,  we  may  write 
A«(l+y)  +  A.(l+«)  =  A.{l+y  +  (l+y)«}; 

.-.  Xe(l  +  y)+«  +  <v*+  ...={y+(l+y)«}+...  +  Cr{y  +  (l+y)«r+." 

Equating  the  coefficients  of  z^  we  have 

l  =  l+y+...+rc^y^-*(l+y)  +  (r+l)c^+iy^(l+y)  +  ... 
Equating  to  zero  the  coefficient  of  y^,  we  have 

Putting  r  successively  equal  to  1,  2,  3...  we  have 

which  is  a  convergent  series  if  mod.  y  is  not  greater  than  1.    [For, 
by  Art.  596,  mod.  y*  =  (mod.  y)\     See  also  Arts.  616,  453,  44i).] 
We  must  here  distinguish  the  cases  according  as  y  is  wholly 
real,  wholly  imaginary,  or  complex. 

(1)  Let  y  be  wholly  real. 

Then  the  series  for  A«  (1  +  y)  is  real ; 

•*•  y  ~  \}f  +  \y^  ~  T^*  +  •  •  •  =  the  one  real  value  of  log^  (1  +  y). 

(2)  Let  y  be  wholly  imaginary  =«t  say. 

ThenX,(l+2;t)-t(«-Ja«  +  ^«»-...)  +  H«'-K  +  i2^--) 

.-.  2t(«-iz»  +  i«»-...)  =  2X,(l+«i)-^*a+«')  =  ^ej4S- 
Thus  \  = ;  is  wholly  imaginary.     Now  when  z  equals  0,  the 

series  =  0 ;  hence  as  z  varies  from  0  to  1  or  from  0  to  —  1,  the 
series  changes  continuously.  * 
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Now  between  -  Jtt  and  +  Jtt  there  is  only  one  value  of  x  for 
which  the  expansion  of  e**  has  any  given  value. 

Hence  the  series  2»  («  -  J2*  +  ^a;"  —  . . . )  =  the  value  of  \  -^ ; 

which  lies  between  -  Jir  and  +  ^ir, 

/.  X^  (1  +  «i)  =  J  the  real  value  of  loge  (1  +  «^ 

+  the  value  of  \\t^ .  which  lies  between  —  \jr  and  +  \ir, 

(3)     Let  y  be  complex  =y-\'zi  say.     Then 
A.  (1  +  y  +  «•)  =  ^A.  (1  +  2y  +  y»  +  «»)  +  JA,  l±5^i±^ , 
which  reduces  to  cases  (2)  and  (3). 

646.  Hence  we  can  find  an  expansion  for  tt. 

Thus/( jTrt)  =  t = YZi  •      •*'  ^«  1^7  ^  ^'^' 
Hence  putting  2  =  1  in  (2)  of  last  article, 

Other  expansions  for  \Tr  may  be  found  by  observing  that 
1+^^x    l-^y_\   1+aj  +  y  +  ay 

Ag  r +  Ag  .j —  A^ , 

\-x         l-y         \-x  —  y-\-xy 
Thus  putting  a?  =  Jt  and  y  =  Jt,  we  have 

1  +|t         1  +^i         1  +t     -    . 

647.  The  indeterminateness  of  the  powers  and  logarithms 
of  quantities,  which  arise  from  our  introducing  imaginary 
indices,  gives  rise  to  some  difficulties  in  the  management  of 
equations. 

Thus  given  that  a  =  6,  we  have 

The  general  values  of  a^  are  the  expansional  values  of 
^(A«6+2nirOr^  for  the  several  integral  values  of  n. 

And  the  general  values  of  loge  ^  *re  -:j — ^ r . 
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In  these  expressions  \J>  means  any  solution  of  the  equation 
obtained  by  equating  the  expansional  value  of  e^  to  6 :  i.e.  A^ 
represents  some  logarithm  of  6  to  the  base  e. 

648.  The  indeterminateness  of  these  operations  may  be 
diminished  however  by  the  following  conventions  : — 

(1)  The  written  symbol  of  the  form  e*  shall  mean  tk 
expansional  value  o/ef". 

(2)  The  written  symbol  of  the  form  log^  a  shall  mean  any 
value  of  X  for  which  the  expansional  value  of^  =  a. 

Then  from  the  equation  a  =  6,  we  shoul<L.deduce 
^aj_g(log«6+2niri)a: 

and  loggtt  =  logg  h  +  2mri, 

In  this  way  the  logarithm  to  the  base  e  would  be  reduced  to 
a  single  indeterminateness.  But  those  to  any  other  base  would 
have  to  remain  doubly  indeterminate. 

649.  Illustrations  may  be  given  of  the  confusions  arising 
from  neglecting  the  nature  of  the  indeterminateness  of  powers 
and  logarithms. 

(1)  Wehavel^  =  e**^**«'^  =  6«  =  l. 

But  e*'^=  1,     /.  (e^^^y  =  1<;  i.e.  6"^''=  1. 

This  result  is  apparently  absurd. 

It  must  be  amended  as  follows : 

ji  =  e* ^*«^  =  the  expansional  value  of  c<(«+2»'^> 

=  the  expansional  value  of  e"^**"". 

This  is  an  indeterminate  result  one  of  whose  values  is  1,  viz, 
when  w  =  0. 

Next  we  have  a  value  of  e*'^  is  1 ;  .*.  a  value  of  e"^""  is  c*"^"' 
for  some  value  of  n;  i.e.  the  expansional  value  of  e~^'  is  the 
expansional  value  of  e~  '""^  if  w  =  1. 

(2)  We  have  e^"^  =  1  :   .'.  e'+2m^  =  e. 
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Raise  both  sides  to  the  power  1  +  2n7rt,  then 

^l-4iiinira+2(m+n)ir<  _  A+2niri  _  ^ 

for  any  integral  values  of  m  and  n. 

This  process  might  be  repeated  ad  infinitum. 

It  must  be  amended  as  follows : 

T^or  simplicity  we  may  understand  that  e*  means  the  ex- 
pansional  value  of  e*.  Then  we  may  write  €^'^'^^'^=6^  for  any 
assigned  value  of  m. 

Raising  both  sides  of  this  equation  to  the  power  1  +  2mri  and 
still  understanding  expansional  values,  the  left  hand  becomes 
^a+2mnMm'ni)ii+2nni)  ^^^^^  ^,  j^  unosdgned. 

Assigning  to  m!  its  several  values  we  obtain  the  several 
values  required.  Amongst  these,  viz.  when  m—-m^  we  have 
the  value  e. 

Applications  to  Trigonotnetrical  Formulae, 

650.  Having  worked  out  a  purely  algebraical  theory  of 
imaginary  indices  or  logarithms  we  may,  by  means  of  De  Moivre's 
Theorem,  apply  the  results  to  Trigonometry. 

651.  To  find  a  series  for  cos  A-{-i  sin  A, 

By  De  Moivre's  Theorem,  if  ^  is  a  real  angle  and  x  a  real 
quantity,  the  general  values  of  (cos  ^  +  t  sin -4)*  are  given  by  the 
expression  co&x{A-\-n,  360")  + 1  sin  a?  (^  +  w .  360"),  where  n  is 
any  integer. 

But,  by  the  theorems  above  discussed,  the  general  values  of 
(cos  A  +  isin  AY  are  the  values  of 

where  c  is  any  root  of  the  equation 

<?      <^ 
l+c  +  -j^+T^  +  ...  =cos^  +tsin^ (1). 

Iz_     1^ 
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Hence,  if  c  satisfies  (1), 

cosa(^+n.360')  +  t8ina;(ii+n.360'')=l+ca;+-^  +  ...  (2). 

'- 
Now  ar,  being  fractional,    may  be  indefinitely   diminished 
In  the  limit 

co8a;(i4-n>.360")~l  _     2 sin' ^a; (ii  +  n .  360°) _ 

X  X 

,       sina(ii+n.360')       .      ,  '        .  «^^o 

and       ^  =  circular  measure  of  -d  +  n .  360  ; 

X 

.*.  from  (2),  %  X  (circular  measure  oi  A+n,  360')  =  c. 

Let  B  and  2ir  be  the  circular  measure  of  A  and  360"  respec- 
tively.    Then  by  (1), 

The  expanstonal  value  of 

e^^^^^^'Ucose  +  isinO    (3). 

This  result  justifies  the  introduction  of  the  symbol  ir  in  Art. 
641. 

652.  If  we  understand  by  e*  its  expansional  value,  we  have 
cos  0-hi sin  0  =  e^  and  .*.  cos $-isiD.O  =  e"*^. 

.-.  cos  d  =  I  (e'^  +  e-^  and  i  sin  d  =  J  (e^  -  e~^). 

These  are  usually  called  the  Exponential  values  of  the 
sine  and  cosine. 

It  would  be  more  correct  to  call  cos  $  and  i  sin  0  the  Ex- 
pansional values  of  |  (e^  +  e"*^  and  |  (e^  -  e~*^  respectively. 
For  these  latter  are  at  first  sight  uninterpretahle,  and  are  in  any 
case  indeterminate ;  while  cos  $  and  sin  6  are  both  interpretable 
and  determinate. 

653.  We  have  already  (Art.  508)  given  the  following  defini- 
tions : 

cosh  B  =  the  expansional  value  of  |  (/  ^  e"*),  and 

sinh  0  =  the  expansional  value  of  ^  (e  —  c""*). 
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Hence  we  may  introduce  imaginary  angles,  by  the  defini- 
tions : — 

cos  id  =  cosh  6  and  sin  iO  =  i  sinh  0 ; 
which  will  result  from  our  writing  id  for  $  in  the  values  of  cos  $ 
and  i  sin  6, 

Thus  a  whoUy  ima^ina/ry  angle  has  a  wholly  real  cosine,  but  a 
wholly  imagiruiry  sine. 

654.  To  find  the  eocpansion  for  taxT^  X, 
We  have 

cos  0-\-i  sin  0  =  ^  and  cos  ^  —  i  sin  ^  =  e"**. 

.,,...  1  +  ttan^      2f« 

.  .  by  division,  = — r-r ^  =  e    . 

^  '  \-%  tan  0 

But  since  here  e*  means  the  expansional  value  of  e*,  we  may 
use  loge  a  to  mean  a  value  of  x  for  which  the  expansional  value 
of  e*  is  a*     Hence,  if  tan 0<,\, 

2i0  =  log«  (1  +  itan ^)  - loge(l  -  i tan  0), 

=  2niri  +  2i(tan  ^- Jtan»^  +  Itan**  0,.,) ; 
.-.  ^  =  n^  +  tan^-^tan»^  +  ^tan'*^-  ... 
But  the  series  after  rnr  is  equal  to  the  value  of  B  between  —  ^x 
and  +  Jx  by  Art.  645.     Or,  immediately  by  the  principle  of  con- 
tinuity, since  tan  0  =  0;  we  have 

x-\a?-^\Qi^-  ... 
=  the  circular  measure  of  the  acute  value  of  tan~^  x, 

655.  The  exponential  expressions  for  the  sine  and  cosine 
enable  us  to  use  very  compendious  proofs  of  propositions  (which, 
of  course,  are  otherwise  provable). 

They  have  two  important  uses : 

(1)  In  the  interpretation  of  functions  involving  complex 
expressions :  i.e.  the  reduction  of  these  functions  to  the  form  of  a 
complex  expression. 

(2)  In  the  sumnuUion  of  series  and  conversely  the  develop- 
ment of  functions  into  series. 
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656.  Example  of  the  interpretation  of  a  complex  function. 
Reduce  (a  +  6ty*^«*  to  the  form  A  +  Bi. 

Let 

a  +  6t  =  r  (cos  ^  + 1  sin  d),  so  that  r*  =  a*  +  6*  and  tan  6  =  hja. 
Then 
(a  +  Uy^^  =  r^"*"^  .  6<P+«*>^*  =  r ** .  e"«* .  r«»  e^' 

=  r^ .  «~^*  {cos  (q  log  r  +^^)  + 1  sin  (g  log  r  +  j?^)}- 
.\  il  =  r** .  c'^  cos  (^  log r  +pB)  and  B  =  r^  .e~^^ sin  (^^  log r  +/>^). 

The  indetermiuateness  of  this  result  should  be  examined. 

We  take  r  to  be  the  positive  value  of  V(«*  +  6*) :  so  that  to  logr  we 
may  give  its  real  value.  Then  B  is  the  angle  whose  cosine  is  b/r  and 
whose  sine  is  a/r.  Hence  B  is  indeterminate— its  values  differing  bj 
2ir.  Hence  the  magnitude  of  the  coefficient  e~*^  has  an  infinite  number 
of  values ;  and  the  expression  cos  {q  \ogr-^p0)  +  i sin  {q\ogr+p0)hB& 
values  equal  in  number  to  the  denominator  of  p. 

657.  Example  of  the  Summation  of  Series, 
To  find  the  two  sums : — 

C  =  1  +  a;  cos  ^  +  a*  cos  2^  +  iB*  cos  3d  +  . . . 
iS'  =  0+a;sind  +  iB*sin2d+a:»8in3d  +  ... 
We  have 
C  +  *S'i=  1  +aj(cosd  +  isind)  +  «*(cos2d  +  »sin2d)  +  ... 
^l-^xe^'^a^e'^  +  a^e^-^,,. 

1  1  1 -a5C0sd  +  ta;sin^ 


\-xe^*     1  -  ic  (cos  $  +  i  sin  0)     (l-x  cos  Of  ~  i^ar»sin'^ 


^  \-x  cos  0  -   rt  05 sin d 

^  =  T S n \  ^^d   *S^  = 


1  -  2a;  cos  d  +  03*  1  -  2a5  cos  d  +  ar*  * 

658.     Example  of  Development  in  a  Series. 
To  expand  log^  (1  —  2aj  cos  d  +  a")  in  powers  of  x. 
Log,(l  -2a;  cosd+ar»)=log,(l  -xe^-xe'^'+a^)  =log,(l-a»^)(l-»!"*) 
=  -a;(6^  +  6-^)-ia;»(e^  +  e-*«)-.^a^(6^**+e-^)-... 
.*.  -  J  log,  (1  -  2xcos  d  +  ar*)  =  a; cos  d  +  Jar»cos  2d  +  ^cos  3d  +  ... 
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659.     To  expand  6  in  powers  of  a,  when  sin  d  =  a;  sin  (^  •*-  a). 
Here  .•'-e-^  =  x6^*+'>*-x6-<'^-^», 


6^  = 


l-«e-^ 


.".  (the  acute  value  of  20)  i 

=  expansion  of  {log  (1  —  oce~   )  —  log  (1  -  aJc"')} ; 
.*.  ^  =  X  sin  a  +  J«'  sin  2a  +  ^  sin  3a  +  . . . 

Bernoulli's  j^umbers, 

660.  The  following  is  an  application  of  the  exponential 
theorem,  which  is  extensively  used  in  the  expansion  of  functions. 

661.  In  the  expansion  of  (x  +  1)**  —  x**,  /or  integral  values  of 
n  greater  t?um  1,  substitute  A^  for  x*"  and  equate  the  result  to  zero. 

Thusputn  =  2;  then  2^  +  1  =  0;   .'.  A^^-^i 

Put  w  =  3;  then  Silg  +  3^i  +  1  =  0;   .*.  ^2=  +  ^- 
and  so  on. 

The  substitutive  function  (a;  +  1)**  -  «**  may  be  simplified  by 
subtracting  its  values  for  different  values  of  n;  since,  after 
substituting,  the  result  has  to  be  equated  to  zero. 

Thus  take  {x  +  1)»  -  a;*  from  {x  +  1)«+^  -  a5*+^ ; 
take  the  remainder  i.e.  aj  (a;  +  1)**  —  a;**  (as  -  1) 

from  x(x+  1)**+^  -  a;**"*-^  (x-l); 
take  the  remainder  i.e.  ar^  (a;  +  1)**  -  a;**  (a;  -  1)^ 

from  ar'(a;+l)«+i-aJ»+^(a;-l)«; 
and  so  on. 

Thus  the  substitutive  function  becomes  a;*"(a;  +  1)**  -aJ*(aj-  1)**. 
(1)     Here  put  m  =  n;  then  we  have  a;**  (x  +  1)**  -  aJ*  (a;  -  1)*. 
Here  all  the  terms  involving  even  powers  of  x  cancel ;  hence 
the  odd  terms  between  A^  and  A^n  alone  remain. 
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Put  n  =  2 ;  thus  A^ »  0.     And  since  every  increase  of  n  by  I 
brings  in  one  new  odd  term,  we  see  that 

After  Ai  aU  the  coefficients  with  odd  suffixes  vanish. 

(2)     Now  put  n  =  m  +  1 ;  then  we  have 

ai~(a;+l)-+^-ai~+^(a;-l)«». 

In  this  expansion  we  may  omit  the  odd  powers  of  x  since  the 
substitutes  for  them  are  zero. 

The  term  involving  aj**"**  in  x^  (x  +  l)**"^^  is 


(w-f  l)m...(m-2n  +  1) 


a^- 


an 


|2n+l 
The  term  involving  a*"-**  in  —  05*+^  (x  -  1)**  is 

m{m-l)...{m-2n)       ^^ 
|2n+l  • 

Hence  in  the  substitutive  function  the  term  involving  ic**"* 

is  n  +  ^^   ^j  X  {term  in  «"*  {x  +  1)"**^}, 

2m  — 2n+l      .^         .      •»  /       ix^xi* 
i.e.  ; X  {term  in  ar*  (a;  +  l)"'"^n. 

Let  us  write  then  €»  =  (2r  +  l)^ar. 

Then  the  values  of  C^  may  he  found  hy  substituting  C^  M 
X**  in  the  eocpansion  of  x"  (x  + 1)"*^^  equated  to  zero,  the  odd 
coefficients  being  dropped 

We  have  C2=3^  =  J. 

Put  m  =  2;  then  3C4  +  C2  =  0;   /.  C4=--|. 

Putm  =  3;  then  4(78  + 4C4  =  0;   •*•  ^«  =  f- 

Putm  =  4;  then5C8+10C6  +  C4  =  0;   /.  Cs=-^jj, 

Putm  =  5;  then6(7io  +  20C8  +  6(7«  =  0;  /.  Cio  =  |. 

Putm»6;  then7Ci2  +  35(7io  +  21C8  +  C8  =  0;   /.  Ci2  =  -fl5- 

Put  m  =  7  ;  then  SC^^  +  56Ci3  +  660^0  +  SCs  =  0 ;   /.  C^  =  V- 
And  so  on. 
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In  the  above,  write  Br  =^  (- ly^^A^ ;  then  ^j,  B„  -5,...  are 
oalled  Bernoulli's  numbers. 

The  relations  bejtween  the  three  sets  of  coefficients  here  intro- 
<luced  should  be  carefully  noted.     Thus 

The  introduction  of  the  il-coefficients  leads  to  the  simplest 
definition ;  while  that  of  the  C-coefficients  simplifies  the  calcula- 
tions. 

X 

662.     To  expand  — — -  in  powers  qf:L. 

[It  should  be  observed  that  if  e*=l+y;  this  expression  becomes 
-^ — —  which  (if  y<l)  can  be  expanded  in  powers  of  y.] 

if 

When  x  =  Oy  the  given  expression  =1;  forc*=l+a;+... 
Hence  we  may  write 

Nowe»-l=a;+      +      +...+      +... 

|2      [3  \n 

Hence  multiplying  and  equating  the  coefficient  of  aj*  (where 
n  >>  1)  to  zero ;  we  have 

^«-i    +   "^v^  + .  \^ ,  + . . . + — A_  +  1=0. 


\n-l  |1      |7i-2  |2      |n  -  3  |3     "*     [l|n-l      \n 

Multiply  by  \n.     Thus 

.         n(n-\)   .         n(w-l)(w-2)  .  ^      i     a 

n  A-1+       |2       ^»-2  +  -^^ 13^ ^-^n-8  +  ...  +  /i^i  +  1  =  0. 

That  is,  Jy  may  be  found  by  substituting  A^  for  7f  in  the 
expansions  of  (a;  +  1)**  -  a;**  and  equating  the  results  to  zero. 

Hence  the  coefficients  -4^,  -ij,  A^...  are  those  found  in  the 
last  article. 
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Since  iij  =  -  ^  ;  and  after  A^  the  odd  coefficients  vanish,  while 
Br  =  {-  1)*"*' A^,  we  may  write 

^-1^     *^^[2^     [4^^[6"'  — 

663.     To  derive  other  expansiorut  from  the  above. 
We  have 

X  X 

X         X  ^x    «*+l_a5    e^ +  «'•_«         ,x 

e^-e  • 
•    fcoth|=l  +  iJ.^-i?,jJ.5,^- (1). 

Now  cosech  x  =  coth  ^x  -  coth  a?. 
A  |co8ech«  =  J-if,|  +  (2»-l)^,|-(2'-l)if.^-  ...(2). 

a? 


Again  J  tanh  ^  =  coth  «  -  J  coth  ^  , 


Jtaiih|  =  (2«-l)i?*-(2'-I)i?,^+(2«-l)5,^-.„(3). 


Writing  here 

a;  =  iy  ;  cosh  Ja;  =  cos  Jy  and  sinh  |a;  =  i  sin  Jy, 

..  -cot^  =  l-A|2-^«^-^»|6- W» 

|cosecy=^  +  2?,^  +  (2»-l)5.^  +  (2».l)i?3^+ (5), 

Jtaii|  =  (2«-l)A^  +  (2^-l)i?,|  +  (2«-l)^3^+...(6). 
664.     Now  we  have  (Art.  526) 

cot3^=--2         ^ 


y      ^ir^ir^-y*' 


cot|=l-2^S:^(l-2^)"\ 
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If  y  <  2^,  all  the  terms  can  be  expanded  in  ascending  powers 
o£  ^  by  division.     Hence 

^cot|=l-2AS',  where 

^  ""  2VV       2V"^  2V"^  -7     ivV       iV"^  4V^  -7 

^6VV'^6V^6V"^-7 

Equating  coefficients  of  y^  in  the  two  expansions  for  |  cot  | , 

2        2 

-we  have 

^_^_r,     L    i_    J_       1 

[2r     (2^rL    "*■  22»-  "^  3*-  "^  4^  "^  •J  * 
Hence  the  limit  of  the  ratio  of  each  term  to  the  preceding  in 
the  expansion  of  |  cot  |  is  (•^)  :  so  that  the  series  is  convergent 
if  y  <  27r. 


EXAMPLES  XXI. 

1.  The  quantities  1,  i,  - 1,  - 1,  1,  ^,  <fec.  form  a  geometric 
series.     Hence  deduce  the  rules  of  signs  in  their  multiplication. 

2.  Show  that  the  addition,  subtraction,  multiplication,  and 
division  of  complex  quantities  yields  always  a  complex  quantity. 

3.  If  (a  +  bi)  (c  +  di)  is  wholly  real,  a,  6,  c,  and  —  d  must 
form  a  proportion ;  if  it  is  wholly  imaginary,  a,  6,  dy  c  must  form 
a  proportion. 

4.  If  the  ratio  of  two  complex  quantities  is  wholly  imaginary, 
then  the  norm  of  their  sum  is  equal  to  the  sum  of  their  norms. 

5.  The  modulus  of  the  sum  of  any  number  of  complex 
numbers  is  never  greater  than  the  sum  of  their  moduli. 

J.  T.  30 
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6.  Show  that  the  square  root  oi  x-^yiia 

or         -.  UiWi^ + y")  +  H  -  ♦  Jih  Ji<^*tn-  M> 

according  as  y  is  positive  or  negative,  where  the  positive  values 
of  the  square  roots  are  understood. 

7.  From  the  above  find  the  fourth  roots  and  the  eighth  roots 
of  +  1  and  -  1. 

8.  If  (i>  be  one  of  the  complex  cube  roots  of  +  1, 

1  +  (i>  +  0)*  =  0 ;  and  »*  —  ay  +  y*  =  {u)X  +  w^y)  (^^^  +  ^)* 

9.  If    cos2a  +  t8in2a  =  -4  and  cos2j8  +  isin2)8  =  J?,  then 
2coe(a-^=y^  +  y|and2sin(«-^)=y^-y|. 

10.  If  C  and  D  are  defined  in  the  same  way  as  A  and  B 
above, 

il  ^  +  C2>  =  2  cos  (a  +  j8  -  y  -  8) .  {cos  (a  +  )8  +  y  +  8) 

+  *  sin  (a  +  j8  +  y  +  8)}, 
(ii  +  5)(C  +  2>)  =  4cos(a-)3)cos(y-8).{cos(a  +  /3  +  y  +  8) 

+  isin(a  +  )3  +  y  +  8)}. 

11.  If  Ay  B,  C  are  the  angles  of  a  triangle, 
cos  3-4  +  cos  3-B  +  cos  3(7  +  3 

=  (cos -4  +  cos  -5  +  cos  C)(cos  -4  +  cos -5  +  cos  C -  4  cos -4  cos -5  cos  C) 
+  (sin  ii  +  sin  -5  +  sin  (7)  (sin  ^  +  sin  -5  +  sin  (7  —  4  sin  -4  sin  5  sin  (7). 

12.  If  we  may  put  2  cos  -4  =  05  +  - ,  2  cos  B  =  f/  +  -  and  so  on ; 

X  y 

show  that  2 cos (-4  +J?  +  (7+  ...)  =  a;y«...  + . 

^  '       ^  xyz,,, 

13.  Find  the  fifth  roots  of  —  1,  first  by  Algebra,  and  secondly 
by  Trigonometry. 

14.  Express  1+t;    ^3  +  i;    l-t^3;    -l-i;    1 +t  +  ^2, 
1  +  2  —  ^3  in  the  form  p  (cos  0  +  %  sin  $)  where  p  is  positive. 
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15.  Find  the  general  values  of  the  sixth  roots  of  1,  —  1,  t 
d  -». 

16.  Evaluate 

(3  ^3  +  3t  J3)^ ;  (81  ^3  -  8K)* ;  (32  ^3  +  32i)K 

17.  Expand   cos  70  and  sin  7$  in  homogeneous  terms  in- 
volving cos  0  and  sin  6, 

18.  Expand   64  cos^  0  and    64  sin'  $  in   cosines  and  sines 
respectively  of  multiples  of  0, 

19.  2« sin»  dcos«^  =  6  sin  ^  +  8  sin 3^-  3  sin  70  -  sin  9^. 

20.  2^  sin*^  0  cos*  ^  =  6  sin^  +  4  sin  3^  -  4  sin5^  -  sin  70  +  sin 9^. 

21.  af^  +  aj~**  -  y**  —  y"**  =  (if  w  is  even) 
<aj  +  a;-^  +  y  +  y-^)(a;  +  a;-^  -  y  -  3^-^)  X 

^^i<»-2)r^^^.2 «  2 (a;  +  a:-^)(y+  y"')cos^+3/»  +  y-^  +  4cos«^^]  . 

22.  as*  +  a;"**  -  y*  -  y"**  =  (if  n  is  odd)  (a;  +  x~^  —  y  -  y"^)  x 
^i*<*"^>p  +  aj-2  -  2  (a;  +  x'') (y +y-^)cos  ^  +y«+y-a+ 4  cos^  ~1  . 

23.  cosh  wa  -  cosh  ri^  =  (if  n  is  even) 
2*  (cosh  a  ~  cosh  fi)  (cosh  a  +  cosh  fi)  x 

j>Hn-2)  r^jj  2a  -  4  cosh  a  cosh  j8  cos  ^  +  cosh  2)3  +  2  cos^  ^1 . 

n-l 

24.  cosh  na  -  cosh  nfi  =  (if  w  is  odd)  2  2    (cosh  a  -  cosh  fi)  x 

Pi*<*"^f  cosh  2a  -  4  cosh  a  cosh  )3  cos  ^  +  cosh  2/8+2  cos»  —  1 . 

25.  If  n  is  a  positive  integer,  and  tan  ^  <  1, 
cos*dcoswtf=l-Jw(n+l)tan»d+3jV^(n+l)(n+2)(w  +  3)tan*d-... 
cos* ^ sin ntf = n tan 0 -^n  (n-^l){n  +  2) tan* ^  +  . . . 

26      «.     1,3^,    9>^'      27n(n'-l)     81n'(n'-2') 
^o.     ^-^+4+4.8+     4.8.12        4.8,12.16 

30—2 
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\ 


W  "       12  "^12.24"^  12.24.36  "^  12. 24. 36.48 ■^"' 


B.     «*^  =  1  +  n  sinh  y  +  to  sinh'  i 


+  — Vo — ^'  sinh»  y  +  — ^-"i '-  sinh*  y  +  ... 

if  y  lies  between  log,  (^2  -  1)  and  log,  (^2  +  1). 

29.     Hence 

.  ,         1    sinh'  V     1-3    sinh'  y 

y*_8inh'y     2    sinh'y     2.4    sinh*^ 
2~~2         3  •  ~i~  "^  376  •  ~6     "■■ 

«»     8mh»v     l'+3»  .  ^,        l»  +  3"+5»  .  ^, 
|=-^--j5     "^^^ ^^ sinh'y-... 

,^     «•     sin'fl     l»  +  3»  .  ,.     l«+3»  +  5»  .  ,- 

^^-  6=  jT-'-iB-       n^"      ■■ 

31.  If  a^+i=  1 +J  +  ^  +  J+ ...+-,  then 

dlog  sec  d  =  ^8toii' ^-3«6tan»d  + jOy  tan'^- ... 
J(log8ec^)^-Jtf^  =  itan«d-.^4tan*d  +  X^ii*^-- 

32.  If  a;  =  tan  j-  (4A;  +1),  where  A;  and  n  are  integers, 

33.  If s^ s^—  . ..  ac?  »7i/I  =  cos  A  +  »  sin  ^  then 

34.  Put  into  complex  form : 

sin(a  +  6i);  cos(a  +  6t);  tan(a  +  W);  sec(a  +  6i);  cot(a  +  W); 
cosec  (a  +  bi) ;   log^  {a  +  bi) ;   log,  ( 1  +  aJ*) ;    tan"^  (a  +  6t);    a* ;   **  > 
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35.  log^^l^±i^  =  2ttan-'(cota!tanh«). 

36.  log^H?i^±ytJ  =  2itan->(tan«tanhy). 

COS  («H/  —  yxj 

37.  tan-^(e**)  =  j7i7r  +  itr-J*logtan(J^-Jd). 

-38.     Find~.cosec-^('^^;  and  (a  +  tatan*y**»^"^*^-*^. 

OQ         /I  +  sin  ^  + 1  cos  ^\**  /WTT  ,\        ..      /WTT  .\ 

i-e^-e-^  2^2(6* -e-*) 


(«♦  +  V2)'  +  (e~*  +  V2)»  («*  +  V2)'  +  («-*  +  J2y ' 

41.  If  t*  '  to  an  infinite  number  of  exponents  be  represented 
A  +  m,  then  tan  !!^  =  2  and  ^'  +  jB»  =  «"'*. 

4  0  i_  ms*^  rto  ^'T  W* 

42.  cos  X  cosh  05  =  S«  T-  22  cos  -j7-  cos  -r- . 

0  ^  2  4 

Sum  the  following  series  (43 — 50). 

43.  cosa  +  a;cos(a  +  )3)  +  ic'cos(a  +  2)3)  + ... 

.  .        .  sin  2a     sin  3a 

44.  sma+-^+— ^  +  ... 

.^      -      cos  a  COS  ^     cos*  a  cos  2)8     cos^acos3)3 

46.  sin  a  cos  j3  -  ^  sin*  a  cos  2)3  +  Jsin'a  cos  3)3  -  ... 

47.  a;  sin  a  -  ^  sin  3a  +  ^  sin  5a  -  . . . 

48.  sin  (a  +  )8)  -  J  sin  (a  +  2)3)  +  ^  sin  (a  +  3)8)  -  . . . 

49.  e*siny-ie*»sin2y  +  ^sin3y-... 
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50.  l+?co8a8in/3  +  ^^^|^co«»asin2)8 

q  |2 .  9* 

>^",y^-^)cos»asin3)3^.... 

Sum  the  following  series  to  n  terms  (51 — 54). 

51.  1  +  cos  a  cosjS  +  cos'  a  cos  2)8  +  cos'*  a  cos  3)8  +  . . . 

52.  a;sina-a'sin{a  +  )8)+«'sin(a  +  2)8)  -  .... 

53.  sin  a  +  2  sin  2a  +  3  sin  3a  +  ... . 

54.  l*cosa+2»cos2a  +  3'cos3a  +  .... 

55.  Find 

,  .                  n(n-l)        ^       n(n-l)(w-2) 
1-l-ncosa-f     \         ^  cos 2a  +    ^ -^ ^cos3a  +  ..., 

where  n  is  a  positive  integer. 

Expand  in  ascending  powers  of  x  the  following  (56 — 61), 

56.  (1  -  2aj  cos  a  +  (x?Y\\  -  a?),         57.     ^  cos^. 

58.     c*"*^cos(a  +  a;sin)8).  59.     6*" cos  6a;  +  e^  cos  oar. 

^^      sin  a  -  a;  sin  (a  -  )8)  l+a;cos^ 

1  -  2ajcos)8  +  a:*    *  '     1 +  2a;cos^  +  a^  * 

62.     If  tan  x  =  n  tan  y,  then  a  value  of  a;  is 

y  -  w  sin  2y  +  Jm*  sin  4y  —  ^m'  sin  6y  +  . . . 
1-n 


where  m  = 


1  +w* 


63.  The  side  c  of  a  triangle,  whose  sides  a,  6  (6  <  a)  and 
angle  G  are  known,  is  given  by 

h  h^  ¥ 

log  c  =  log  a  —  cos  (7  -  ^  —J  cos  2(7  -  J  —  cos  3C  -  ... . 

oaj?  +  6aj  +  c  .  *    i_ 

64.  The  fraction  — -^ — = —  is  equal  to  the  sum  of  three 

fractions  of  the  form r-^r r—, — ^^sr    i  where  r  has  any 

a;  —  cos  J27rr  —  t  sin  ^27r7' 
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-tliree  consecutive   values:    and    two    of    the    numerators    are 
imaginary,  unless  a  =  b  =  c  in  which  case  both  =0. 

65.     If  a,  )8,  y...  be  the  n  roots  of  the  equation 
af*  +p^a^-^  +p^~^  +  ...  +/>«_!«  +j»«  =  0, 
then,  for  any  values  of  0  and  aj, 


tan 


-     asin^         ^       ,      fisin^         ^       ,      ysin^ 
"^ 7i +  tan-*  -TT- — 7 +  tan-*  — '— 


a  cos  6  — X  fico&6-x  ycos^-a; 

_  X     ^1  Pi  siii  Ox^"^  +  jt>2  sin  26af*~^  +  . . .  +  p^  sin  nO 
—  as*  +  jt?i  cos  Oocf*-^  +  jt?2  cos  2ftc*"^  + . . .  +  p^cosnd ' 

66.  If  p  and  n  be  any  integers  and  w^,  cog,  ...  Wn-i  be  the  Ti*** 
roots  of  unity,  excluding  unity  itself,  then  the  remainder  when 
p  is  divided  by  t*  is 

— 5-  +  o)/ ,-^^- +  o./ ^-^  +  ...  +  «o„_i* 


1— o)i  1—0)2  A—  a)„_i 

67.     By  making  x  complex  in  the  expansion  of  sin  a?  into 
factors,  show  that 

tan-*  -^  4-  tan"*  -^— „  +  tan-*  ^r— -  +  . . .  oc?  inf. 


=  ^-tan->(cot-J-2Coth-22). 


V2      v2; 

68.  From  the  equation  log  sec  (a;  +  9)  =  log  sec  a:  +  9  tan  a;  + . . . 

22»(2**-l) 
show  that  log  sec  a;  =  2  — 77 — tt: — -  B^. 

69.  Hence  since  log  (2a;  cosec  2aj)  -  log  (x  cosec  a?)  =  log  sec  a;, 
show  that  log  (x  cosec  a;)  =  2  ^  "^,9    ^»a5**. 

70.  Hence  since  log  (tan  a;  h-  a?)  =  log  sec  x  -  log  (a;  cosec  a:), 

u       xu  ^  1      /tanaj\     ^2>»(2^-2)^^ 

show  that  log  {-^)  =  2  -2V|2^  ^»«^- 
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CHAPTER  XXn. 
GEOMETRICAL  INTERPRETATION  OF  IMAGINARIES. 

Vectors. 

665.  Ik  Chap.  XII.  the  symbol  (LM)  was  used  to  represent 
the  line  LMy  regarded  as  drawn  from  Z  to  if.  It  was  called  a 
dirtied  length. 

In  that  chapter,  the  operation  of  adding  directed  lengths  in 
the  same  line  was  explained  so  as  to  lead  to  the  formula 

{LM)  =  (LT)  +  (TM) 
for  any  points  Z,  if,  T  in  the  same  line. 

A  directed  length  could  thus  be  represented  by  an  algebraical 
number,  affected  hy  a  plus  or  minus  sign, 

666.  We  now  extend  the  use  of  directed  lengths,  so  as  to 
combine  in  operation  directed  lengths  in  different  directions. 

Here  our  symbols  are  hound  down  to  a  particular  direction  in 
space  as  well  as  to  a  particular  length. 

The  symbols  in  Chap.  XII.  should  rather  have  been  called 
(merely)  affected  lengths  than  directed  lengths  :  but  Vector  is  the 
term  used  to  express  directed  lengths  in  the  extended  sense  to 
be  now  explained. 

667.  We  may  give  the  following  definition  : 

Dep.  The  position  of  any  one  point  in  space  with  respect  to 
any  other  is  called  a  Vector. 
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Now  the  position  of  any  point  B  with  respect  to  any  point  A 
is  determined  by  (1)  the  length,  (2)  the  direction  of  the 
line  AB, 

The  vector  involves,  therefore,  both  length  and  direction. 

The  symbol  (AB)  may  be  extended  to  represent  the  vector  AB. 

668.  If  the  line  AB  moves  always  parallel  to  itself,  then  its 
vector  remains  the  same. 

In  other  words,  if  (AB)  and  (CD)  are  equal,  parallel,  and  in 
the  same  sense, 

Vector  (AB)  =  Vector  (CD), 

669.  The  extended  use  of  directed  lengths  will  of  course 
involve  the  formulae : 

Vector  (AB)  =  -  Vector  (BA). 
Vector  (AA)  =  0. 

Addition  of  Vectors, 

670.  In  Art.  340,  it  was  shown  that  li  A,  B,  C  be  any  three 
points  in  space,  the  sum  of  the  projections  of  (AB)  and  (BC) 
upon  any  line  in  the  plane  ABC  is  equal  to  the  projection  of 
(AC)  upon  that  line. 

For  this  reason  it  is  convenient  to  define  addition  of  vectors 
by  the  equation 

(AB)-i-(BC)=^(AG), 

This  of  course  includes  the  special  case  when  A^  B,  G  are  in 
the  same  line.  In  other  cases,  the  equation  cannot  be  directly 
interpreted  arithmetically,  but  only  indirectly  :  i.e.  by  projecting 
upon  any  line  in  the  plane  ABC, 

671.  The  above  addition  of  vectors  shows  that  the  sum  of 
two  vectors  drawn  to  and  from  a  common  point  is  the  vector 
drawn  from  the  initial  point  of  the  first  to  the  final  point  of  the 
second. 
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It  follows  at  once  that 

The  vector-sum  of  the  sides  of  any  closed  figure,  directed 
from  point  to  point  round  the  figure,  is  zero. 
This  is  equivalent  to  Prop.  II.  Art.  341. 

672.  If  two  vectors  are  expressed  by  lines  drawn  from  the 
same  point,  e.g.  (AB),  (AD) ;  then  the  sum  of  (AB)  and  (AD)  is 
found  by  drawing  (BG)  equal,  parallel,  and  in  the  same  sense  as 
{AD),  so  that  we  have 

{AB)  +  (BG)  =  (AG), 
but  (Art.  668)  (BG)  =  (AD), 
:.  (AB)  +  (AD)  =  (AC). 
In  other  words, 

The  sum  of  two  vectors,  d/rawn  from  the  same  'point,  is  a  vector 
drawn  from  that  point  and  represented  by  the  diagonal  of  the 
parallelogram  of  which  the  two  given  vectors  a/re  adjacent  sides. 

673.  If  three  nonrcoplana/r  axes  he  dra/wn  from  any  point  0, 
a/ny  vector  (OP)  can  he  resolved  into  the  sum  of  three  vectors  in  the 
direction  of  these  aaces. 

For,  let  OX,  0  F  be  any  two  axes  in  the  plane  of  the  paper : 
and  OZ  any  axis  not  in  this  plane.  Then  from  any  point  P  we 
may  draw  FN  parallel  to  OZ,  cutting  the  paper  in  N,  And 
from  iV  we  may  draw  i^Jf  parallel  to  OF,  cutting  OX  in  M. 
Thus 

(OP)  =  (OM)  +  (MN)  +  (NP), 

where   (OM)   is   along   OX,  (MN)  parallel  to   07,  and  (NP) 
parallel  to  OZ, 

674.  In  the  above  result,  the  lengths  of  OM,  MN,  NP  are 
entirely  determined  by  the  length  and  the  direction  of  OP :  and 
vice  versd. 

That  is ;  The  vector  (OP)  depends  on  three  nmnhei's. 

Hence   to   equate    one    vector    with   another    involves    our 

equating  each  of  three  lengths  with  the  corresponding  parallel 

length. 
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675.  If  we  are  confined  to  a  single  pkme,  then  any  vector 
may  be  resolved  into  the  sum  of  two  vectors  in  the  direction 
of  any  ttvo  axes  drawn  in  the  plane  from  a  point. 

Hence  in  this  case  to  equate  any  one  vector  with  another 
involves  our  equating  each  of  two  lengths  with  the  corresponding . 
parallel  length. 

Division  of  Vectors. 

676.  Since  equal  and  parallel  lines  drawn  in  the  same  sense 
have  equal  vectors,  we  may  represent  any  vector  by  a  line  drawn 
from  an  arbitrarily  chosen  point  0, 

Again,  since  any  two  straight  lines  drawn  from  a  point  will 
lie  on  one  plane,  we  may  represent  any  two  vectors  by  two  lines. 
{OA)y  (OB)  drawn  in  the  plane  of  the  paper. 

677.  Draw  (OA),  (OB)  in  the  plane  of  the  paper  to  represent 
any  two  vectors. 

Now  a  certain  operation  must  be  performed  upon  (0-4)  in 
order  to  change  it  into  (OB), 

This  operation  may  be  called  the  division  of  (OB)  by  (OA) : 
i.e. 

TT^l  means  the  operation  of  changing  (OA)  into  (OB). 

678.  If  (OA)  and  (OB)  were  in  the  same  line  and  in  the  same 
sense  the  quotient  of  (OB)  by  {OA)  would  be  the  ratio  of  (OB) 
to  (OA) :  i.e.  the  number  by  which  the  length  of  OA  would  have 
to  be  multiplied  to  give  the  length  of  OB. 

In  this  particular  case,  then,  the  above  definition  of  division 
would  coincide  with  the  ordinary  definition. 

679.  But  if  (OA)  and  (OB)  were  in  different  lines,  then  we 
should  have 

(1)  To  increase  or  decrease  the  length  of  OA  to  the  length 
of  OB ;  and  then 

(2)  To  revolve  the  changed  length  through  an  angle  AOB  in 
the  plane  AOB. 
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These  two  operations  may  be  regarded  as  factors  of  the  total 
operation,  because  the  second  is  to  be  performed  upon  the  result 
obtained  by  performing  the  first 

Also  it  is  clear  that  the  two  operations  may  be  performed  in 
either  order. 

The  two  factors  of  the  operation  have  received  the  following 
names : 

The  stretching  factor  is  called  the  Tensor  : 
The  turning  factor  is  called  the  Versor, 

680.  It  is  clear  that  the  Tensor  is  a  mere  abstract  arithmetic 
number. 

Thus;  if  the  length  of  OA  is  5  feet,  and  that  of  OB  3  feet; 

the  rcTwor  of  i2?L|. 
{OA)     ^ 

In    other  words  the    Tensor   is  signless,   directionless,    and 

lengtlUess, 

We  may  then  discuss  the  Versor  independently  of  the  Tensor. 

681.  The  Versor  or  turning  factor  requires  for  its  determina- 
tion a  knowledge  of  (1)  the  plan>e  in  which  the  rotation  takes 
place,  (2)  the  angle  which  measures  the  amouTit  of  rotation. 

682.  If  we  still  take  the  plane  of  the  paper  to  represent  the 
plane  in  which  the  rotation  takes  place,  we  may  place  this  plane 
in  an  infinite  number  of  directions. 

Now  the  direction  of  a  plane  is  assigned  by  the  direction  of  a 
perpendicular  to  it,  which  is  called  its  aods. 

This  axis  is  a  mere  direction  ;  not  a  vector. 

Just  as  in  ordinary  Geometry  we  abstract  from  the  direction 
of  a  line  and  consider  only  its  length,  so  here  we  abstract  from 
the  length  of  the  line  and  consider  only  its  direction, 

A  vector  may  in  fact  be  defined  either  as  a  directed  length  or  a 
lengthed  direction.  And,  conversely,  a  length  may  be  called  a  vector 
divested  of  direction;  while  a  direction  may  be  called  a  vector  divested  of 
length. 

Digitized  by  VjOOQIC 


VECTORS.  477 

To  fix  a  direction  we  require  to  know  ttvo  angles,  viz. :  (1)  the 
angle  which  the  direction  makes  with  any  arbitrarily  assumed 
direction,  and  (2)  the  angle  which  the  plane  containing  the  two 
directions  makes  with  any  arbitrarily  assumed  plane  passing 
through  this  arbitrarily  assumed  direction. 

683.  We  thus  find  that  the  vector-quotient  involves  four 
abstract  numbers  : — 

(1)  The  ratio  of  the  lengths  of  the  two  vectors. 

(2)  The  measure  of  the  angle  between  them. 

(3)  The  measure  of  the  angle  between  the  perpendicular  to 
them  and  any  assumed  direction. 

(4)  The  measure  of  the  angle  which  the  plane  containing 
this  perpendicular  and  the  assumed  direction  makes  with  any 
assumed  plane  containing  this  assumed  direction. 

For  this  reason  Sir  W.  R.  Hamilton  called  the  vector- 
quotient  a  quaternion, 

684.  We  may  now  mainly  consider  vector-quotients  which 
have  the  same  axis.  And  this  axis  we  may  take  to  be  perpen- 
dicular to  the  plane  of  the  paper. 

685.  On  the  multiplication  of  operations. 

If,  upon  the  result  obtained  by  performing  one  operation,  we 
perform  a  second  operation ;  then  the  compound  operation  is 
called  the  multiplication  of  the  first  by  the  second. 

Thus,  if  Oi,  Oa  are  any  two  operations,  OgOi,  i.e.  Oi  multiplied 
by  Og,  means  *  performing  0^  upon  the  result  obtained  by  per- 
forming OiJ 

Similarly,  OiOg,  i.e.  0^  multiplied  by  Oi,  means  *  performing 
Oi  upon  the  result  obtained  by  performing  Og.' 

It  is  clear  that  such  multiplication  is  not  necessarily  commu- 
tative :  Le.  O2O1  does  not  necessarily  equal  OjOg.  E.g.  sin  log  x 
does  not  equal  log  sin  x. 
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686.  To  multiply  two  versors  hamng  the  same  axis. 

It  is  clear  that  the  operation  of  turning  a  line  through  an 
angle  B  in  any  plane  and  thence  through  an  angle  ^  in  that 
plane  is  equivalent  to  turning  it  through  an  angle  ^  +  ^  in  that 
plane. 

The  multiplication  of  these  two  operations  is  therefore  com- 
fnutative. 

If  OZ  is  the  axis  perpendicular  to  the  plane  of  revolution, 
the  above  result  suggests  that  we  might  represent  the  operation 
of  turning  a  line  in  a  plane  perpendicular  to  OZ  through  an 
angle  B  by  the  symbol  Z*. 

For  we  should  have  the  fundamental  equation 
Z'>.Z^^Z'^\ 

Here  it  must  be  observed  that  Z  is  not  an  algebraical  symbol, 
but  a  symbol  of  operation.  Thus  Z  ==Z^  means  *  turning  a  line 
through  the  unit  angle  in  the  plane  perpendicular  to  Z,* 

[We  need  not  at  present  define  the  unit  angle.] 

687.  If  (0-4)  and  (OB)  be  any  vectors  in  the  plane  perpen- 
dicular to  OZ;  and 

(1)  If  the  arithmetic  ratio  of  OB  to  OA  is  p :  and 

(2)  If  the  angle  AOB^  with  its  positive  or  negative  sign  is  tf, 

then  the  vector-quotient  jzyjI  may  be  written  p .  Z^, 

'  688.     The  addition  of  vector-quotients. 

The  addition  of  vector-quotients  is  defined  so  that  the  dis- 
tributive law  shall  hold ;  Le. 

{pZ^-^qT^){0X)meajispZ\0X)  +  q7^(0X), 

where  p .  Z^  and  q .  F*  are  any  vector-quotients  and  (OX)  any 
vector. 

689.  To  show  that  the  distrihviive  law  holds  in  rega/rd  to  the 
multiplication  of  the  sum  of  two  vectors  by  a  vector-quotient  in 
tlieir  plane. 
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That  is,  to  show  that 

p.Z^{{OA)-¥{OB)}=:p,Z\OA)-¥p,Z\OB), 
If  OC  is  the  diagonal  of  the  parallelogram  AOBC^  then 

{OA)  +  {OB)  =  {OG). 
Thus  the  left  hand  of  the  above  equation  represents  the  vector 
obtained  by  multiplying  (OC)   by  p  and  turning  it  through  an 
angle  6, 

But  the  right  hand  represents  the  diagonal  of  the  parallelo- 
gram whose  sides  are  {OA)  and  {0B\  each  multiplied  by  p  and 
tuimed  through  0. 

This  new  parallelogram  is  clearly  similar  to  the  old,  but  on  a 
different  scale  and  shifted  through  an  angle. 
Hence  the  above  equation  is  proved. 

690.  Combining  the  definition  of  Art.  688  with  the  theorem 
of  Art.  689,  we  have  the  important  result  that 

The  multiplication  of  vector-quotients  in  the  scmie  plome  obeys 
the  distributive  law. 
That  is, 

p .  Z\q ,  Z^  +  r .  Z'^)^pZ^ qZ^ -¥pZ^ rZ"^ 

=  pq.Z'^Upr.Z'^t 
For,  if  the   operations   indicated  are  performed  upon  any 
vector  in  the  plane  perpendicular  to  Z,  the  above  equivalence  of 
operations  follows  at  once  from  Arts.  688,  689. 

691.  To  express  the  versor  vjhose  angle  is  a  suh-multiple  of 
fov/r  right-amfles. 

Since,  the  operation  of  turning  through  four  right-angles  in 
any  plane  leaves  a  vector  unchanged,  we  have 

and  generally  Z'^^  —  1,  where  r  is  any  integer. 

Now  j^"^  =  (^  *  )*,  where  n  is  any  integer, 

i^  »*  is  an  71*^  root  of  1. 
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Putting  r  =  0,  1,  2,...n-l  successively,  we  see  that  the 
versors  Z\  Z**^*,  Z**^,  ^/»...^»-i)2»M^  which  turn  the  vector 
through  the  angles  0,  2w/n,  4ir/n...(»— 1)  2w/n  respectively  are 
n*^  roots  of  1. 

These  n  versors  are  clearly  all  diflferent. 

But  giving  to  r  higher  values,  the  same  versors  are  repeated. 

Hence  we  have  a  geometrical  interpretation  of  the  alge- 
braical theorems : 

(1)  There  are  n  and  only  n  n***  roots  of  unity : 

(2)  The  n  n^  roots  are  integral  powers  of  some  one  n*** 
root. 

Moreover  regarded  as  multipliers  the  roots  of  unity  do  not 
affect  magnitudey  but  merely  direction, 

692.  In  the  above,  let  w  =  2.  Then  Z^  and  Z^  are  the  two 
square  roots  of  1.     That  is,  Z*  =  1,  and  Z*  =  —  1. 

That  is,  turning  a  vector  through  two  right-angles  is  equivalent 
to  changing  its  sign.  This  is  the  old  convention  with  respect  to 
affected  lengths. 

693.  Again,  put  n  =  4.  Then  Z\  Z'^,  Z*,  Z*'^  are  the 
fofwrih  roots  of  1. 

Moreover  Z^^  is  a  square  root  of  Z',  i.e.  ^(-1). 

Taking  then  Z'^  to  be  +i;  Z''^  =  Z' x  Z'^*  =  -  i. 

Thus  Z^  Z^^y  Z',  Z^^  are  respectively  1,  i,  - 1,  -  i, 

694.  The  above  result  gives  us  an  interpretation  of  i.  Thus 
i  means  *the  operation  of  turning  a  vector  in  some  plane  through 
a  right-angle.' 

It  should  be  noticed  however  that  this  symbol  i  is  incapable 
of  indicating  in  what  plane  the  rotation  is  to  take  place. 

We  might  write  i^  to  indicate  a  rotation  whose  axis  is  OZ : 
so  that  ig  would  mean  Z'^ ;  iy  would  mean  Y^^  and  so  on.  [A 
different  notation  was,  however,  adopted  by  Hamilton,  which 
need  not  here  be  considered.] 
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695,  To  eocpress  any  vector-quotient  as  a  complex  number. 
Let  (OH)  and  (0-4)  be  any  two  vectors  perpendicular  to  the 

From  B  draw  HB  perpendicular  to  OA, 
Then  (OH)  =  (OB) -h  (BE), 

. .,  by  Art  688,  ^^  =  —^^  -_/. 

OB 
Let  the  abstract  algebraic  ratio  ryj  be  a : 

BIT 
and  the  abstract  algebraic  ratio  jr-j  be  6. 

Then,  since  (OB)  is  in  the  same  line  as  (0-4) ; 

"  (OA)-"^ 
But  since  (BH)  is  perpendicular  to  (0-4), 

••  (0^)  "^-^    "^*^- 

Here  a  and  6  are  real :  i.e.  a  is  positive  or  negative  ac- 
cording as  (OB)  is  along  or  opposite  to  (0-4) :  and  h  is  positive 
or  negative  according  as  (BH)  makes  with  (0-4)  an  angle 
+  ^TT  or  -  \ir. 

.    {OB)  ,. 

..^^^  =  a  +  6v 

Now  the  above  construction  for  determining  a  and  h  is 
absolutely  unique.     Hence  any  equation  such  as 

a  +  6ta  =  c  +  di^ 

requires  that  a  =  c  and  h  =  d, 

696.  Moreover,  if  ^  =  angle  between  (0-4)  and  (OH)^ 

OB  =  OH  cos  e,  and  BH  ^  OH  sin  6 ; 

OH        .        ..     OH  .    . 
•  •  ^  =  7=i-T  COS  ^,  and  o  =  -r-r  sin  ^. 
0-4  OA 

J.  T.  31 
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.*.  versor  of  Wt/  ==  -^*  =  cos  ^  +  L  sin  6, 
{OA) 

697.  Tojvnd  the  cosine  and  sine  of  the  sum  of  two  angles. 
Since  cos  ^  +  f,  sin  ^  and  cos  ^  + 1,  sin  ^  denote  respectively 

the  operations  of  turning  a  vector  through  angles  ^  and  ^  in  the 
plane  whose  axis  is  Z^ 

:.  cos  (^  +  <^)  + 1,  sin  (^  +  <^)  =  (cos  ^  + 1,  sin  d)(cos  ^  +  i^g  sin  ^). 

But,  by  Art.  690,  we  may  use  the  distributive  law  in  the 
multiplication  of  these  versors.     Hence 

(cos  ^  + 1,  sin  B)  (cos  <^  +  i,  sin  ^) 

=  cos  B  cos  ^  +  i«  sin  B  cos  ^  + 1«  cos  B  sin  ^  —  sin  B  sin  ^, 

fort,xf«i.e.  Z'^x^'^^  =  ^'  =  -1.     Hence 
cos  (^  +  <^)  + 1,  sin  (^  +  <^) 

=  cos  ^  cos  ^  -  sin  ^  sin  ^  +  »,  (sin  ^  cos  <^  4-  cos  B  sin  ^). 

Hence,  by  Art.  695, 

cos  (^  +  <^)  =  cos  ^  cos  ^  -  sin  ^  sin  <^ : 
and  sin  (^  +  ^)  -  sin  B  cos  ^  +  cos  B  sin  ^. 

This  proof  is  in  principle  the  same  as  that  given  in  Art.  343. 

698.  If  in  the  above  we  put  ^  =  -  ^,  we  have 

(cos  ^  +  t^sin  B)  {cos  (-  B)  +  i^sin  (-  B)\  =  cos  (^  -  ^)  +  t^sin  (B  -  B), 
But  cos  (-  d)  =  cos  ^ ;  sin  (-  d)  =  -  sin  ^ ;  cos  0  =  1 ;  sin  0  =  0. 
.'.  cos^d  +  sin2d=l. 

This  is  a  proof  of  Euc.  I.  47.  For  the  reader  will  perceive 
that  this  proposition  has  not  been  surreptitiously  assumed 
anywhere. 

699.  From  the  above  result  De  Moivre's  theorem  follows  at 
once. 

For  cos  ^  +  4  sin  B  denotes  the  operation  of  turning  through 
an  angle  B, 
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.*,  (cos  0  +  ig  sin  Oy*  denotes  the  operation  of  turning  through 
a.11  angle  0,  n  times  :  i.e.  through  an  angle  nO, 

:.  (cos  ^  +  ig  sin  BY  =  cos  nO  +  ig  sin  nO, 

It  should  be  pointed  out,  however,  that  this  equation  of 
o j>erations  has  no  value  for  the  purposes  of  expanding  cos  nO  and 
sin  nO,  unless  we  take  into  account  the  distrihutive  law  proved  in 
.Ajrt.  690,  by  means  of  which  we  may  *  multiply  out'  the  power 
on  the  left-hand  according  to  ordinary  algebraic  rules.  The 
fundamental  proposition  upon  which  the  whole  of  analytical 
trigonoin^try  rests  is  the  *  addition-theorem '  of  Art.  697,  from 
-wliich  the  Demoivrean  expansions  algebraically  follow. 

700.     Turning  back  to  Art.  695,  we  have 

(OH)  J.'      Off    ....    .. 

TOA)  "^'^     ""Ol'  ^^^^    ■*■  '^^^^^   ^' 

But,  by  Art.  698,  OH^  ^  OJB^  ^  BH\ 

**  0A^~  OA^""  0A^~^  ^    ' 


'.  the  tensor  of  ^^^  =  ^  =  >/(«^  +  h^Y, 


(OA) 

and  the  versor  of  W  -ix  =  ^^  =  cos  0  +  L  sin  0. 
(OA) 

Thus  we  find 

( 1 )  Any  vector-quotient  is  represented  by  a  complex  number. 

(2)  Its  tensor  is  the  modvlus  of  that  complex  number. 

(3)  Its   versor   is   the   Demoivrean  function  of  the  angle 
between  the  two  vectors. 

701.     Since  p.Z^y.q.Z'^=pq. Z^^^  we  have  the  fundamentally 
important  theorem  that 

Ths  modulus  of  the  product  of  two  complex  numbers  is  equal 
to  tlie  product  of  their  moduli. 

31—2 
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702.  To  expand  the  oooine  and  sine  of  an  angle  in  terms  of 
Ui  circular  measure. 

Let  {OA)  be  any  initial  vector. 

Let  a  moving  point  trace  out  the  path  (AB)  +  (jB(7)  +  (CZ>)  +  . .., 
in  which  the  angles  OAB,  OBGy  00 D^,,,  are  all  right-angles,  and 
AB     BO     CD  ^     ^  - 

^       OB     00     OD  ...     J.. 

^"^   0A^dB^00^'"  =  -"^^^^^'^f'^'^^' 

Thus,  i£  Mf  N  are  the  n***  and  (n  -  1)*"*  points,  respectively,  of 
the  series  A,  B,  (7...,  then 

OiV^  =  p* .  Oii  and  ifiT  =  V-^  Oil. 

Thus  the  length  of  the  path  traced  by  the  moving  point  from 
il  to  iV^  is 

Now,  let  k  =  Oln:  and  let  n  increase  indefinitely,  while  0 
remains  finite,  so  that  k  diminishes  indefinitely. 

Then  it  will  be  seen  that  limit  of  p**  =  1 ;  and  limit  of 

p-1     -"• 
Hence  the  tracing  point  describes  a  circle  of  radius  OAj  and 
arc  ^iV^=^.  (radius  0-4) (1). 

Now  the  operation  to  be  performed  upon  each  of  the  vectors 
(Oi),  (OB),  (00).,.  to  obtain  the  next  is  1  +A?t. 

Hence(^)  =  (l.«)-=(l4)". 

Increasing  n  indefinitely  and  expanding  by  the  binomial 
theorem,  we  have 

=  expansional  value  of  6^. 
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But  6  is  the  circular  measure  of  the  angle  >40iV  by  (1),  and 
ON^QAi 

. .  TTT-r  =  COS  ^  + 1  sin  ^. 
{OA) 

.'.  cos  d  + 1  sin  d  =  expansional  value  of  e^. 

703.  In  the  above,  we  have  used  i  for  the  operator  which 
turns  a  vector  through  a  right-angle  in  any  fixed  plane. 

Let  Z  denote  the  operation  of  turning  an  angle  through  some 
undetermined  unit  of  angular  measurement  in  the  plane  whose 
axis  is  Z,  And  let  A  be  the  measure  of  ^  in  terms  of  this  unit. 
Then 

Z'^  =  cos  -4  +  ig  sin  A  =  cos$  +  ig  sin  0  =  e^\ 
The  most  convenient  unit  to  take  will  be  the  rvghtrcmgle.    Then 
A  right^angles  =  \irA  radians :  or  6  =  \tfA. 
/.  Z^  =  e^^  =  cos  Jir  +  4  sin  \ir  =  t^ . 

704.  If  Xy  T,  Zhe  three  axes  at  right-angles  to  one  another, 
the  operations  of  turning  through  a  right-angle  round  these  axes 
will  be  respectively  ij.,  iy,  ig.  For  these  three  operations 
Hamilton  used  the  symbols  1,  J,  ^. 

705.  If  we  have  a  Jt4ced  plane  for  rotation,  and  a  Jlxed 

direction  in  that  plane  for  our  initial  vector,  then  the  operation  i 

upon  this  initial  vector  will  give  a  vector  \ficced  in  the  plane  of 

rotation  at  right-angles  to  the  initial  vector. 

(OS) 
Thus,  since  tttit  =  a  +  bi, 

(OA) 

where  a  and   b  are   abstract  ratios,   having  therefore  neither 

length  nor  direction,  we  have 

{OH)=^a.{OA)  +  bi{OA). 

Now,  if  a.(OA)  and  b,{OA)  be  represented  by  a  and  p, 

respectively,  a  and  p  will  stand  for  lengths  having  an  arbitrarily 

fixed  direction.     Thus,  since 

{OR)  =  a  +  pi, 

.'.  any  vector  in  the  fixed  plane  is  expressed  in  terms  of  its 

projection  and  erection  upon  any  fixed  line  in  that  plane. 
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In  this  way,  i  would  come  to  be  associated  with  the  direction 
which  the  rotation  produces,  instead  of  with  that  of  the  axis 
which  produces  the  rotation. 

706.  The  student  should  very  carefully  compare  the  equations 

[^=a  +  bi  and  (Off)  =  a  +  pi. 
(UA) 

In  the  first  a  and  b  are  mere  algebraical  quantities ;  and  as 
such  are  incapable  of  containing  within  them  either  length  or 
direction.  But  if  these  quantities  be  applied  to  geometry,  we 
must  assign  an  arbitrary  (or  unit)  length  and  an  arbitrary  (or 
standard)  direction.  Taking  {OA)  as  our  unit  and  standard,  we 
may  write  a.ffiA)  =  a,  and  h  (OA)  =  fi.  Here  a  and  fi  are  not 
algebraical  quantities  at  all,  but  vectors, 

707.  The  method  of  interpreting  i  explained  in  the  last  two 
articles  was  historically  prior  to  the  method  upon  which  this 
chapter  has  been  based.  Wallis,  Bu^,  Warren,  Argand  are  the 
chief  mathematicians  whose  names  have  been  associated  with  this 
interpretation.  Hamilton's  grand  invention  of  quaternions  may 
be  said  to  be  the  immediate  result  of  associating  the  direction  of 
i  with  the  aads  of  rotation,  instead  of  with  the  direction  produced 
by  the  rotation. 

The  following  article  may  be  read  by  the  student  who  wishes 
to  connect  the  study  of  Quaternions  with  the  interpretation  of  % 
as  explained  in  this  chapter. 

708.  Let  JT,  F,  -^  be  three  axes  perpendicular  to  one 
another.  Suppose  them  to  be  of  indeterminate  length,  but  having 
a  determinately  positive  sense.  Let  them  be  so  placed  that  the 
rotation  from  X  to  F  is  left-handed  for  a  person  looking  at 
the  plane  of  XY  from  the  positive  side  of  Z,  Then  it  wiU  be 
found  that  the  rotation  from  F  to  -^  is  also  left-handed  to  a 
person  looking  at  the  plane  YZ  from  the  positive  side  of  X ;  and 
the  rotation  from  Z  to  X  \a  left-handed  to  a  person  looking  at 
the  plane  ZX  from  the  positive  side  of  Y, 

We  take  such  lef t-hailded  rotation  to  be  positive. 
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Thus,  using  the  notation  explained,  we  have  the  following 
equations : — 


(1) 

i^=Y; 

(6) 

i^=- 

-Y; 

(2) 

iJ-=Z; 

(5) 

i^= 

-z, 

(3) 

iyZ^Z; 

(4) 

i.Y= 

-X. 

Substituting  for  Ffrom  (1)  in 

(2),  we  have 

iJi^X^Z: 

but  from  (5)  iyX 

=  -Z. 

if  these  operations  are  performed  upon  X, 

This  equation  should  be  compared  with  (6). 

By  the  same  process  we  shall  obtain  the  following  six  equations 
of  operation : 

(1)  izi^^iy)  (6)     iJz  =  -iy; 

(2)  ijy^i^;  (5)     Va:  =  -*«; 

(3)  iyi^^i^'y  (4)     ij,y  =  -^i„ 

This  second  set  of  equations  is  immediately  obtainable  from 
the  first  by  substituting  i„  for  X ;  iyior  Y;  ig  for  Z, 

In  (1),  (2),  (3)  the  circular  order  x,  y,  z,  x  is  maintained; 
in  (4),  (5),  (6)  this  circular  order  is  reversed. 

It  should  be  noticed  that  to  prove  the  second  set  the  operand 
to  be  chosen  must  be  that  which  corresponds  to  the  operator 
which  stands  first. 

The  equivalence  in  form  between  the  first  and  second  set  of 
equations  led  Hamilton  to  use  the  same  symbol  to  denote  two 
things;  viz.: — 

(1)  An  undetermined  (or  unit)  vector  in  any  direction. 

(2)  The  operation  of  turning  a  line  about  this  vector  as  axis 
through  a  right-angle. 

It  is  essential  to  observe  that  the  multiplication  of  the 
operators  i^.,  iy,  i^is  not  commutative. 

Thus  ijy  =  -  iyi^ ;  iyi^  =  -  i^iy ;  v^,  =  -  ij^. 
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L  Show  from  the  definitions  of  the  trigonometrical  ratios 
which  apply  to  angles  of  any  magnitude,  that  a  knowledge  of  the 
tangevU  of  haifeai  angle  determines  all  the  trigonometrical  ratios 
of  the  angle  without  any  ambiguity. 

Also  write  down  the  value  of  each  ratio  of  an  angle  in  terms 
of  the  tangent  of  the  half-angle  in  order  to  illustrate  the  above. 

2.  If  A\  jB*,  C  be  the  external  angles  of  a  triangle  ABC, 
be  vers  A'  +  ca  vers  B' -hah  vers  C  =  \{a  +  h  +  cf, 

3.  In  any  triangle  ABC, 

a'co8  2(^-(7)=6'cos25  +  c^cos2C  +  26ccos(5-C). 

4.  Show  that 

Jir  =  2  tan-i  J  +  tan-^  I  +  2  tan-i  ^ ; 
sin-^  f  =  cos"^  FT  "^  2  tan~^  \, 

5.  If 

cos ii  cos  X  +  COS ^ COS  F+  COS  C cos  Z  =  cos'  A  +  cos^  B  +  cos*  C 

=  cos* X+  cos*  r+  cos*^=  1, 
then  cos  A  sec  X  =  cos  B  sec  F= cos  C  sec  Z=l, 

6.  Eliminate  0  from  the  equations 

"^      ^        y       =a 

sin  36  -  sin  6     cos  d$  -  cos  6 

7.  Eliminate  <^  and  <^'  from 

X  cos  (ti  +  ysm<t)  =  x  cos  <^'  +  y  sin  (f)  =2a: 
and  2  cos  ^<f>  cos  |<^'  =  1. 

8.  Eliminate  0  from 

a  tan  0  —  y  tan  <^ 
and  (x  +  y)  cos  (6  -  <^)  +  (a;  -  y)  cos  (6  +  <^)  =  2a. 
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9.  If  aeina^^beinO;  and  asin)3  =  6sin<^;  and  a  —  p^O  —  ff}; 
and  a  and  b  are  unequal ;  then  « 

a^fi-i-Xv  and  tf  =  ^  +  Xir 
where  X  is  any  integer. 

10.  If  ajcosd-y8ind  =  2acos2d, 
and  05  sin  tf  +  y  cos  d  =  2a  sin  20, 
then                      (a;  +  yy  +  (a?  -  y)*  «  2a* 

11.  Eliminate  ^  from 

ftcos^tf +  asin«tf  =  6  cos^(e  +  «^) +  asin«(tf  +  <^)  =  0. 

12.  Eliminate  ^  and  <^  from 

aa;  sec  <^  -  6y  cosec  <^  =  aa;  sec  tf  -  6y  cosec  d  =  a^  -  6* ; 
and  ^  —  «^  =  ^TT. 

13.  Prove  that  the  equations 

{x  +  aj"^)  sin  a  =  y«"^  +  zy^  +  cos^  a, 
(y  +  y"^)  sin  a  =  a»~^  +  «a;~^  +  cos^  a, 
(z  +  »~^)  sin  a  =  ajy"^  +  ya;"^  +  cos'  a, 
are  not  independent,  but  are  equivalent  to 

aj  +  y  +  «  =  aj"^  +  y"^  +  «"^  =  -  sin  a. 

14.  Solve  for  a  and  p 

sin  a  cosh  )3  =  f  and  cos  a  sinh  p  =  ^. 

15.  If  a  and  fi  are  the  two  values  of  sin  6  which  satisfy  the 
equation 

a  cos  26  +  6  sin  2^  =  c, 

prove  that  a«  +  ^  =  — ^-^-p- . 

16.  If        acos(e+«^)  +  6cos(d-.«^)  +  c  =  0, 

a  cos  {<l>  +  il/)  +  b  cos  (<^  -  i/r)  +  c  =  0, 
acos  (^  +  ^)  +  6  cos  (^  -  6)  +  c  =  0, 
and  if  d,  <^  ^  are  all  unequal,  then  a'  -  6^  +  26c  =  0. 
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17.  Eliminate  0  from 

coe^ $  '=m  COB  (30 -* a)  and  sin*  ^  =  -  m sin  (3^  -  a), 
showing  that  1  +  m  cos  a  ==  2m\ 

18.  If  a,  j3,  y  be  unequal  and  each  less  than  2ir, 

and  if    cos  (a  +  6)  sec  2a  =  cos  (j8  +  6)  sec  2)8  =  cos  (y  +  ^)  sec  2y, 
then  cos  ()8  +  y)  +  cos  (y  +  a)  +  cos  (a  +  )8)  =  0. 

19.  Given    as  cos  a  +  y  sin  a  +  »  +  cos  2a  =  0, 

a;cos)8  +  ysin)8  +  «  +  cos2)8=0, 
X  cos  y  +  y  sin  y  +  «  +  cos  2y  =  0, 

then        X  cos  ^  +  ^  sin  ^  +  «  +  cos  2^  = 

8  sin  J  (a  +  j8  +  y  +  <^)  sin  i  (<^  -  a)  sin  J  (0  - )8)  sin  J  {<l>-y)- 

20.  If  a,  )8,  y  be  unequal  and  each  less  than  ir,  then  the 
system  of  equations 

sin(2a-)8-y)_  sin(2)8~y-a)     sin(2y-a-)8) 
cos(2a  +  )8  +  y)~"  cos(2)8  +  y  +  a)  "  cos  (2y  +  a  +  )8)  ' 

is  equivalent  to 

cos  2  ()3  +  y)  +  cos  2  (y  +  a)  +  cos  2  (a  +  )8)  =  0. 

21.  If  ^  +  jB  +  0  lie  between  0  and  27r, 

/I  +  cos  -4  —  cos  ^  -  cos  (y\2    /I  +  cos  ^  -  cos  C  -  cos  ii\2 


sin  1^  sin  |(y  /       \         sin  ^G  sin^A         ) 

/I  +  cos  (7  -  cos  il  -  cos 


-7 


\  sin  ^ii  sin  ^-5 

( 1  -KC0Sil~C0S^-C0S(7)(  1  +C0S^-C0S(7-C0Sil )( 1  -f  C0S(7-C0S  J  -COSiS) _ ,  >. 

2sin2Ji4sin«J5sin«i(7 

22.  The  area  of  ABC  =  8^ .  2*  cos  |^  cos  \^  cos  ^, 
where    cos  d  =  tan  J5  +  tan  \G ;  cos  ^  =  tan  ^(7  +  tan  J^  ; 

cos  i/r  =  tan  Jul  +  tan  \B, 

23.  If  Z,  Jf,  iV^  are  the  feet  of  the  perpendiculars  from 
-4,  B^  0  on  the  opposite  sides,  and  jOi,  ^g*  Pz^  -Pi  the  perpen- 
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diculars  from  A,  B,  (7,  and  the  ortho-centre  on  the  sides  of 
L,  3£f  i\r,  then  pi,  p^,  Pst  Pi  are  the  roots  of 

a*  +  {^yi^  -  2Rr'  -  r'«)  a^  =  2Rsi^  +  /«  A7i?», 
where  r'  is  the  radius  of  the  inscribed  circle  of  LMN. 

24.  The  sides  taken  in  order  of  a  pentagon  circumscribed  to 
a  circle  are  a,  6,  c^  d^  e\  prove  that  its  area  is  a  root  of  the 
equation 

+  («  -  a  -  c)  («  -  6  -  ci)  («  -  c  -  e)  («  -  ci  -  a)  («  -  e  -  6)  «*  =  0. 

25.  The  roots  of  c"  =  1  being  2w7rt,  show  that 


e^ 


^  _  /-      X     _^  a?  a^  \ 

"     -V    "^2"*"  271"*"  2.  4.  6"*"  2.  4.  6.  8       7 

^  (^  ^  £"0  (^  ^  &)  (^  ^  &)  (^  +  ^)- 

26.  Show  geometrically  and  algebraically  that  the  sum  of 
the  operations  r  (cos  a  + 1  sin  a)  and  r'  (cos  )8  + 1  sin  P)  (which  have 
the  same  axis)  is  the  operation  p  (cos  6  + 1  sin  ^),  where 

a     ^       '2     o    '   ^   /        m       J  4.      /,     r  cos  a  +  r'  cos  )3 

p'»  =  r^  +  r  3  -  2rT  cos  (a  -  a)  and  tan  ^  =  — ; ,   .    \. , 

^       '^'  rsina  +  rsinp 

27.  From  the  proposition  that  the  diagonals  of  a  rhombus 
bisect  one  another  at  right-angles,  show  that  2  cos  A  and  2i  sin  A 
can  be  expressed  as  the  sum  and  difference,  respectively,  of  sfi  and 
z'^  where  $  is  proportional  to  A ;  and  z  is  some  undetermined 
quantity. 

28.  If  a^  +  b^  +  c^-^cP  be  called  the  norm  of  the  operation 
a  +  bige-\-ciy  +  digf  show,  by  means  of  the  formulae  of  Art.  708, 
that  the  norm  of  the  product  of  two  such  operations  is  equal  to 
the  product  of  their  norms. 
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Examples  I.    pp.  15 — 17. 

1.  (1)  8**.  (2)  26\  (8)  4«.  (4)  36*  60\  (5)  1888  80\ 
(6)  28425«78'90\            (7)  6204»  6^  60" -42008. 

2.  (1)  0"-972.  (2)  18' 80".  (3)  3°  36'.  (4)  32°  2' 24". 
(6)   169°  66'  12".      (6)  21088°  12'  86"-36.      (7)  4683°  39'  3O"-73608972. 

8.  (1)  -000004.  (2)  '007.  (8)  -0004.  (4)  -050245. 
(6)  -26468662.  (6)  -0001.  (7)  -00001.  (8)  -000001. 
(9)  -128.                    (10)    -346.                (11)   -678. 

4.  (1)  1»26U9»1^\  (2)   38  40^96^".  (3)  67*  80\ 

6.  (1)  8°.        (2)  40°  32'  42" -972.        (3)   6°  22'  44"-796. 

9.  46°,  60°,  76°.  10.    86°.  H.    90°,  81°,  9°. 
13.  1170°,  7080°,  8800°.               14.    (8n+l)46°,  (8n+8)46°. 

15.  (1)  60°.  (2)  120°.  (8)  108°.  (4)   150°.  (5)  156^ 

16.  (1)  5ft.  (2)  6ft.  Sin.  (3)   6ft.  1  in. 

17.  (1)  2  ft.  (2)  8  ft.  9  m.  (3)   6  ft.  6  in. 

18.  a'+6».  19.    If  0-4=1,  then  05=^2,  0(7=^3,  0D=V4<fcc. 

Examples  II.    pp.  37,  38. 

1.  (1)  22  yds.  to  within  about  3  in.  (2)  8  m.  1  fur.  29  yds.  7  m. 
to  within  about  3  in.            (3)   56  yds.  to  within  about  6  in. 

2.  (1)  TiirT*' or  0«-017458.  (2)  7^°  or  0°-015708. 
(8)   fiiK"^"  or  0«-054788.  (4)  ,^(ir2)o  or  0«-0i9348. 
(6)  T^H^*' or  0°-035779.  (6)   ^r«  or  0«-270522. 

8.     (1)  180°.  (2)  540°.  (3)  450°.  (4)   19°  5' 64''. 

(5)  171°  53' 81".  (6)   180°  4' 21". 

4.  Takmg  T=y,  (1)  5°  50'.  (2)  70°.  (3)   11°  40'.  (4)  210". 

5.  162°,  90°.  6.     (1)   1-0472  ft.  (2)   1-7104  ft. 
(3)  2-4485  ft.          (4)  '7854  ft.                    7.     4  sq.  yds.  2  sq.  ft.  70  sq.  in. 

8.     1181  sq.  in.  10.     (1)    1.2C.         (2)   2-3<'.  11.     f,A,{. 

12.     ^ir,  ^^,  iir,  li'ir,  ^ir. 
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EXAMPI^S  III.      pp.   52 — 54. 

1,  8m-4=co8B=^^ll;  C08-4  =  8inB=^  &c. 

2.  BmA=QOBB=i;  cosii=8in5=|;  tan^=cot£=£f. 

I    3.  8ec^=coxB=};  cox -4  =  sec £=^^^6;  ootA=^J5;  ootB  =  f/^6. 

9.  20°.        12.    (i)  co84^-4co8«d  +  4,     (ii)   8 - 12 sec^ tf  +  6 sec* d - 8ec« ^. 

46.  (i)    =tW3.  (ii)   lorO.  (iu)  *.  (iv)   f.  (v)  W^  or  J. 

47.  if  48.    I  or  J. 

Examples  IV.    pp.  71,  72. 

1.     (1)  coBA={i,t8JiA=^.  (2)  8in^=~5,cos^  =  -lg. 

(3)  sin  ^  =  ifV6,  008-4= f  (4)  sin^  =  j,  tan^=|. 

3  1 

(5)   8m^  =  -^,  co8^  =  -^.  (6)  8m^=,V,0O8^=}t. 


tuTiA-       sin^        _V(l-co8M) 

V(l  -  sin^^)  ""        cos  4 

1 ;v/(cotM  +  l) 

V(l-sin2^)""        cot^ 

sec^  1 

4.    cox  J  = 


2. 

3.      860-4  = 


VCsecM-l)      V(l-C082^)* 
•    J-       tan^        _V(secM-l) 

8.  60°.           9.    30°.            10.    45°.           11.    45°.           12.    60°  or  45°. 

13.  Oor60°.                14.    45°.                 15.    46°  or  90°.                16.    60°. 

17.  15°.          18.    30°.          19.    30°.         20.    18°.         21.    46°  or  674^ 

22.  67i°.           23.    45°  or  30°.           24.    0  or  60°.           25.    16°  or  76°. 

33.  Between  46°  and  60°.                   34,    Between  30°  and  60°. 

35.  1  -  oos  ^  increases  from  0  to  1 ;  sec  ^  - 1  increases  from  0  to  oo . 

sin  0  -h  cos  ^  increases  from  1  to  ^^2  at  45°,  and  then  decreases  to  1  again ; 
sec  6  -  tan  $  decreases  from  1  to  0. 

36.  a=46°, /3=60°.  37.    ^  =  37 J°,  B  =  7i°. 

Examples  V.     pp.  83—86. 
2.    i(x/6-V2).l(V6+V2).  3.    i(^/6+^/2),J(V6-^/2). 

5.  1,0.  6.    «T7r,fTif  7.    i_ton^'   ootA^' 

17.  2  sin  9^  cos  2^.  18.    2  sin  2^  cos  11^.        19.    2  cos  4.4  cos  .4. 

20.  2  sin  5.4  sin  12  J.  21.    2sinn.4cosJ. 

22.  2  sin  46°  cos  (2J- 45°).  23.    2  sin  J^  cos  |^. 

24.  2sini^sinfil.  25.    2sin(id-i0  +  46°)co8(id  +  i0-46°). 
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26.  3oo6(46°-i0+i9)8m(45<'-i^-i9).       27.    ^smnABmSA. 
28.  2ooB{A'B+45°)an{A+B-W).  29.    an{A+B)-k-am{A'B), 
80.  eos{A'B)''eoB{A+B).  31.    sin  60°  -  sin  40°. 
82.  Bin 60°+ sin 40°.                                        33.    8in4^-8in^. 
84.  008B-OOB6B.                                            36.    8in2o  +  8in2j8. 
88.  Binl8°-8in4°.                           59,    tan(^  +  B)  =  lA,  tan(^-B)=/!r• 
6a  46°orO.          69.    80°.          70.    0.  71.    0.  72.    45°  or  60^ 
73.  80°  or  90°.        74.    20°.          75.    10^.      76.    18°. 


Examples  VI.    pp.  90,  91. 

1.    8inl85°=-^2»    ^^^^''=-j2'    *a^l^°=-l- 
sin  120°='^,   008 120°= -i,    tan  120°= -^/3. 

sinl60°=i,    008160°=-'^,    tanl50°=-4o- 

8inll2i°=iV(2+N/2),  008ll2i°=-W(2-x/2),  tanll2i°= -^2-1. 
sin  105°= J  (V6+^/2),  cos  106°=  -  J  (^6  -  ^2),  tan  105°=  -2-^3- 

0.    The  relations  of  inequality  hold  numerically,  not  algebraically. 


Examples  VII,    pp.  Ill,  112. 

1.  IS  ft.  2.    60°.  3.    B=45°ortanB=A. 

'4.  6i,  VV2,HV2.        6.     (2V3±^/6)ft.  6.    45°,  60°,  75°. 

7.  135°,  30°,  15°.  8.    H.  6-  9.    20°  36'  35",  69°  23'  25",  90°. 

10.  54°  and  108°,  or  126°  and  36°.  11.    46°.  12.    7:9:11. 

13.  3 -V8,  374 sq.ft.  14.    8.  16.    4m.  or2Vl3m. 

16.  a=6,B  =  30°,  C  =  120°.  17.    60°.  19.    H,  WIM.  «!• 

21.  B=60°,  a=(3+V3)ft.,  6=3V2ft.,c=2V3ft.  22.    6in. 


Examples  VIII.    pp.  117—121. 

1.    500  ft.  nearly.  2.    1000  ft.  nearly.  3.    2  ft.  3  in. 

4,    18-3 ft.  5,  JV2ni.,  V'2na-  6.    6 J  minutes,  1 J  miles,  nearly. 

7.    380  ft.,  400  ft. 

5b*+Sab-5a^  36M.Ja6  +  13a?     Sb^+Sab-5a^ 

^^'        46  (a +  6)      *        12a  (a +  6)      *  6a6 

18     25x/3vd8                9q      h-e   <^t/3=^2V(2cot«a-cot^/3) 
18.    2&v^yd8.  23.    h-.e 2  (cot-* /3  -  cot*  a) 
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Examples  X.     pp.  168—180. 

72.     (1)  i(B  +  C),i(C+A),i{A  +  B).  (2)   ^  +  iB  +  iC,JB,JC. 

.  (3)  B  +  C-A,  C  +  A-B,  A  +  B-C. 
125.    3;  4V(2-V'2)  =  3-0614  ;  ^(V5-l)  =  3-0901;  8V2(V3-1)= 3-1058; 
6  {V(3  + V5)- V'(5-n/5)}=3'1287. 


Examples  XL    pp.  209—215. 
2.     I,  ^5,  ^/a^    ;^^,5  0,  -5,  ^   -f  3.    ^,  81,  A,  1- 

6.     x«,  a:-7,  x's,  xo.  a:-i,  x«,  x^;     f,    -7,   -f,  0,    -1,  V,  V- 

6.  6,  3,  8,  4,  4,  V-.  I.   -*,  h  -2,  i,  i,  1,  i,  -A,  -t,  -J,  -6,  -1, 
-i,    -1,   -2,  f 

7.  3,  2,  0,   -1,   -3,  4,  4,  3,  3,  2,  11. 

24.  -6020600,  .  -9030900,  2-1072100,  -1003433,  3-010300,   1-6989700, 

1-6387640,  f-3979400,  2-494860,  2-3010300,  3.3010300. 

26.  -6989700,  1-3979400,  1-6989700,  1-3010300,  8-9030900,  I'4757725, 
3-6989700,  4-6989700. 

26.  -9542426,  1-5228787,  1-4771213,  2-3856066,  2-4771213,  1-0457574. 

27.  -7781513,  1-2552726,  1-1760913,  2-1303339,  2-1583626,  2-8750613, 
i-3467874,  3-6478174. 

28.  2-5352940,  5-5352940,  f-5352940,  3-5352940,  -5352940. 

29.  1-5440680,  10-7  ;  2-3222193,  lO'^  ;  2-3891660,  f  .  lO'^  ; 
1-4471580,  f .  10-7 ;  1-6232493,  f .  lO-^;  1-7993406,  | .  10-^ ; 
2-6444886,  2  .  lO"' ;  2-7024306,  3  .  lO-^. 

30.  -3424227,  3-5606673,  -6575773. 
33.  1-1760912,  1-0791812,  2-3467875. 

36.  12599-21.  36.  43822080  yds.  38.  41. 

39.  -0931432.  40.  -9279516,2-9279523,4-9279540. 

41.  5-2721589,  2-2721571,  1-2721513. 

42.  2674-116,  2674-114,  -2674176. 

43.  377-6067,  -003776077,  3-776088. 

44.  -6244781,  -6245500.  45.    1-0578505,  1-0676653. 
46.  9-8048933,  9-8049583.  47.    9-9691068,  9*9690962. 

48.  897-946.  49.    ^  =  63°49'9",  B=26°  lO' 51",  c=593-601. 

50.  6=1613-694,  c=3227-388,  B=30°.  61.    6=134-8163. 

62.  0=3149-056.  63.    85°  54' 4".  64.    80°  24' 21". 

65.  102°  r  29". 
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56.  A»4SP  IV  28",  B »  68*»  24'  44".  C= 78°  28'  68". 

67.  B=  118°  68'  88".  Cx:  11°  6'  27". 

6a  B«41°26'26",  C=18°84'84'',  a=86-841. 

59.  B=  126°  62*  11",  C=86°  62'  11". 

60.  ii=70°  22'  86",  C=62°  24'  26",  or  .1  =  16°  11'  16",  C=117°  36'  86". 

61.  C=87°  26'  46",  ii =96°  21'  16",  a=8261741. 

62.  C=6°11'21",  ii  =  61°21'89".  a=827-6811.  63.  63°  26' 6". 
64.  8186*379  ft.  65.  843-9880ft.  66.  1781484  ft. 
67.  1000  ft.  nearly. 


Examples  XII.    pp.  242—244. 

1.  (1)  AE.        (2)  AD,        (8)  BC.        (4)  CA.        (6)  CB.        (6)  O. 

2.  A  and  B  would  meet  at  — ^-r-  miles  from  the  town. 

a  —  o 

If  (i)  a>b  and  ajobld  or  (ii)  a<&  and  alc<bldt  before  reaching  the 

town. 
If  (i)  a>h  and  ajc^bld  or  (ii)  a<&  and  ajobjd  after  having  reached 

the  town. 

They  would  meet  at  — --.  hours  from  the  given  moment. 

If  (i)  od  and  a>b  or  (ii)  c<(2  and  a<5  after  the  given  moment. 
If  (i)  od  and  a<6  or  (ii)  c<d  and  a>6  before  the  given  moment. 

9-  =^^/^«'  =^;:^8-  10-     -¥•  11-     ^• 

13.  {6n+(-l)*}30°.  14.    (6n+l)30°.  15.    (12n±l)S0^. 

16.  w  180° +19°.  17.    (2n  +  l)46°.  18.     {4ii+ (-!)•}  45°. 

19.  (211  +  1)46°.       20.  (4n  +  l)46°.       21.  (6n±l)80°.      22.  (6ii±l)60^. 

23.  (2n+l)45°or(6n±l)30°.  24.    (2n +1)45°  or  (6n=fc  1)80°. 

25.  (2n+l)45°.  26.  nl80°or(6ii±l)60°.  27.   (6n=fcl)60°. 

28.    (4n+8)45°.  29.    (6n±l)60°.  30.    ^^^T^* 

31.    n360°.  32.    (2n+l)45°. 
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33. 


sin. 

008. 

tan. 

1600 

i 

n/3 
2 

1 

n/3 

47r 
3 

n/3 
2 

-4 

n/3 

250« 

1 

1 

'V2 

1 

7650 

1 

n/2 

1 
v/2 

1 

-V3 
n/3 

-600 

v/3 
2 

i 

2t 
3 

n/3 
2 

-i 

•  9450 

1 
V2 

1 

v/2 

1 

1080 

iV(10  +  2V5) 

-i(v/5-l) 

-V(5  +  2n/5) 

TT 

~8 

-W(2-v/2) 

4n/{2  +  V2) 

-V2  +  1 

2n^  +  ^ 

1 

72 

1 

v/2 

1 

(2n  +  l)7r-^ 

4. 

n/3 
2 

1 

n/3 

.n..% 

i 

n/3 
2 

1 
n/3 

J.  T. 


32 
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38. 


BmA  +  eonA^BinA-coBA 

1 
tan^  +  oot^tan^i-ootil 

1 

Oto45« 

inc.  from    |    inc.  from 
1  to  ^2            - 1  to  0 

dec.  from 
00  to  2 

inc.  from 
-00  toO 

46<»to9(y> 

dec.  from 
V2tol 

dec.  from 
ItoO 

inc.  from 
Oto  1 

inc.  from 
2  to  00 

inc.  from 
Oto  00 

90*  to  135» 

inc.  from 
1  to  V2 

dec.  from 
^/2tol   - 

inc.  from 
-00  to  -2 

inc.  from 
-00  toO 

1360  to  180« 

dec.  from 
Oto  -1 

dec.  from 

-  2  to  -  00 

inc.  from 

Oto  GO 

1800  to  2260 

dec.  from 
-Ito  -^2 

dec.  from 
ItoO 

dec.  from 
00  to  2 

inc.  from 
-00  to  0 

2250  to  2700 

inc.  from 
-V2to  -1 

dec.  from 
Oto  -1 

inc.  from 
2  to  00 

inc.  from 
Oto  00 

2700  to  3160 

inc.  from 
-ItoO 

dec.  from 
-Ito  -^2 

inc.  from 
-00  to  -2 

inc.  from 
-00  toO 

3160  to  3600 

inc.  from 
Otol 

inc.  from 
-V2to  -1 

dec.  from 
-2  to  -00 

inc.  from 
Oto  00 
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sin^^.  cos  J 

tan^.  sec^ 

eo&A.  ootA 

dec.  from 

^     1 
"*"V2 

COS  A  +  sin  A 
cos  il  -  siu  ^ 

0  to  46» 

inc.  from 
OtoJ 

inc.  from 
OtoV2 

inc.  from 
1  tooo 

460  to  900 

dec.  from 
itoO 

inc.  from 

VStooo 

dec.  from 

72*°" 

inc.  from 
-00  to  -1 

900  to  1350 

dec.  from 
Oto  -i 

dec.  from 

00  to  ^2 

inc.  from 

inc.  from 
-ItoO 

1360  to  1800 

inc.  from 
-itoO 

dec.  from 
-  V2to0 

ino,  from 
1  , 

inc.  from 
Otoi 

1800  to  2260 

inc.  from 
Otoi 

dec.  from 
Oto  -^2 

inc.  from 

inc.  from 
1  to  00 

2260  to  2700 

dec.  from 
itoO 

dec.  from 

-^2  to    -OD 

inc.  from 

inc.  from 
-  00  to  -  1 

2700  to  3160 

dec.  from 
Oto  -4 

inc.  from 

-  00  to  -  V2 

dec.  from 

inc.  from 
-ItoO 

3160  to  3600 

inc.  from 
-itoO 

inc.  from 
-V2to0 

dec.  from 

inc.  from 
Otoi 

Digitized  by  VjOOQIC 


500  ANSWERS   TO  EXAMPLES. 

Examples  XIV.     pp.  277—280. 

25.  l-8oo8*^  +  8co8*^,  8oo8»^-4oo8^.  48.     (3n±l)60°. 

49.  (2n±l)46°.  60.     {4n  +  (-l)*}46°or(2n+l)224°. 

51.  (8n  =t  1)  46°  or  (2n  + 1)  224°. 

52.  {6n  +  (-l)*}30°,  {10»  +  (-l)*}18°or  {10n-3(-l)*}  18°. 
63.  (4n  + 1)  30°  or  (in  - 1)  46°. 

54.  nl80°,  nl80°  +  671°,  or  nl80°  -  224°. 

55.  (2n  + 1)  90°,  (10»  ±  1)  18°  or  nl80°  =fc  64°. 

66.  (2n  +  l)90°or  {4n  +  (-l)*}16°.  67.    n.l80°  or  {4n  +  (~  1)«}15°. 
58.    n.90°  or  (3n=fc  1)120°.                            59.    n .  180°  or  (6fi ±  1)  10°. 

60.    (2n  +  l)90°,  or(8n=tl)40°.  61.     (2n  + 1)90°  or  (6n±  1)20°. 

62.    n.l80or  4oo8-i^^^.  63.    n.l80°.  64.    (2n  +  l)15° 

65.    (12n=fcl)30°.  66.    j  +  sin-i^. 

67.  (2n  + 1)224°  or  (4n+ 1)18°.  68.    4-  69.     OorJ. 

70     tan-i  . 

'"•    **"     2067 

Examples  XV.    pp.  299—302. 

1.  a.   {3n  +  (-l)*}30°.  b,   (12n±l)16°.  c.  n. 90° +374°. 

d.  n.90°  +  74°.  «•   (6n±l)20°.  /.    {10»  +  (-l)«}6°. 

g.  n.60+(-l)*46°.         h.   (3n-l)20°.  k.   n.l20°. 

I  n.60°. 

2.  8in9°=+4V(H-8inl8°)-4V(l-8ml8°)  =  iV(3  +  V5)-W(5-N/5). 
008  9°  =  +  4^/(1  +  8in  18°)  +  J V(l  -  sin  18°) = y(S  +  ^6) + y(5  -  J5). 
cot9°=0O8ecl8°  +  cotl8°=V5  +  l+^/(6  +  2V5). 

tan  9° = 00860 18°  -  cot  18° = ^6  + 1  -  ^/(6  +  2;^6) . 
cox9°=^(l+cota9°)=V(7  +  3V6)+V(5+\/6). 
8ec  9°= V(l  +  tan2  9°)  =^/(7  +  3^6)  -  ^(5+^5). 

8in44°=8in(224°-18°)  =  W(10  +  2V6)V(2-V2)-4(V6-l)V(2+N/2). 
cos  44°= cos  (224°  - 18°)  =  W(10  +  2^6)^/(2  +  J2)  +  ^(^6  -  1)^(2  -  ^2). 
cot44°=cox9°  +  cot9°=^/(7  +  3^6)  +  ^(5+;^5)+V5  +  l+x/(6  +  2V5). 
tan 44°= cox 9° -  cot  9°=^/(7  +  3^5)  +^(5+^5)  -Ij5-1-J(5  +2^5). 
sin  6°= sin  (60°  -  64°) =4{^(30  +  6^5)  - ^5  - 1}. 

co86°=co8(60°-64°)=4{V(10  +  2V5)+^/16  +  V3}. 

sin  74° = sin  (224°  - 15°)  =  i(^/6 + ^2)^(2  -  ^2)  -  i(V6  -  ^2)  J  {2 + ^2). 

cos  74°  =  cos  (224°  -  15°)  =  1(^6 + ^2)  s/(2  +  ^2)  +  ^(^6  -  ^2)^(2  -  ^2). 

cot  74° = cox  15°  +  cot  16° = V6  +  ^2  +  2  +  V3. 

tan74°=coxl6°-cotl6°=V6  +  ^2-2-V3. 

sin  3°= sin  (18°  - 15°)  =  A(V6 + V2)(V6  - 1)  -  iV(n/6  -  ^/2)V(10  +  2^5). 

cos  3°= cos  (18°  - 16°)  =  ^ff(^6  +  ^2)^(10  +  2^5)  +  MsJ^  -  \/2)(V6  - 1). 
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3.    2cos^/2«=V[2+V{2+V(2  to  n  roots +  2 cos ^)}]. 
4. 


^goes 

sin  4 -4  + cos  i -4 

sin  J  ^  -  cos  J  ^ 

0to90» 

inc.  from  1  to  J2 

inc.  from  -  1  to  0 

900  to  1800 

dec.  from  ^^2  to  1 

inc.  from  0  to  1 

1800  to  2700 

dec.  from  1  to  0 

inc.  from  1  to  ^2 

2700  to  3600 

dec.  from  0  to  - 1 

dec.  from  ^2  to  1 

27. 
33. 


6. 

7. 

8. 

9. 
11. 
13. 
15. 
17. 
19. 


-  4P  36'  41".  32.     (1  -  2X)  T,  2/iT,  2  (\  -  Ai)  t, 

a;  =  dcos(»-a),  y  =  doo8(«-)3),  2;  =  dcos(a-7)  if  «  =  J(a  +  /3  +  7),  where 
a,  /3,  7  and  d  may  have  either  sign  throughout ;  and  it  is  assumed  that 
=fca±)3±7  is  not  equal  to  2rir, 

Examples  XVI.     pp.  318,  319. 
(a)  8a;8=4a;a  +  4a;  +  l.  (h)   64a;8-112a:2^.56^  =  7, 

Examples  XVII.     pp.  323,  324. 

cos  { 2a  +  (n  - 1)/3}  sin  n/3     n 
2sin/3  "^2' 

3  sin  {g  +  i  (n  - 1)^}  sin  jn^     sin  { 3a  +  f  (n  - 1)^}  sin  f n/3 

4  sin  4/3  4  sin  f /3 

cos  {4a  +  2  (n  - 1)/3}  sin  2w/3     cos  { 2a  +  (n  - 1)/3}  sin  n/3      3n 

88in2/3  ■*"  "--•--  ■*■  "   • 

cos  (2d  +  na)  sin  na     n 

^   .     +  jr  cos  a. 

2  sin  a  2 

2  sin  na 


cos  (n  + 1)  a .  sin  2a  * 
sin  2a     sin  2*»+ia 

3  cos  a      .  _         J  cos  3*»a 

4      "^"^       '       3^1.4* 

4  cosec2  4^  -  2»^i  cosec^  2«-id. 
2(cota-cot2»*a). 


2sin/3 
_-      cos(n+2)d.sinnd     n  .    , 
10'  2sind +  2^^°' 

12. 


14, 


cos(n  +  l)a.sin2a' 
3  sin  a     sin  3**a 
~1  3»i=iT4' 

16.    oos2d-cos2»+id. 

seca-sec(2n  +  l)a 

2  sin  a 
tan^(n+l)a-  tan*  a 


18. 
20. 


Digitized  by  VjOOQIC 


602  ANSWERS  TO   EXAMPLES. 

Bmng(8eo8n^ootg-ainng)"8noofl2n^ 
2^*  28in^ 

22.    j^,^oot2^j008eo'2iizi-8oot2x.oo8eo*2x. 

sin  J(3n+l)a8infwtt     sm^(n-l)ttsmtna 
^-        "     '28in|a  "*"  2Bin4a 

24.    2oo8a-2  8mtt.oot2*o.                       25.    i  [8*  tan  8*  a  -  tan  a]. 
««      t  r    i.       D«     Ao«  1                     An      8ma~g'»Bin(n  +  l)a  +  a^-*-^sm»tt 
26.    i[oot«-8-oot8-.].  27. iZi^Ja^ • 

jj^      0O8  a  -  g-g*co8(n+l)tt+g*^^oosntt 
28.     ---  TZ 2x008  a  +  ir« 

Bin  tt-Ha?  -  ( - g)**coa  (n+ 1)  (^t  -  a)  +  ( -  x)**'*'^ C08 n  (^ir -  a) 
*^*  r+ 2x  sin  tt  +  a;a 

COB  a  -  X*  Bin  (n  + 1)  (^t  -  a)  +  x*^^  Bin  n  (^t  -  a) 
^"*  ~      l-2iBiniTi^  ' 

^-      (n + 1)  Bin  na  -  n  sin  (n-H  1)  a 
^^-  2  (1-008  a)  * 

^      (n+l)oosna-nco8(n  +  l)  g-l 
^^'  2"(l-oosa) 

33..    ^tan2n^.  34.    tan2n0-tan0. 

Examples  XIX.    pp.  388—393. 

11.  1,  6-^  e"*-^,«2^«.                     17.    1.  18.    loga-logA. 

19.  I             20.    ^pW'             21.    1.  22.    1.             23.   0. 

24.  tSr.               25.    Trirr.                26.     Jm.  27.    2  (n^  -  m2)/j,2. 

28.  -80.            29.    4.            30.     -9.  31.    5-«.           32.    «. 

^0^       m             ^/x            ajBin/itt                     _-  ,  ,  are*        a5»~*\     « 

33-  ^-          «0-    l-2»co8ha+»'-         51-  *<*+**       )-^ 

52.    He"**~"+e-'"''~").  53.    *log^±^. 

1+e   *  ' 

54.  -  ^ log  (1  -2 cosd .  oosh 0+0082  e), 

P  9 

55.  i  { 1  +  008  a  (oosh  p  +  sinh)3)}«  -  ^  {1  +  oos  a  (oosh  p  -  sinh  /5)}» . 

2n(2n  +  l)a?«  (2n-l)27ia;^ 

^^-     (2n  +  2)(2n+3)-x2'   (2n+l)  (2n  +  2)-x^' 

Examples  XX.     pp.  41 3-— 415. 

Q1AA 

1.    -0020944,  -008799,  -01746,  -0881.  2.    ^^^in. 

4.     1-1090966.  7.    1-4641147.  10.    8-4647449,  8-4647488. 

11.    3°  14'  28"  -1307. 
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Examples  XXL    pp.  465—471. 

7.     l*=+lor-lor+ior-t.    (-!)*=_  or —^  or -^  or— ^. 

The  above  eight  quantities  are  the  values  of  1^. 

(-l)^=:iJ^(2+V*^)±W(2-V2)  or  ±W(2-n/2)±W(2+V2). 

13.  a^  +  l=(a;+l)(x*-a5»+a!«-aj+l)=0  gives  a;=-l  or 

/.  a;=J{(N/5  +  l)±iV(10-2^5)}  or  J  {(-^6  +  1)^1^(10  +  2^6)}. 
Trigonometrically :  ( - 1)* = cos  i  (2r + 1)  180°  +  i  sin  ^  (2r  + 1)  180°, 
= cos  36° +i  sin  36°,  or  cos  108° +t  sin  108°,  or  cos  180°  +  i  sin  180°,  or 

cos  262° +i  sin  262°,  or  cos  324° +i  sin  324°. 

14.  l  +  i=^2(cosJir  +  isinjT).  ,^3  +  1=2  (oos^x  +  tsin^ir). 

1  -  i^S = 2  (cos  |t + i  sin  |t).  - 1  - 1 =i^2(cos  f  t  +  i  sin  f  t). 

^2  +  1+1=^(4+2^2)  (cos  jT+f  sin  Jt). 
2-/v^3  +  i=V(8-4x/8)(co8A7r  +  i8in^T). 

15.  1*=±1  or  i(=tl±iV3).  (-l)*==tior4(±V^±t). 

i*  =  ±  i  (^2  -  iV2)  or  ±  J  {(n/6 + n/2) + i  (n/6  -  V2)} 
or  =»=J{(n/6-V2)+i(V6+V2)}. 

(-i)^=±4(^2+tV2)  or  ±J{(V6-V2)-V(6+n/2)} 
or  ±i{(>/6+N/2)-i(s/6-V2)}. 

16.  2"*3*(i-l)or2"*(3i-^/3i  +  3+V3)  or  2"*(-3i- ^31-3+^3). 
±  3.2*(cos7i°-ism7i°)  or  ±3. 2i(sin7i°+ico8  7i°). 
2*(i_^3)  or  2* {cos  (12n+l)6°+i sin (12n  +  l)  6*}  wheren=0, 1,  3or 4. 

17.  cos  7d= cos^  ^  -  21  cos'  0  sin^  d+ 36  cos^  6  sin*  d  -  7  cos  ^  sin*  0 ; 

-  sin  7^=sin7  ^ _ 21  sin' 0 cos* ^  +  35  sin^  0 cos*  ^ -  7  sin  ^ eos*  0, 

18.  64cos7^=co87^  +  7cos6d  +  21cos3d  +  36cos^; 

-  64  sin^  d=Bin  7^  -  7  sin  6^+21  sin  3^  -  36  sm  0, 

34.    sin  a  cosh  6  + 1  cos  a  sinh  6;    cos  a  cosh  6  - 1  sin  a  sinh  6 ; 
sin2a+isinh2&^    2  cos  a  cosh  5  +  2i  sin  a  sinh  b 
cos  2a  +  cosh  26  *  cos  2a  +  cosh  26  ' 

sin2a-i  8inh2&     2  sin  a  cosh  5  -  2i  cos  a  sinh  b 


cosh 26 -cos 2a  '  cosh 26 -cos 2a  ' 

ilog.(a«+ft*)+ttan-i-;    log{2co8(ilogx)}+itlogas; 
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14-1        2a        .,.,      a«+(6  +  lI« 
2a  26 

ooslog,a  +  iBizilog«a;  ooe^r+tsin^r;  a^ {oob qlog^a +i an qlog^ a); 

n 

^-•(ooslogr+tBiiilogr)  where  r*=o*  +  6*  and  tan9=&/a;  e^, 

1        ttdb_^/(4x»  +  a^)  ^         .:,.j  co8tt-a;cos(tt-/3) 

^-    i'^  2S  *       ^       •  ^-        l-2xcos/3+x«     • 


44.    6~^*8m{8ina).  45.    ^"'^•^^^oosCcosoam/S). 


008/3  +  05* 

111/3). 
g^+2xBma+l 
a?*  -  2x  sin  a  + 1 ' 


46.    41og(l+28mooo8/3+8m*tt).  47.     Jlog 

50.    (l  +  2oo8aco8/3  +  oo8«a)^8m^tan-i:=^^^^^^^. 

q  l  +  C08ac0B/3 

--      l-oosa  eoa/3  +  coB*>a{oosttOOs(n--l)/3~oosw/3} 

1  -  2  cos  a  COB /3  +  COB^  a 

_-^     agBintt+ae'8in(a-/3)+(-g)*^^8m(tt+n/3)-(-x)**+'Bin{tt+(n~l)/8} 
^^'  l  +  2xco8/3+ar» 

53.    J  {(n +1)  sin  na-n  Bin  (n  + 1)  tt}  ooBec^itt. 

^^     n^  {cob  na  -•  cob  (n+l)a}+2n 


cob  na     Bin  a  Bin  na 


"2(1 -COB  a)  2(l-C0Ba)«* 

55,    2'»coB*iaOOBjna.  56.     l+2x0OBo  +  2x*C08  2a+... 

57.  1  +  rx  COB  (tan~i  6/a) + Jr^x*  cos  2  ( tan"!  6/a)  f . . ,  where  r^ = a>  +  6«. 

58.  l  +  xco8{a+/3)  +  ixacoB(a  +  2/3)  +  ... 

n 

59-    ^Y^  '^''  ■*"  °°''  i^*"    ^  ■ 

60.  8ina  +  xBin(a  +  /3)+x»Bin(o  +  2/3)  +  ... 

61.  l-XC0B^  +  X^C0S2d-X*C08  3^+... 
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